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Abstract

We consider the problem of latent bandits with
cluster structure where there are multiple users,
each with an associated multi-armed bandit prob-
lem. These users are grouped into latent clusters
such that the mean reward vectors of users within
the same cluster are identical. At each round, a
user, selected uniformly at random, pulls an arm
and observes a corresponding noisy reward. The
goal of the users is to maximize their cumula-
tive rewards. This problem is central to practical
recommendation systems and has received wide
attention of late |Gentile et al.| [2014]], Maillard
and Mannor| [2014]]. Now, if each user acts inde-
pendently, then they would have to explore each
arm independently and a regret of Q(+/MNT) is
unavoidable, where M, N are the number of arms
and users, respectively. Instead, we propose LAT-
TICE (Latent bAndiTs via maTrIx ComplEtion)
which allows exploitation of the latent cluster
structure to provide the minimax optimal regret
of O(y/(M + N)T), when the number of clusters
is O(1). This is the first algorithm to guarantee
such strong regret bound. LATTICE is based on
a careful exploitation of arm information within
a cluster while simultaneously clustering users.
Furthermore, it is computationally efficient and
requires only O(log T) calls to an offline matrix
completion oracle across all T rounds.

1 INTRODUCTION

Bandit optimization is a very general framework for sequen-
tial decision making when the dynamics of the underlying
environment are unknown a priori. It has been well studied
over the past few decades, and has shown great empirical
success in areas including ad placement, clinical trials [Lat;
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timore and Szepesvaril, 2020, Mate et al.,2022]]. Such stan-
dard bandit methods often assume the decision maker has
access to the entire user context or user state. However,
this assumption rarely holds in practice. For example, in
movie-recommendation scenarios, users can be clustered
according to their taste in movies, but the observed features
like user’s demographic information might only be a noisy
indicator of their taste. Similarly, in educational settings,
the true cognitive state of a user is unknown. Instead we
only get to observe a noisy estimate of the cognitive state
through assessments. This shows that in practice, we need
to optimize reward in the presence of observed as well as
unobserved/latent context. Naturally, one option is to com-
pletely ignore the latent context as it can be thought of as
part of the reward structure itself, but that generally leads to
a significant increase in the sample complexity compared to
the scenario when the latent structure is known a priori.

Several recent works have considered bandit optimization
frameworks that explicitly factor in the latent data, and
designed algorithms to maximize the cumulative rewards
provided by the environment [Maillard and Mannor, 2014,
Hong et al.,[2020, Zhou and Brunskill, 2016]. However, as
detailed below, even for simple latent structure like cluster
of users, these papers either require strong assumptions
or require additional side information, both of which are
impractical.

In this work, we consider the problem of multi-user multi-
armed bandits with latent clusters (MAB-LC). This is a
simple yet powerful setting that captures several practically
important multi-user scenarios like recommendation sys-
tems, and was introduced in[Maillard and Mannor [2014].
Let there be N users, M arms and T rounds (N, M ~ 106
in recommendation systems such as Youtube). The N users
can be partitioned into C latent clusters where users in the
same cluster have identical reward distributions; in other
words, users in the same cluster have similar preferences for
arms. In every round, one of the users, sampled uniformly
at random, pulls one of the arms and obtains certain feed-
back. The goal of the decision maker is to maximize the
cumulative reward of all the users. This problem was first
introduced and studied in Maillard and Mannor|{[2014] who
provided theoretical guarantees for certain special settings
(such as known cluster rewards or known cluster assign-
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ments) but not for the general problem. |Gentile et al.|[2014],
Li et al|[2016,2019], |Gentile et al.|[2017], Qi et al.|[2022]
considered a contextual bandit variant of MAB-LC, which
is a generalization of our setting. But, most of the existing
methods either provide sub-optimal regret bounds, or re-
quire strong assumptions on context vectors that might not
hold in practice. [Hong et al.|[2020] considered more general
latent structures than the cluster structure we consider in
this work, but required access to offline data for estimating
the latent states. In another line of related work, |Jain and Pal
[2022] studied the online low rank matrix completion prob-
lem (a generalization of our setting). Jain and Pall [2022]
could only obtain minimax optimal regret bounds in the
special case of rank-1 setting. Obtaining optimal regret for
the general rank-r problem is still an open problem [Jain
and Pal| 2022|. To summarize, while the MAB-LC prob-
lem has been widely studied, to the best of our knowledge,
designing an efficient method with nearly optimal regret
bound is open.

Before moving ahead, it is instructive to consider two hypo-
thetical scenarios that illustrate the complexity of MAB-LC.
If the cluster assignment (i.e., mapping between users and
clusters) is known, we could have treated users within a
cluster as a single super-user and solved a separate multi-
armed bandit for each super-user. This leads to a regret of
O(VMCT), which is minimax optimal. On the other hand,
suppose the cluster assignment is unknown but the reward
distributions of arms in a cluster are known. Then we could
have played a separate multi-armed bandit problem for each
user with the best arm from_each cluster as a candidate
arm. This leads to a regret of O(v/NCT), which is minimax
optimal. However, in MAB-LC, both cluster assignment
and reward distributions are unknown. Consequently, the
reference regret guarantee that one can hope to achieve is

O(/(M+N)CT).

In this work, we propose a novel algorithm (LATTICE) for
the problem of MAB-LC that achieves the above reference
regret bound. The key challenge in solving this problem
is to simultaneously cluster users, and quickly identify the
optimal arms within each cluster. LATTICE addresses these
problems using two key insights: (a) (user clustering) it
uses low-rank matrix completion as an algorithmic tool to
cluster users, and (b) (arm elimination) within each iden-
tified cluster, it discards sub-optimal arms by a careful ex-
ploitation of the accrued arm information. LATTICE runs
in phases and performs both user clustering and arm elim-
ination in each phase. Computationally, our algorithm is
efficient and requires only O(log T) calls to an offline matrix
completion oracle across all T rounds. Furthermore, under
certain incoherence assumptions on the user-arm matrix,
we show that our algorithm achieves the minimax optimal
regret of O(1/(M + N)T), when C = O(1). We note the
incoherence assumptions seems unavoidable for statistical
recovery with partial observations. In addition to minimax

optimal bounds, we also derive distribution-dependent re-
gret bounds for our algorithm that inversely depend on the
minimum gap between mean rewards of arms thus obtaining
the optimal scaling with respect to gaps.

We also consider a more general and practical setting where
we relax the cluster definition as follows: (a) for any two
users in the same cluster, we let their reward vectors be v
entry-wise close to each other, and (b) for any two users
from different clusters, their respective best arm rewards are
separated by more than cv, for some ¢ > 1. Note that, we
don’t require large separation between users in the mean
rewards of sub-optimal arms across clusters. We show that
a modification of LATTICE obtains similar regret bounds
as before in this general setting.

1.1 Other Related Work

Contextual Bandits with Latent Structure. An extensive
line of work [Gentile et al., 2014, [Li et al., 2019 |Gentile
et al., 2017, [Li et al., 2016, |Qi et al.} 2022 studies a variant
of MAB-LC where every arm is associated with a context
vector of dimension d and expected arm reward for any user
in a fixed cluster is a unknown linear function (depending
only on the cluster and has unit norm) of the context vector.
Importantly, in our setting, the arm contexts are not observed
i.e. the context is hidden. In theory, one could apply the
results in these works to MAB-LC by associating standard
basis vectors to the arms and converting it into a contextual
bandit problem. However, such a trivial conversion results
in a highly sub-optimal regret of O(v/M2CT + M3N) due
to a strong singular value assumption (see Appendix [B]for a
detailed discussion). In other words, the guarantees in this
line of work is only useful when the dimension d is much
smaller than the number of arms. Furthermore, these papers
also assume that the unknown parameter vectors correspond-
ing to the clusters are significantly separated - this makes
clustering easy with a few initial rounds. Importantly, our
results/algorithm do not need such a condition - Assump-
tion[I] allows the unknown cluster parameters to be as close
as possible. In a similar line of work, [Zhou and Brunskill
[2016] proposed an explore-then-commit style algorithm,
but with sub-optimal regret bound, which in some cases is
linearin T.

Online Low rank Matrix Completion (O-LRMC). This
is a more general problem than MAB-LC, but the exist-
ing results are significantly sub-optimal. As mentioned
earlier, Jain and Pal| [2022]]’s result applies to only rank-1
case. For the general rank-r case, which corresponds to
our C clusters, the algorithm can be significantly subopti-
mal in terms of dependence on T. In a related work, [Sen
et al.| [2017] studied an epsilon-greedy algorithm, and de-
rived sub-optimal distribution-dependent bounds scaling
inversely in the square of the gap between mean rewards.
In addition, their distribution-free regret bounds have sub-
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optimal dependence in T; T2/3 instead of v/T provided by
our method. [Dadkhahi and Negahban| [2018]] provided an
online alternating minimization heuristic for the general
rank-r problem, but do not provide any regret bounds. In
a separate line of work, [Kveton et al., 2017} Trinh et al.|
2020\ |[Katariya et al., 2017, Hao et al., 2020, Jun et al.,2019|
Huang et al.|[2020} [Lu et al.,2021] study a similar low-rank
reward matrix setting but they consider a significantly easier
objective of identifying the largest entry in the entire reward
matrix/tensor instead of finding the most rewarding arms
for each user/agent.

Online Collaborative Filtering. A closely related line of
work studies the user-based online Collaborative Filtering
(CF) Bresler et al.| [2014} 2016], Heckel and Ramchandran
[2017], Bresler and Karzand! [2019]],[Huleihel et al.|[2021]].
These works study the MAB-LC problem with the addi-
tional constraint that the same arm cannot be pulled by any
particular user more than once. While this model is strictly
more restricted than MAB-LC, no theoretical bounds are
known on the regret in this setting. Instead, these works
minimize pseudo-regret: assuming the mean rewards or
arms lie in [0, 1], these works aim to maximize the number
of arms pulled with reward more than 1/2. We note that
this is a simpler metric than cumulative regret because max-
imizing the latter requires identifying the best arm, whereas
maximizing the former only requires identifying arms with
reward more than 1/2.

2 PROBLEM FORMULATION

Notations: We write [n] to denote the set {1,2,...,n}. For
amatrix A € R™*", we will write A;, A; to denote the
i™ row and column of matrix A respectively. We will write
A;; to denote the entry of the matrix A in the i*" row and
j™ column. We will write ||A|| = max;; |A;;| to denote
the largest entry of the matrix A. For a subset S C [m)]
of indices, we will write As and A|S to denote the sub-
matrix of A restricted to the rows in & and columns in &
respectively. Extending the above notations, A ;s denotes
the it" row of A restricted to the columns in S; As s
denotes the sub-matrix of A restricted to the rows in S and
columns in S’. We write e; to denote the it" standard basis
vector that is zero everywhere except in the ith position
where it has a 1. O(+) notation hides logarithmic factors.

Consider a multi-user multi-armed bandit (MAB) problem
where we have a set of M arms (denoted by the set [M]), N
users (denoted by the set [N]) and T rounds. In each round,
a user u(t) is sampled independently from a distribution
Py over [N] (for much of the paper, we assume Py is the
uniform distribution). The sampled user u(t) pulls an arm
p(t) from the set [M] and receives a reward R® st

RO =Py )p00) + 1 M

where 1*) denotes the additive noise that is added to

each observation. We will assume that the noise sequence
{n®},em is composed of i.i.d zero-mean sub-Gaussian
random variables with variance proxy at most o2 > 0. Also,
P ¢ RVXM js the user-arm reward matrix. We study the
MAB-LC problem under two assumptions on the reward
matrix P.

Cluster Structure (CS). Here, we assume the set of
N users can be partitioned into C unknown clusters
cW,c@ ... c©. Furthermore, in a particular cluster
C® for any i € [C], each user u € C() has an identical
reward vector P,,. Let X € R“*M be the sub-matrix of
P that has the distinct rows of P corresponding to each
cluster. 7 := max; je(c) [C)]/|CY)| denotes the ratio of
the maximum and minimum cluster size. For each user u,
7y ¢ [M] — [M] denotes a permutation that sorts the arms in
descending order of their reward for user u, i.e., Pu‘n'u(i) >
Pyr, () fori < j. Also, m,(1) £ argmax;c (v Pu; is the
arm with the highest reward for user v € [N].

Relaxed Cluster Structure (RCS): Here, we relax the clus-
ter definition so that the users in the same cluster might
not have identical reward vectors. That is, the assumption
is that the set of N users can be partitioned into C clus-
ters CV,C(® ... C(© s.t. the following holds for some
known v > 0: 1) For any two users u, v in the same clus-
ter, m,(1) = m,(1) and ||P,, — P, ||, < v, 2) For any
two users u,v in different clusters, we will have either
Pur,(1) = Por,)| > 200 or [Pyr 1) = Por,y| >
20v. Note that the CS structure is a special case of RCS
with v = 0.

Remark 1. The constant 20 in RCS model formulation is
arbitrary and can be replaced by any constant > 1.

Thus, in the RCS model formulation, users in the same
cluster have the same best arm and the reward vectors are
entry-wise close; users in different cluster have rewards
corresponding to one of the best arms to be separated.

Now, the goal is to minimize the regret assuming either CS
or RCS structure on the reward matrix P:

Reg(T) £ E( > Pupmnm — D Pu<t>p<t>)- @
te[T) te(T]

Here the expectation is over the randomness in the algorithm
and the sampled users.

Remark 2. Note that a trivial approach is to treat each
user as a separate multi-armed bandit problem. Such a
strategy does not utilize the low rank structure and leads to a
regret of O(VMNT) assuming ||P|| . ,o = O(1). Another
trivial approach is to recommend random arms to each
user (exploration) and subsequently use low rank matrix
completion guarantees to estimate P and exploit. This will
lead to a regret guarantee of O((M + N)1/3T2/3) [Jain
and Pal, |2022)]. The goal is to obtain a significantly smaller
regret guarantee of O(y/(M + N)T) with C = O(1).
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3 PRELIMINARIES

As mentioned earlier, the key algorithmic tool that we use
is low rank matrix completion - a statistical estimation prob-
lem where the goal is to recover a low rank matrix from
partially observed randomly sampled entries. Since the re-
ward matrix P in MAB-LC is low rank, our strategy is to
call the offline matrix completion oracle for relevant sub-
matrices of P after we accumulate a sufficient number of
random observations in each sub-matrix. In this work, we
are interested in low rank matrix completion with non-trivial
entry-wise guarantees that has been studied recently in|Chen
et al.|[2019], |Abbe et al.|[2020]. Below, we state a low rank
matrix completion result that is adapted from Jain and Pal
[2022]] which is in turn obtained with minor modifications
from |Chen et al.|[2019][Theorem 1] and is more suited to
our setting:

Lemma 1 (Lemma 2 in Jain and Pal [2022]). Con-
sider rank C = O(1) reward matrix P € R'EXM with
SVD decomposition P = UXVT satisfying ||Ul2,00 <

W [Vl|2,00 < /#C/M and condition number r =

(1). Let dy = max(N,M), do = min(N, M), and let
P be such that 1 > p > c,u2d2_1 log® dy for some con-
stant ¢ > 0. For any positive integer s > 0 satisfy-

ing = = O( HS’I’;Z; % HP||OO), Algorithm 5| with input
s, p, o that uses m = 5<spl\/|N observations to output

P € RN*M for which, with probability at least 1 — O(6),
we have

||P—f’|| _0 o/ p3log dy _d o/ MNp?
> v/ spds vmds '

We now introduce a definition characterizing a nice subset
of users that we often use in the analysis.

Definition 1. A subset of users S C [N] will be called
“nice" if S = U c 4 CY) for some A C [C]. In other words,
S can be represented as the union of some subset of clusters.

4 LATTICE ALGORITHM FOR CS

4.1 Algorithm and Proof Overview

LATTICE runs in phases of exponentially increasing length.
In each phase, the goal is to divide the set of users into
nice subsets. Moreover, for each subset of users, we have
an active subset of arms that must contain the best arm
for all users in the corresponding subset. That is, at the
start of ¢t phase, we aim to create a list (of size a; < C)
of nice subsets of users MY = {M®D},(,,1 and the
corresponding subsets of arms V') = {ND}, 1, s.t.
Uiclag MG = [N, N D {m,(1) | u € M“D}, and

_ (¢, 7,)
Puwu(l) jerjr\lfl(rl}z) Puj <e€,Vuée M 3)

Above, € is a fixed exponentially decreasing sequence in
£. As we eliminate arms at each phase, the number of user
subsets with more than C active arms goes on shrinking
with each phase. Since LATTICE is random, we define
event £ to be true if LATTICE maintains a list of user
subsets and arm subsets satisfying the above properties.

Now, in round ¢, the sampled user u(t) pulls arm p(t) where
p(t) is sampled from N (¥) assuming |N(49)| > ~C, where
i is the index of subset M%) to which u(t) belongs. If,
| structure is ignored and
arm p(t) is selected from the active set of arms (N (©?)) as
determined by the Upper Confidence Bound (UCB) algo-
rithm. Conditioned on £() being true, our goal is to ensure
£(HD) with high probability. Due to the arm pull strategy
described above, for each subset of users M &9 in MO
and their corresponding subset of active arms NV (%) (such
that |N(“?)| > ~C) we observe random noisy entries from
the sub-matrix P i) are.i). Subsequently, we use low
rank matrix completion (Step 4 in Alg. [I) and Lemmal[T|to
obtain P € RN*M guch that P e A(e.i) 18 an entry-wise
good estimate of PM(E,i)vN(Z,i) ,i.e.,

HPMu,w,N(e,w — P prey ’ <A @)
o0

with high probability where Ay 1 = €p41/40C. We define

the event 82(@ to be true if eq. (4) is satisfied for all relevant
sub-matrices.

Next, conditioning on & (Z), consider a subset of users M (&9
for which the corresponding subset of active arms is large

VD] >
partition M (4% into subsets { M (%#9)} ; each of which is
nice and find a list of corresponding subsets of active arms
{(NEBDY . C N such that all arms in N(¢%7) have
high reward (as in eq. [3) for all users in M%7, To do
so, for each user in the set M (%9 we find a subset of good

arms among the active arms E(Z) C N9 such that

max P(Z)

79 = {j e N
{j | e P

P <2A01} (9

i.e. arms which have a high estimated reward for user u.

Subsequently, we design a graph whose nodes are users
in M9 and an edge is drawn between two users u, v €
M4 if the following conditions are satisfied:

TOATO £ @, ‘f’fj’g - ﬁg@‘ <20 Vz e NGO (6)

In other words, eq. (6) defines an edge between two users
in the same subset if reward estimates of active arms for
the two users are close; secondly, there are common arms
in their respective set of good arms as defined in eq. (3).
We partition the set of users M%) into smaller nice sets
{M(e’i*j)} by considering the connected components of
the aforementioned graph and for users in each component
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M&53) the updated trimmed common subset of arms

N = |

ue M35

70 )

with high reward is the union of set of good arms for all
users in the connected component (see Step 8 in Alg. [I).
We can show the following crucial and interesting lemma:
Lemma. Fix any i € [ag] such that [N*D| > 4C. Con-
sider two users u,v € M%) having a path in the con-
structed graph. Conditioned on £ 52(2), we have

max |Puz — Puy| < 32CA41
QJET'LE[),yE,ru(E)
and max [Pz — Pyy| < 32CA44.
2eT) yeT?

This lemma shows that good arms for one user is good
for another if they are connected by a path. If the number
of active arms for a subset of users become less than C,
then we start UCB (Upper Confidence Bound |[Lattimore
and Szepesvari|[2020][Ch. 7]) for each user in that subset
with the active arms until end of algorithm. Therefore,
conditioned on 5(4),5(6), the event ¢+ is true w.h.p.
Hence, conditioned on £, we can bound the regret in
each round of the /t" phase by ¢,; roughly speaking, the
number of rounds in the ¢*" phase is 1/¢2 and therefore the
regret is 1/¢y. By setting A, as in Step 3 of Alg. (1| (and
er = Ay/64C), we can bound the regret of LATTICE and
achieve the guarantee in Theorems [I]and 2]

Remark 3. The low rank matrix completion oracle is ob-
tained with slight modifications from|Jain and Pal| [2022)].
In line 6 of Algorithm[I} we require the matrix completion
oracle (Algorithm[d)) to be stateful (wait appropriately). This
is because vanilla low rank matrix completion results work
under the assumption of Bernoulli sampling i.e. each entry
in the matrix is observed once with some probability p. So
to mimic Bernoulli sampling, we require a stateful version
of the algorithm. We create a Bernoulli mask at the begin-
ning of the phase and pull arms to observe only the masked
entries in sequence. We also make multiple observations
corresponding to the same mask and take the average in
each of the mask indices to reduce the variance; similarly,
we also compute several estimates of the same matrix with
independently sampled mask and take an entry-wise median
to reduce error probability. Using these tricks appropri-
ately (see Appendix|D|for a detailed proof and discussion)
can allow us to obtain the guarantee in Lemmall| In be-
tween subsequent arrivals of users belonging to a cluster,
the algorithm remains stateful and waits at line 8.

4.2 Theoretical Guarantees

To obtain regret bounds, we first make the following assump-
tions on the matrix X € R“*M whose rows correspond to
cluster reward vectors in the CS setting:

Assumption 1 (Assumptions on X). Let X = UXVT be
the SVD of X. Also, let X satisfy the following: 1) Condition
number: X is full-rank and has non zero singular values
A1 > -+ > Ac with condition number A1/ ¢ = O(1),
2) pincoherence: || V||, . < /puC/M, 3) Subset Strong
Smoothness: For some o = O(1), v = O(1), for any subset
of indices S C [M], |S| = vC, we must have x"VIVsx >
ayC/M for all unit norm vectors x € R.

Feasibility of Assumption[l] Assuming C < M, one can
show that Assumption [I] is satisfied by a large subset of
matrices. That is, suppose each entry of X is generated ac-
cording to (0, 1). Then, it is easy to show that X satisfies
Assumption|[T] (see Appendix).

Justification of Assumption|l| Note that the assumption is
similar to the assumptions required by standard low-rank
matrix completion methods (Candes and Recht|[2009], Bho{
janapalli and Jain| [2014]]. Intuitively, these assumptions
are necessary to obtain small regret because to get small
regret we require an arm pull for ¢-th user to provide good
information for j-th user. That is, the matrix X should
have information "well-spread" out instead of information
being concentrated in a few entries or in a few directions
only. To see this, consider an extreme example (when these
assumptions are not satisfied) when X = [Icxc 0]. In
that case, most of the arms will give no information when
pulled; all the arms need to be sampled for all users to get
a good estimate of the reward matrix. Further exploration
into necessity of Assumption|[I]is left for future work.

Assumption 2. We will assume that T,C = O(1) and does
not scale with the number of rounds T.

Note that the above assumption is just for simplicity of
exposition. Our algorithm is indeed polynomial in C and
T, S0 we can incorporate more general 7 and C. But for
simplicity, we ignore these factors by assuming them to be
constants.

Next, we characterize some properties namely the condition
number and incoherence of sub-matrices of P restricted to
a nice subset of users in the CS setting

Lemma 2. Suppose Assumption |l| is true. Consider a
sub-matrix Pgyp of P having non-zero singular values
A > - > A (for C' < C). Then, if the rows of Py

correspond to a nice subset of users, we have < i—é VT
Lemma 3. Suppose Assumption|l|is true. Consider a sub-

matrix Pgy, € RN xM’ (with SVD decomposition Pgyp, =
UXV) of P whose rows correspond to a nice subset of

U Cr Vv uC
’UH27OO S N and HVHZOO S oM’

A
.,

users. Then,

Lemmas [2] and [3] allow us to apply low rank matrix com-
pletion (Lemma|I) to relevant sub-matrices of the reward
matrix P. Now, we are ready to present our main theorem:

Theorem 1. Consider the MAB-LC problem in CS frame-
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Algorithm 1 LATTICE (Latent bAndiTs via maTrIx ComplEtion )

Require: Number of users N, arms M, clusters C, rounds T, noise o2 >0, ~ > 1 and constant C’ > 0.
1: Set M) = [MED] where MY = [N] and NV = [N (D] where A1) = [M]. Set round index ¢ to be a global

parameter; initialize ¢ = 0.
2: for?{=1,2,...,do

3. Set Aypy = C'27* for some appropriate C’ > 0. Initialize M“+1) = [] and N“+1) = [] to be empty lists.
4:  Collect data by running Alg. [2]i.e. Alg. COLLECT DATA AND COMPUTE ESTIMATE(C, 7, 0%, A1, MO, N T)

for the /" phase. Subsequently, for M9 € M) such that |N(“)| > ~C, compute an estimate P . prce.i) Of

matrix P i) aree.s) from the data such that with high probability

for i : N3] > 4C do

< Agya.

‘ o

’PM(Li)}N(Li) — PM(Li)’N(i,i)

For every user v € M9 compute T8 = {j e N&D | MAX j/ ¢ Ar(e,0) pY f)ffj <2Api1}.

uj’

Construct graph G whose nodes are users in M(“?) and an edge exists between two users u,v € M &9 if

TEONTO £ b and B - BY

< 2A,44 for all arms z € NG9,

8: For each connected component M (449 (U; ME83) = MED) compute N'(413) = UueM(Z,i,j)’]ZL(Z). Append

MELI) ingo MEFD and AE49) ingo N EHD),
9:  end for

10:  For each pair of sets (M%) N'(49)) such that [N“)| < ~C, append M4 to MUAF1) and N4 to N (D),

11: end for

work with M arms, N users, C clusters and T rounds such
that at every round t € [T], we observe reward R® as
defined in eq. with noise variance proxy o > 0. Let
P € RNVM pe the expected reward matrix and X € R“M
be the sub-matrix of P with distinct rows. Suppose Assump-
tion[l|is satisfied by X and Assumption[2]is true. Then Alg. []]

with C' = ¢C~! min (||P||Oo, %) for some appropriate

constant ¢ > 0 guarantees the regret Reg(T) to be:
O(o/13T(M +N)) + oV/NT).

To better understand the theorem, let’s remove the scaling
factors. Dividing the regret by o gives us a scale-free re-
gret of \/T(M + N). Now, even if we know the clustering
structure apriori, the regret would be v/ TM, so we are only
paying an additive factor of v/NT for the latent cluster struc-
ture, which is tight.

Also, dividing the the regret by N we get per-user regret
of /(1 + N)VT’ where T” = T/N is the average number
of arm-pulls for each user. That is, when N > M, we
need only log(M + N) arm pulls to get reasonable estimate.
Hence, per user, the number of arms that needs to be pulled
decreases exponentially from (M) to log(M + N). On
the other hand, when the number of users is small, each
user has to explore at least M/N arms to collaboratively
provide information about all the arms. This also matches
the intuition, especially when the number of users is 1 where
the bound matches the standard single-user MAB bound.

We would like to add the following two remarks:

Remark 4 (Generalization). Our results can be general-
ized to the setting when the users are sampled according

to a known non-uniform distribution in different ways. We
can simulate the uniform distribution in each phase of the
Alg. [I| by ignoring several observations; this approach is
disadvantageous since users with very low probability of
getting sampled will increase the number of sufficient obser-
vations significantly. Another approach is to partition the
set of users into disjoint buckets such that the probabilities
of getting sampled for users in the same bucket are within a
factor of 2 of each other. Now, in each bucket, we can run
Alg. [1| separately and simulate the uniform distribution in
each phase. Since the number of buckets will be logarithmic
in [N], the regret remains same up to logarithmic factors.

Remark 5 (Generalization Continued). We can generalize
our results to the setting where 7,C,x = A1/ scales
with the number of rounds T by modifying Thm. 2 in
Chen et al.| [2019] appropriately. This will lead to the
first term of regret guarantee in Thm. being VVT where

V= 6(po|y(r, 7,C, H)(N + M)) hence we will have a

poly(r, T, C, k) additional multiplicative factor in the regret.
See Appendix|H|for details on this generalization.

In the CS framework, we can also provide instance-
dependent regret bounds that are sharper than worst case
guarantees in Theorem[I] Let us introduce some definitions:
for every cluster ¢ € [C], define the subset of arms G, 4 for
all users u € C'©) and for all £ > 1 as

Ger={jeM]|e& < |Puyj — Pun,)| < €01}

and Go1 = {j € [M] | €1 < |Puj — Py, 1|} for £ = 1;
Ge.¢ (Ge,1) corresponds to the subset of arms having a sub-
optimality gap that is between ¢,_1 and €, (greater than
€1 respectively) for all users belonging to the cluster C(©).
There is no ambiguity in the definition since all users in the
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Algorithm 2 COLLECT DATA AND COMPUTE ESTIMATE

Require: Number of clusters C, parameter v > 0, noise variance o2 > 0, desired error guarantee Ay, > 0, partition of
users MY comprising nice subsets of users, corresponding list of sets of arms NV, rounds T.
1: for the it" set of users M (") € M®) and ith set of arms V(49 € N9 do

2. if V&) > 4C then

3: Create a stateful instance of Algorithm LOW RANK MATRIX ESTIMATE with parameters - { V = N (%) for users,
U= M (whenever a user u € U is sampled to pull an arm), desired error Ay 1 in estimate, noise o2 and total
rounds T}. {All instances of Algorithm [5| will wait until entire data is collected (Line 5 in Alg. @) or finish.}

else

end if
end for

0 XNk

1

e

For each v € M® _if not created already, create a stateful instance of Algorithm UCB (u) with arm set N(&D

while There exists an instance of Algorithm [5]that waits (i.e. Alg. [f]invoked by Alg. [5| waits at Line 5.) do
Sample a user u(t) from the environment. Determine i, < {i : u(t) € M©9},
if Algorithm s instance with 2/ = M (%) is still waiting then

11: Execute one step of the DATACOLLECTIONSUBROUTINE (Line 5 of Alg. [f] with u(t)) invoked by Algorithm s

instance (with U = M©ie))

12:  else if Instance of Algorithm UCB (u(t)) (i.e. Alg.[7) exists then

13: Invoke one time step of Algorithm UCB (u(t)).
14:  else

15: pull a random arm from N (©%¢),

16:  end if

17:  t <t + 1. Stop the Algorithm when¢ = T.
18: end while

19: for the it set of users M1 € M@ and it" set of arms N'&9) € N do

20:  if V(&) > 4C then

21: Store estimate P i) are.s) Obtained as output from Algorithm LOW RANK MATRIX ESTIMATE for users

U= MUED) and arms V = NG9,
22:  end if
23: end for

24: Return all stored estimates f’M(Z,i))N(Z,i) for s : |N(Z’i)| > ~C.

same cluster C(©) have the same mean rewards over all arms.

Let us also define H. = eU1 argminjcg ‘Puj — Pwu(l)’
>
with the understanding that whenever G., = @, there is

no argmin to be counted in the set. For brevity of notation,
let ¥, , = P, (1) — Puq be the sub-optimality gap in the
reward of arm a for any user w in cluster c.
Theorem 2. Consider the setting in Theorem|l|and the sets
{Geos Hele as defined above. Then Alg. |I|with C' =
c¢C~1 min (||P||OO, %) for some appropriate constant
¢ > 0 guarantees the regret Reg(T) to be

~ /Pl _V v, T2 CV
O(Pleapg, 20 Yo Ped oy 2V

C’? v
c€[C),a€He Ga

FNTO( Y |9 (5 +30ea)):

ce[C]
ae{me(s)}2<,

where V= 6(02u3 (N + M)) {7e(8)}1S, are the ~C

arms for cluster c with the smallest sub-optimality gap.

Loosely speaking, the regret bound in Thm. [2|scales as

O((M + N)/¥) where ¥ is the minimum sub-optimality
gap across all the N users involved. This is because arms
with large sub-optimality gaps are quickly eliminated by
LATTICE in the initial phases itself; therefore if most com-
peting arms for a user has large sub-optimality gaps, then
the user will end up pulling high reward arms more often .
Again, this guarantee improves over the O((MN) /W) regret
trivially obtained without collaboration across users.

4.2.1 Lower Bounds

Theorem 3 (Distribution-free). Let C < min{M, N}. Sup-
pose the distributions of arm rewards are Bernoulli and
suppose the user at round t is sampled independently from
a distribution Py. Moreover, suppose the weighted fraction
of users in the i'" cluster is 7;. Let sup be the supremum
over all problem instances and inf be the infimum over all
algorithms with knowledge of M, N, C. Then

inf sup Reg(T) > 0.02(R; + R»),

where R; = Zne[,\” E [min{\/CTn, Tn}] , Ry =
ZCE[C] E [min{«/MTc, TC}]. Here, T,, ~ Bin(T, Py(n)),
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Algorithm 3 LATTICE ALGORITHM FOR GCS

Require: Number of users N, arms M, clusters C, rounds T,
noise o2, separation v > 0, parameters v > 1, C' > 0.
1: Initialize as in Step 1 of Alg.[I]
2: for/=1,2,...,do

3:  Run Steps 3-4 as in Algorithm T}

4:  if Apyq > 2vand |M(£)| < C then

5: Run Steps 5-9 as in Algorithm ]

6: else

7: For each pair of sets (M) N(ED) g,
INED| > ~C, append M) to MUE+D) and
its corresponding set of arms (), v 71(2) to
./\/'(”1).

8: endif

9:  Run Step 10 in Algorithm ]

10: end for

T. ~ Bin(T, 1.) are binomial random variables.

We now specialize the above result to the case where Py is
a uniform distribution, and the cluster sizes are uniform.

Corollary 1. Consider the setting of Theorem[3} Suppose
T > 10(M + N)C, Py is the uniform distribution, and
suppose each cluster has the same number of users. Then
inf sup Reg(T) = Q(v/(M + N)CT)

Together with Theorem |1} the above result shows that LAT-
TICE achieves minimax optimal regret when C = O(1),
and the reward matrix X satisfies the incoherence condition.

Theorem 4 (Distribution-dependent). Consider the setting
of Theorem 3} Suppose there is a unique best arm for
each cluster. Moreover, suppose our algorithm is uniformly
efficient, i.e., for any sub-optimal arm a of any user u,
E[Ny(T)] = o(T?) forall « € (0,1). Then

. Reg(T) Pueym ) (1 = Pueyr, (1)
1 >y
im > T

T—oo logT )

ce[C] a ©a

where the inner summation is over the set of all sub-optimal
arms in cluster c. Here, u(c) is any user in cluster ¢, and
Pu(c)ﬁu(c) (1) is the mean reward of the best arm in cluster
¢, and lec,a = Pu(e)myey (1) — Pu(c)a-

The lower bound in Theorem 4] can be tightened a bit more,
albeit at the expense of readability. We provide this im-
proved bound in the Appendix.

5 LATTICE ALGORITHM FOR RCS

LATTICE for RCS (Alg. ) is very similar to Alg. [T]with
the main novelty being cluster-wise elimination of arms in
Steps 7 that needs a more aggressive approach. In essence,
Alg. [3|has three components:

e Joint Arm Elimination: As in Algorithm[I] we run a
phased algorithm where in the /" phase, we maintain a
partition of users M) and a family of subsets of active
arms N(¥) having a one-to-one mapping. For any set of
users in M) that has more than ~C active arms, we use
Matrix Completion techniques to jointly shrink their set
of active arms and partition them even further. We stop
this component if we end up with C groups of users for
the first time or if Ayy1 < 2v. In essence, in each phase,
we eliminate arms for multiple clusters of users together.

e Cluster-wise Arm Elimination: In the second part, we
no longer seek to partition each subset of users any further
since users in the same subset provably correspond to
the same cluster. Here, for elimination of bad arms, we
pursue an intersection-based approach of good arms over
all users in the same subset (Step 7 in Alg. [3)); this is
more aggressive elimination as compared to the union-
based approach (Step 8 in Alg. [T) that was pursued in the
previous component.

e Upper Confidence Bound: If number of active arms
|N(9] for users in a subset M4 € M) falls below
~C, then we start/continue the Upper Confidence Bound
(UCB) algorithm for each user in M(©?) separately with
their subset of active arms /(%) (Step 10 in Alg. .

Theoretical guarantees: We make similar assumptions on
the reward matrix P € RN*M ag in the CS framework:

Assumption 3 (Assumptions on reward matrix P). We
assume that P with SVD decomposition P = UXVT
satisfies the following properties 1) (Condition Number)
P has rank C and has non zero singular values A\ >
Ao > - > Ac with A/ ¢ = O(1) 2) (u-incoherence)
[Ully, 00 < VHC/Nand || V]|, < /uC/M. 3) (Subset
Strong Smoothness (a)) For some constant 3 > 0 and for
any subset of indices S C [N],S = CY) (corresponding to
some cluster of users), we must have XTU;USX > Br/C
for all unit norm vectors x € RC. 4) (Subset Strong
Smoothness (b)) For some o = O(1) and v = O(1), for
any subset of indices S C [M],|S| = vC, we must have
x"VIVsx > ayC/M for all unit norm vectors x € R

Remark 6. Note that the Subset Strong Smoothness (a) of
Assumption[3|(used for proving incoherence guarantees of
relevant sub-matrices of P-Lemmal5)) will be satisfied only if
the separation v is bounded from below (since for S = C9),
Usg loses rank when v = 0). However, when v = 0, RCS
reduces to the CS framework; here, we do not need (Subset
Strong Smoothness (a)) since we have a different analysis
for proving incoherence guarantees (Lemma3) of relevant
sub-matrices. For extremely small v, we can combine the
two analyses to obtain similar sufficient guarantees (by
using triangle inequality for instance).

As before, we characterize the condition number and the
incoherence of the relevant sub-matrices of P that will allow
us to apply low rank matrix completion techniques and
provide theoretical guarantees (see Lemmal|I}).
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Figure 1: Cumulative Regret of the Alternating Minimization (AM) algorithm in|Dadkhahi and Negahban! [2018], LATTICE (Alg. 3)
and Upper Confidence Bound (UCB) algorithm with T = 60000 rounds for 3 datasets a) Movielens 10m dataset: N = 200 users and
M = 200 arms b) Netflix dataset: N = 200 users and M = 200 arms c) Jester dataset: N = 100 users and M = 100 arms.

Lemma 4. Suppose Assumption[3)is true. Consider a sub-
matrix Py, of P having non-zero singular values N} >
<o+ > N, (for C' < C). Then, provided Py, is non-zero,

Moo A

we have .
)‘é:/ = Ac

Lemma 5. Suppose Assumption[3)is true. Consider a sub-
matrix Pgy, € RN >M™ (with SVD decomposition Py, =
UXV) of P whose rows correspond to a nice subset of

O, = /5 ana [[V], <
2,00 2,00

users. Then, BN R

Now, we are ready to state our main theorems

Theorem 5. Consider the MAB-LC problem in RCS frame-
work with M arms, N users, C clusters and T rounds such
that at every round t € [T|, we observe reward R® as
defined in eq. with noise variance proxy c? > 0. Let
P ¢ RNM be the expected reward matrix such that As-
sumption|3|is satisfied by P. Moreover, suppose Assumption

is true. Then Alg. with C’ = cC 1 min <||P||Oo, 12;/&)
or some appropriate constant ¢ > 0 guarantees the regret

Reg(T) to be:

O(o/p3T(M +N)) + oV/NT). (8)

Note that the regret bound above is similar to that of
Theorem [I] despite the stricter setting. Here again, the
"scale-free" regret is 1/ T(M + N) which as discussed in re-
marks below Theorem ] is intuitive, is practical in realistic
regimes, and is nearly optimal.

Remark 7. Note that the generalization remarks[H|3in Sec.
H.2)also extend to Theorem[3] Also, recall the definitions of
He, Geo for clusters ¢ € [C| and phases indexed by £ > 1
depending on the sub-optimality gap from Section 4.2} With
equivalent definitions for the RCS setting, the gap dependent
regret bounds in Theorem 2] can be achieved by Algorithm 3]
as well provided Assumptions [2|and 3| are true.

6 EXPERIMENTS

We have provided detailed experiments on synthetic datasets
(deferred to Appendix|A]) and popular real world recommen-
dation data-sets namely 1) Movielens 10m dataset 2) Netflix

dataset and 3) Jester dataset. For simplicity, we implement
a significantly simplified version of our algorithm (Alg. f]
in Appendix [A). In addition, we have also compared with
a highly competitive heuristic - the Alternating Minimiza-
tion (AM) algorithm described in Dadkhahi and Negahban!
[2018]] and the standard Upper Confidence Bound (see Latti;
more and Szepesvari [2020]) algorithm individually for each
user. However, we stress that the AM algorithm does not
have any theoretical guarantees. For the Movielens dataset,
we restricted ourselves to the 200 users (N) who have rated
most movies and 200 movies (M) that have been rated the
most. For Netflix and Jester, with a similar pre-processing,
the values of N, M are (200, 200) and (100, 100) respec-
tively. We compared the performance of our algorithm
LATTICE (for GCS - i.e. after a few phases, we run UCB
individually for each user with their active items) with the
AM algorithm in [Dadkhahi and Negahban| [2018]] (with
the hyper-parameters provided in|[Dadkhahi and Negahban
[2018]] for Movielens and Jester datasets; for Netflix dataset,
we used the hyperparameters provided for Movielens). In
Figures and[Tc| we have shown the cumulative regret
of the three algorithms -clearly, LATTICE outperforms the
other baselines empirically as well. In particular, LATTICE
successfully removes large chunks of bad items for large
groups of users jointly in few rounds. Further details about
implementation are deferred to Appendix [A]

7 CONCLUSION

For the multi-user multi-armed latent bandit problem intro-
duced in[Maillard and Mannor| [2014]] we provided a novel,
computationally efficient algorithm LATTICE. Ours is the
first algorithm to obtain O(y/(M + N)T) regret guarantee
in this challenging and practically important setting, as la-
tent cluster structure in users/agents is commonplace and is
a standard modeling tool for practitioners. Our work also
resolves open problems posed in Jain and Pal| [2022] and
Sen et al.| [2017] for online low rank matrix completion
in certain special case. Finally, it would be interesting to
optimize the regret dependence on other factors such as
the number of clusters (C), RCS-gap (v), as well as other
parameters incoherence and condition number.
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Algorithm 4 Simplified LATTICE

Require: Number of users N, arms M, clusters C, rounds T, noise o2 >0, phase lengths {A,} ¢>1 satisfying > De=T.
Gap Parameters {v;},>1. Parameter A > 0 for nuclear norm minimization. Phase parameter L > 0 and robust
intersection parameter 0 < p < 1.

1: Partition entire time period into phases [1, A1],[A; +1, A1 + As], ...

2: Set M) = [MTD] where MY = [N] and N = [N D] where N1 = [M].

3: fort=1,2,...,Tdo

4:  Sample user u(t) from [N], determine phase ¢ in which round ¢ belongs

5. Determine the set M%) in M®) in which u(t) belongs.

6:  User u(t) pulls an arm p(t) uniformly at random from A/(“:%) and observes feedback R*.
7. if last round of phase and ¢ < L then

8: Initialize MFY) = [, NHD = ]

9: for each set M9 € M) do

10: Consider Matrix Q € RN*M_ Fill entries in the sub-matrix Qi) prcei) by assigning Qg = mean{R® |t €

phase ¢,i = u(t),j = p(t),i € MED,

11: Let €2 be the filled entries in Q rq(e.i) arce.iy. Complete the matrix Q (.1 arce.i) by solving the convex program

o1 2
pln 5 Z (Qij - Tij) + AT pqceir arcen ||« 9
(i,4)€

12: if / < L then

13: Solve k-means for users in M (&) using the vector embedding formed by the rows in T M N (L) - Choose
best £ < C by using ELBOW method. Denote the cluster of users by {M(e”"j )} i

14: for each cluster of users M(“%7) do

15: Compute N'“¥7) as {s € N9 | | Ty, — max, e ) Ty | < v for some u € MEHIY,

16: Append M £53) to MUEED and N E57) to N EFD)

17: end for

18: else

19: Compute set of active arms N¢D as {s € N©&D | T, — maxy e LTusr| <
vy for at least p-fraction of users in M (&9},

20: Append M) to MUEAD and NG9 to NHD | #nstead of Steps 20,21, we can also start running UCB
individually for each user in M9 with the set of active items N'“9) for the remaining rounds. This can be
more practical since cluster structures are not always satisfied exactly.

21: end if

22: end for

23:  endif

24: end for

Organization: The Appendix is organized as follows: in Section [A] we provide detailed synthetic experiments with
a simplified version of the LATTICE algorithm. In Section |B| we provide a more detailed comparison with the online
clustering line of work. In Section[C] we provide detailed proof for feasibility of Assumption[I} In Section[D] we provide
details on proofs of results presented in Section[3] In Section[E] we provide detailed proof of Theorems|I]and[2] In Section
[Fl we provide detailed proofs of the lower bounds on cumulative regret. In Section|[G] we provide detailed proof of Theorem
B] Finally in Section[H] we provide a proof of a general version of Lemma([I]and the regret guarantee claimed in Remark 3]

A Further Experiments

A.1 Synthetic Datasets

For experimentation, we will run Algorithm 4] that involves the following simplifications of a) for each matrix completion
step in Algorithm[I]- every user randomly pulls arms in the active set of arms (see Step 7 in Alg. [)) and subsequently, a
single optimization problem with nuclear norm minimizer is solved at Step 12 b) the clustering step using graphs in Steps
7-8 of Alg. |I]- we use k-means to cluster the users (see Step 14) where the vector embedding of each user is the row in the
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Figure 2: Cumulative Regret of the Alternating Minimization (AM) algorithm in |Dadkhahi and Negahban| [2018]] and
LATTICE (Alg. with N = 200 users, M = 200 arms, C = 4 clusters and T = 60000 rounds. The reward matrix
P = UV is generated in the following way: each row of U is a standard basis vector while each entry of V is sampled
independently from a standard normal distribution A/(0, 1) in (a) and each entry of V is sampled independently from /[0, 5]
in (b). Notice that LATTICE becomes superior to AM as the number of rounds increase.

sub-matrix estimate that we computed by completing the sub-matrix corresponding to the subset of users (that the said user
belongs to) and its active subset of arms.

Next we perform detailed experiments with Algorithm @ on synthetic datasets that are generated as described below. Note
that we compare against the Alternating Minimization (AM) algorithm presented in [Dadkhahi and Negahban|[2018]] for
solving the online multi-user multi-armed bandit problem when the reward matrix is of low-rank. Note that the AM algorithm
is a very strong baseline in practice for our problem setting. In |Dadkhahi and Negahban| [2018]], it was experimentally
demonstrated for both synthetic and real datasets that the AM algorithm outperforms previously designed algorithms in the
literature that can be applied to our problem setting (Sen et al|[2017] and [Kawale et al.|[2015])) by a significant margin.

Dataset Generation: We take N = 200 users, M = 200 arms, C = 4 clusters and the number of rounds T = 60000. We
generate the ground truth matrix P = UV where U € RNX¢, V € RMXC in the following manner: in the i*" row of
U, the (i%C)* entry is set to be 1 while the other entries are 0, each entry of V is sampled uniformly at random from
(a) standard normal distribution A/(0, 1) (b) uniform distribution [0, 5]. For (a), we assume that the noise added to each
observed entry is sampled independently from A(0, 0.5). For (b), we assume that the noise added is uniformly distributed
in [-0.5,0.5].

Algorithm Details: We tune both the AM and the LATTICE algorithm (Alg. f). The AM algorithm [Dadkhahi and
Negahban| [2018]] has two hyper-parameters A1, Ay which are set to be 0.5 and 0.01 respectively for both data-sets generated
according to (a) and (b). Alg. 4| has several hyperparameters - we set the phase length A, = 1500 + 500 * (¢ — 1), the gap
parameters v, = ||P||__ /6 - 8" and L = 5. We also take A = 5,/A,/200 for the convex relaxation problem inl-gzl In Step
14 of Alg. [l we choose the best k using the following heuristic: we go on increasing & by 1 if the objective function of
k-means reduces by a factor of at least 0.6; also if the objective is less than 100, we do not split the cluster anymore. Again,
these hyperparameters remain same for both datasets generated according to (a) and (b).

Results and Insights: The cumulative regret (averaged over 5 independent runs) is plotted for both the AM and LATTICE
algorithms (Alg. @) in Figures [2a] (Gaussian) and [2b] (Uniform) respectively. Notice that for both synthetic datasets (Gaussian
and Uniform), in the initial periods, AM has a better performance while in latter stages LATTICE improves significantly and
eventually beats it. The reason is that the AM algorithm starts creating confidence sets for arm pulls for every user from the
first few rounds itself. However, in almost all the runs, the AM algorithm fails to converge to the best arm for many users
(although it does converge to arms with very small sub-optimality gap for each user). On the other hand, LATTICE, in the
initial few phases mimics pure exploration but it converges to the best arm for most users almost always. Therefore, the
cumulative regret of LATTICE hardly increases after a certain number of rounds whereas the cumulative regret of AM goes
on increasing. Therefore, we can conclude that in synthetic datasets where our assumptions namely the cluster structure is
satisfied, LATTICE is not only competitive with the AM algorithm but also has superior performance when the number of
rounds is large. One disadvantage of the AM algorithm that it is quite sensitive to the choice of hyperparameters - a slightly
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incorrect choice leads to diverging of the regret guarantees from the first few rounds itself; in comparison, LATTICE is
much more stable with respect to the choice of hyperparameters.

A.2 Real-world datasets (Implementation details)

For all three datasets 1) Movielens 10m 2) Netflix and 3) Jester, we set the phase length in Algorithm [ to be A, =
2000 + 500 * (¢ — 1), the gap parameters v, = ||P||__ /4 - 2 and L = 5 for Movielens and Netflix; for Jester dataset, we
took v, = ||P||_, /6 - 8 and L = 5. After five phases, instead of Steps 20,21 in Alg. El, we start running standard UCB for
each user with the set of active items for the remaining rounds. We also take A = 5,/A,/200 for the convex relaxation
problem in[9] In Step 14 of Alg. fi] we choose the best k using the following heuristic: we go on increasing k by 1 if the
objective function of k-means reduces by a factor of at least 0.6; also if the objective is less than 50, we do not split the
cluster anymore.

B Detailed comparison with Online Clustering

Gentile et al.|[2014}[2017], Li et al|[2019] study the contextual version of the MAB-LC problem considered in our work. In
their set up, a random user v € U arrives at time ¢, the online algorithm is presented with an action space .A; where each
action a € Ay has a feature vector x,. If the action chosen is k;, then the mean rewards obtained is x{t Be(u) Where 3. are
the model parameters for cluster c¢. All users u such that ¢(u) = ¢ have an identical reward model.

We can map our problem to this problem by presenting a fixed action set in every slot, i.e. x; = e; for all ¢ € [M] where
{e;} is the canonical basis in RM, and A; = {x}M | for all t. However, such a conversion results in highly sub-optimal
regret of O(\/ M2CT + M3N). There are two main reasons for this. One is that this conversion leads to extremely high
feature vector dimension of M. The other is that the algorithms in |Gentile et al.| [2014} 2017]], L1 et al.| [2019] crucially
depend on the assumption that for a fixed a at time ¢, the feature vector x,, is sampled i.i.d from a distribution on the unit
sphere such that minimum singular value of E[x,x!] is at least a constant. Based on our conversion above, it is easy to see
that E[x,x1] = ﬁ for MAB-LC. Since M is very large, the minimum singular value in our setting is quite small which
leads to poor regret. This assumption is crucial to the analysis of |Gentile et al.|[2014} 2017], L1 et al. [2019]], and removing
it is non-trivial. Consider a user v in the system and the Gram matrix S, ; = ZS <tru.—u xksxgs formed for user u based
on feature vectors xj_ of actions chosen at times when the user u arrived in the system. Crucial property that is needed
for online clustering to proceed in the works of (Gentile et al.|[2014] 2017]], [Li et al.|[2019] is that the minimum singular
value of Sy ¢ is 2(T,,.) where T, ; is the number of time slots user w arrived till time ¢ with very high probability (see for
instance Claim 1 in|Gentile et al.|[2014], Lemma 4 in|Li et al.|[2019])). This is ensured through the randomness assumption
for x,. In our case with mapping to canonical basis vectors, minimum singular value of S,, ; will scale sub-linearly (o(T}, ;)
for large T, + ) if the algorithm is doing well on user « in terms of regret, i.e. focusing on arms close to the best arm.

Note that this can be seen as a motivation for our elimination style algorithm, since we only rely on the overlap in the set of
‘good arms’ of every user for clustering, while in|Gentile et al.|[2014} 2017],|Li et al.| [2019], the authors use the estimate of
the entire mean reward vector to cluster. This requires the estimation error to be low in ’all directions’ for the Gram matrix.

C Feasibility of Assumptions

In this section, we are going to show that Assumption [I]is feasible for a large ensemble of matrices. In particular when the
entries of X € R“*M with SVD decomposition X = UXV T are sampled according to A(0, 1), we prove that Assumption
[T]is going to be true with high probability.

Lemma 6. IfxTX‘SXlTSX > ayCA2 /M for a subset S C [M],|S| = vC for all unit vectors x € RS, then the minimum

eigenvalue of V}Vg > ayC/M. In other words, Subset Strong Smoothness (SSS) of X with SVD decomposition
X = UXVT implies SSS of V.

Proof. 1f x"X|sX[sx > ayCA}/M for a subset S C [M], |S| = +C for all unit vectors x € RS, then the minimum
eigenvalue of VI Vs > ayC/M. To see this, note X|s = USV [ implying that V] = (UX) X s. Hence, ViVs =
(U)X sX[5(UX) T implying that (ViVs)™! = (US)T(X|sXs)"'(UX). Taking the operator norm on both

sides, we have Apin (VL Vs) > )\szmin(Xng) implying that x"VIVsx > ayC/M. O
Lemma 7. Suppose C < M and further, the entries of X are generated independently according to N'(0, 1).
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Proof. We must have vM — v/C —t < Ac < A1 < VM ++/C+t w.p. at least 1 — 2e—t*/2 implying that vVM/2 < \c <
A1 < 2v/M; hence we must have A\; /A\c = O(1) w.p. at least 1 — O(e~M). Moreover, we have X"X = VX?VT. Clearly,
we must have || X || _ , Act < [| V||, < |[X][o 2 A7". For any column X|;, we have ||X;| ‘; is a chi-squared random

variable with C degrees of freedom. Using standard concentration inequalities for chi-squared random variables, we have
HX|iH2 < 8y/Clog M w.p. at least 1 — M~2. By taking a union bound over all i € [M], we have ||X]|_, , < 8,/ClogM

M

w.p. at least 1 — M1, Hence || V]| \2’00 < 164/ <8M Therefore, when X is a random gaussian matrix, the first part of
Assumptionholds true and the second part holds true with 4 = O(log M) with high probability.

On the other hand, for a subset S C [M], |S| = 7C, we must have the minimum singular value of X|s to be at least

\E(\/ﬁ —1) —t wp. atleast 1 — 2e=t/2, Taking v = 16 log M and ¢ = /4Clog M, we must have the minimum singular
value of X|s to be at least /Cv/2 w.p. at least 1 — 2e~2¢1°eM Taking a union bound over all such subsets S of [M] with
size | S| = /C, we must have for all unit norm vectors x € R®

9_C7-4M>C7>\%
4 16M ~ 16M

XTX‘SX?:SX >

w.p. at least 1 — O(e~™) implying that o > 1/16. Combining with Lemma@ we can conclude that with high probability
for v = O(log M), the third part of Assumptionis satisfied for & = 1/16 if X is a random gaussian matrix. These results
can also be extended to matrices X whose columns are independent. O

D Missing Details in Section 3]

Low Rank Matrix Completion algorithm. Algorithm [5]describes the low-rank matrix completion algorithm we use in
our work. This algorithm is adapted from Jain and Pal| [2022], with minor modifications that are necessary for our setting.
At its core, the algorithm solves a nuclear norm regularized convex objective to complete the matrix (equation (T0)). This
procedure is repeated f = O(log NMT) times, and the final estimate of the matrix is computed as the entry-wise median of
the f solutions.

Algorithm [6] collects the data needed for matrix completion in Equation (TI0). At a high level, this subroutine randomly
selects entries in the matrix (each entry is selected with probability p). It then computes an estimate of each of the selected
entries by pulling the arm corresponding to the entry multiple times (b times) and taking an average of the obtained rewards.
The collected data is then shared with Algorithm 5]for matrix completion. The main difficulty in implementing this algorithm
is that in MAB-LC, the users arrive randomly in each iteration. Consequently, one has to wait for the required users to
arrive to collect the necessary data. The question now is, how long does the algorithm wait to collect all the necessary data?
By mapping this problem to the popular Coupon Collector Problem, it can be show that the the sample complexity of the
algorithm increases atmost by log factors.

D.1 Proof of Lemma[3l

Proof of Lemma[3] Suppose the reward matrix P has the SVD decomposition UXVT. We are looking at a sub-matrix
of P denoted by Pg,, € RN XM which can be represented as U, XVI , where Uy, Viup are sub-matrices of U, V
respectively and are not necessarily orthogonal. Here, the rows in Pg, corresponds to some cluster of users C(® for a € C
and the columns in Pg, corresponds to the trimmed set of arms in [M]. Suppose the rows of the sub-matrix Pg,p, correspond

to the users in C’ < C clusters. Note that Uy, can be further represented as UiigUg& where Uiig e RVXC jsa binary

matrix with orthonormal columns and 1-sparse rows (the non-zero index with value 1/+/cluster size in the row indicates the
cluster of the user). Ug& € RS < indicate the distinct rows of Ugup corresponding to each of the C’ clusters (multiplied

by V/cluster size).

Hence we can write (provided Vg, is invertible)

Pop = U UL S(VI Vo) 2 (VI V) 2VE = U TSVT(VE V) V2V,

sub ~ sub sub sub

where USVT is the SVD of the matrix U Z(VT Vsub)l/Q. Since U is orthogonal, WU is orthogonal as well. Simi-

sub sub sub

larly, VT(VT Veb)"1/2V], is orthogonal as well whereas S is diagonal. Hence Ui&&ﬁi?T(V;szub)’lﬂV;b

sub u

indeed corresponds to the SVD of Pgyp and we only need to argue about the incoherence of USJ[))IAJ and
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Algorithm 5 LOow RANK MATRIX ESTIMATE (Adapted with slight modifications from Jain and Pal| [2022]))

Require: users i C [N], arms V C [M], rank 7, incoherence y of reward matrix Py, 1, total rounds T, noise variance o2,

desired error in estimate (.

2
), sampling probability p = Cpu2d; 1og® dy, variance reduction factor b = ’V(ET(:g d’:) —‘

number of repetitions of algorithm f = O(log MNT), regularization parameter A = C)o+/dap for suitable constants
c,C,Cy > 0.
2: fork=0,1,2,..., fdo
Z + DATACOLLECTIONSUBROUTINE(U, V, p, b)
Without loss of generality, assume , we simply swap rows and columns). Randomly partition
the columns into k& = [|V|/|U|] sets. Precisely, for each ¢ € V, independently set d; to be a value in the set {1,2... %k}
uniformly at random. Partition indices in V into V() V() | V) where V(@ = {i € V| §; = ¢} for each ¢ € [k].
Set Q@)+ QN (U x VD) forall ¢ € [K].
5:  forg € [k] do
6: Solve convex program

1: Set do = min(

»w

. 1 2
min o 3 (QU) - Zy) + QYL (10)

Ul x|v(a)
Q@) eRIUIX| | (i,j)€Q@

where ||Q(?)||, denotes nuclear norm of matrix Q(%) and () is index of j in set V(9.
7:  end for
8 Compute matrix P*®) € RN*M such that Pz(j)v(q) = Q) for all ¢ € [k] and for every index (i,5) & U x V), P(k) =0.
#We combine the estimates of each of the smaller matrices to form an estimate of the larger matrix i.e. wzthout
partitioning the columns. Moreover, {lgz(j )V}izl correspond to f independent estimates of Py y.
9: end for

10: return entry-wise median of {P(), P P},

Algorithm 6 DATACOLLECTIONSUBROUTINE

Require: users U C [N], arms V C [M], sampling probability p, variance reduction factor b.

1: For each tuple (u,v) € U x V, independently set d,, = 1 with probability p and ¢,,, = 0 with probability 1 — p. Let

Q C U x V to be the set of indices with §,,, = 1.

2: for/=1,2,...,bdo

3 For all (i, ) € €, set Mask;; = 0.

4:  while there exists (¢, j) € 2 such that Mask;; = 0 do

5: WAIT UNTIL next round ¢ such that some u(t) € U is sampled.

6 For user u(t) € U, pull arm p(t) in {j € V | (u(t),j) € Q,Mask,;); = 0} and set Mask,,(¢),) = 1. If not

possible then pull any arm p(t) in V' such that (u(t), p(t)) & Q. Observe R(*).

7:  end while

8: end for

9: Initialize a matrix Z of size || x |V]| to 0’s.
10: For each tuple (7, j) € Q, set Z;; to be average of rewards collected for that entry.
11: return Z

(VT(VI, Vap)"1/2VI )T, Notice that max; (U U)Te;lls < [(U))Teslls < 1/v/Tmim Where Jpiy is the mini-

sub sub sub

. . !
mum cluster size. Since 7 = JJ‘::;‘ and Clax > N/, we must have J;, > % Hence max; H(Uiug) el < \/%.
Similarly, we have

miaX HV(V;szub) 1/2Vsubez” < miaX ”(V;bvsub) 1/2VsubeLH

Vaslzee  _ IVlae  _ [4C

> M’
\/)\mln sub sub) \/Amin(vsubvsub) @

where the last line follows from the fact that minycge x' V], VaupX = mingcpe Y.,c X' V; V] x where S, |S| = M’ is
the set of rows in 'V represented in V.. Hence we can partition the set S into |S|/(yC) disjoint sets, each of size vC; from
Assumption we get that the minimum over each of those sets is a-yC/M and therefore, the conclusion follows.




Soumyabrata Pal, Arun Sai Suggala, Karthikeyan Shanmugam, Prateek Jain

Algorithm 7 UPPER CONFIDENCE BOUND (UCB) Bubeck et al.| [2012]

Require: user u € [N], set of arms V C [M], error ¢, noise o2, total rounds T.
1: WAIT UNTIL round ¢ when user u(t) is sampled.
2: Choose arm j; € V according to j; = argmax;c,,UCB; (s — 1, T=3) where s — 1 is the number of rounds ran in this
instantiation of the UCB algorithm so far and (suppose ¢;(s — 1) is the number of times arm j € ) has been pulled by u
in the previous s — 1 rounds and /1, (s — 1) is the empirical mean of the arm j due to the previous ¢;(s — 1) observations)

oo if arm j has not been played before

fi(s — 1) + o\ /ST

UCB,(s — 1,T~3) = {

D.2 Proof of Lemma[2l

Proof of Lemma[2] Suppose Pg,p, has dimensions 1’ x n’. We have that A\] = supxegn|jx,=1 X' P'Px and (\)* =

TpT - e )\ — T T :
SUDycrn||x],=1 X PsupPsubX. Similarly, we can write X} = sup, cgn’|j1x),=1 X 2ics(Pjjs/Pijs/)x where P s is the

it row of the matrix P restricted to the column indices in S’. Since x" (bb")x > 0 for any vector x, we have

(@)
Jmax A2k > Jmax sup x" E (XiTXi)x > sup x! E (PiTPi)x
xernlxll,=1 o xemn || ||, =1

1€[n]

> sup x| Z(P,TPi)X > sup x" Z(PZ-TPi)x > sup x" Z(Pz‘Tw'PiIS’)X
x€R™IIxll =1 Geg x€RM[Ixll,=Lxipp s/ =0 jes xR |[[x|l,=1  jes

implying that v/JnaxAmax > A} The inequality (a) follows from the fact that JmaXXiTXi > Zue[n]\uecm PiTPi. In order
to prove the inequality on \., we need to do some more work. Let us denote the nullspace of the vectors {P; };c[m) by K and
the subspace orthogonal to KC by K. Let us denote the SVD of X = UXVT where U € R“*¢, VT € R*M Consider the
matrix P restricted to the rows in the set S denoted by Ps. Notice that PiPs = VEUTDUXVT where D is a diagonal
matrix whose i*" entry corresponds to the number of users in the set S belonging to the ' cluster. If the set S is a union
of clusters, then the minimum diagonal entry in D must be J.,;,,. Let us denote the nullspace of the matrix P s by . We
can write the minimum non-zero eigenvalue of PSP s as minye xce|jx|,—1 X' VEUTDUXV Tx. Let us write the vector
z = XV Tx; z must belong to the sub-space 7~ spanned by the rows of U corresponding to the non-zero diagonal indices of
D as otherwise x will have non-zero projection on the null-space of P s. Note that the rows of U are orthonormal as well
(since U is a square matrix i.e. UT = U~1). Hence, mingc7z' UTDUz = J,i, ||z||§ > Jnin A2 . Next, we have that

min-*

inf  x'Y (P/P;)x
xeke|||x[],=1 ;9( )

—
INS

x! Z(PZ.TPi)xg E(K,)i}‘l‘f" | 1XT Z(P;I—IS/P“S/)X.
X - X 2:

inf
xeKelllxll, =1 X s =0 3 =

where K’ is the null-space of the matrix P restricted to the columns in S’. Note that the step (b) follows as long as the there
exists a vector with non-zero entries only on S’ in the row space which implies that the sub-matrix is non-zero.

Therefore )\T o 2 v/ JminAmin- Using the fact that 7 = J,ax /Jmin, the lemma is proved.

E Proofs of Theorems [1 and

E.1 Proof Overview

For any phase indexed by ¢, we are going to prove that conditioned on the events £, the event £“+1) is also going to be true
with high probability with proper choice of Ay 1, €¢41. First, inspired by low rank matrix completion techniques, conditioned
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on £() and by using Lemmas along with the fact that each set of users in M) is nice, we can show with Lemmathat
in phase £, by using m; = O(V/A7, ;) (where V = O(c?1*(N 4 M))) rounds, 82(6) is true with high probability (see Alg.
in Appendix |§|} Next, we can show the following series of lemmas (let B() = U A0 >C M denote the set

’iG[a[
of users having more than yC active arms) regarding the sets 72(@ of good arms obtained from the estimates of the relevant
reward sub-matrices (Step 6 in Alg. [5):

Lemma 8. Conditioned on £, Séé),for everyu € BYO, 1,(1) € 7L(£) and max_ - |Pus — Pug| <4A04.

Lemma [§]states that for every relevant user, the best arm always belongs to the set of good arms and characterizes how good
the remaining arms are.

Lemma 9. Fix any i € [ag] such that |N(M)’ > 4C. Conditioned on the events ), E(e), nodes in M4 corresponding
to the same cluster form a clique. Also, users in each connected component of the graph G\“V) form a nice subset.

Recall that we draw a graph G(%) with nodes corresponding to users in M () and edges drawn according to eq. @) Lemma
[O]says that users in same cluster always form a clique; however, this does not rule out inter-cluster edges. Nevertheless, if
two users have an edge, then the next lemma shows that good arms for one are good for the other:

Lemma 10. Fix any i € [ay] such that ’N(Z*i)‘ > ~vC. Consider two users u,v € MY having an edge in the graph G(&",

Conditioned on the events ), 52(2), we must have

max |Puz — Puy| < 16A014
2eT) yeT

and max [Pyy —Poyy| <16A014
xeTzf[)7y67'v<l)

We can extend Lemma [I0]to the case when two users have a path joining them in the constructed graph:
Lemma 11. Fix any i € [ay] such that |./\/(“){ > ~C. Consider two users u,v € M) having a path in the graph G4,

Conditioned on the events £°), 52(5), we must have

max |Puz — Puy| < 32CAp40
xeTu(['),yETU(E)

and max |Pyz — Pyy| < 32CA441.
xeTu([),yETU(E)

Thus we can create the new sets of nice users as the connected components of the graph and the corresponding set of arms
that are good for all is constructed by the union of the set of good arms (eq. [7). If the number of active arms for a set of users
become less than vC, then we start a UCB algorithm for each of them until the end of the number of rounds. Therefore,
conditioned on the events £ (4), 52(6), the event £ is also going to be true. Hence, conditioned on the event £ (0, we can
bound the regret in each round of the /" phase by ¢,; roughly speaking, the number of rounds in the £*" phase is 1/ €7 and
therefore the regret is 1/¢,. By setting A, as in Step 3 of Alg. |l|(and ¢, = A;/64C), we can bound the regret of LATTICE
and achieve the guarantee in Theorems|[I|and [2]

E.2 Detailed Proof

LATTICE is run in phases indexed by £ = 1,2, . ... In the beginning of each phase ¢, we have the following set of desirable
properties:

1. Maintain a list of groups of users M = (MED MED AE)Y and arms N =
(NED NED NG} where ag < C such that Ujeq,) M) = [N] and Uje [ ) N4 C [M].

2. Moreover, for all i € [a,], we will have M“) = |, gy C9) where the sets {G“1), G142, GlEao)} form a
partition of the set [C]. This implies that every set of users in the family M is nice and the sets of users in M)
form a partition of [N].

3. For each group M in the list M), we will have an active set of arms denoted by A'(“?) such that N'(¢%) D
{argmax;P,; | u € MEDY e, for each user u in the set M), their best arm must belong to the set N(“%),
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Furthermore, for all ¢ € [a,] such that |J\f (“)‘ > ~C, the set ' (.9) must also satisfy the following:

max P,; — min P,;| <eforallue MED (11
JENED JEN D
where ¢, is a fixed exponentially decreasing sequence in ¢ (in particular, we choose ¢; = ||P|| and ¢, =

C'2~ % min (HPHOO, @) for ¢ > 1 for some constant C’ > 0).

4. Let BY) C |N] be a subset of users satisfying BY = Uician VD |2 MED je. BY corresponds to the set of

users which belong to a group M (%% at the beginning of the £*" phase having more than C active arms. We will also
maintain that B O BUY) for any phase i < j i.e. the set of users with more than C active arms goes on shrinking.

Since LATTICE is random, we will say that our algorithm is €, —good at the beginning of the /" phase if the algorithm can
maintain a list of users and arms satisfying the above properties at the start of phase £. Let us also define the event £) to be
true if properties (1 — 4) are satisfied at the beginning of phase ¢ by the phased elimination algorithm. We are going to
prove inductively that the phased elimination algorithm is €,-good for all phases indexed by ¢ for our choice of {e;} with
high probability as long as the number of phases are small.

Base Case: For ¢ = 1 (the first phase), we initialize M (1) = [N], A1) = [M] and therefore, we have

max P,; — min P,;| <||P|| forallu € [M].
JEN@D) JENED)
Hence, we also have B(!) = [N]. Moreover, the set of users [N] satisfies [N] = U;cga.1)C9) where G(1'Y) = [C] and finally
for every user u € [N], the best arm argmax,; P,,; belongs to the entire set of arms. Thus for £ = 1, our initialization makes
the algorithm ||P||__-good.

Inductive Argument: Suppose, at the beginning of the phase ¢, we condition on the event £() that Algorithm is
eg—good. Next, our goal is to run Matrix completion in order to estimate each of the sub-matrices corresponding to
{(MED NEDVY, ). Fix the quantity Agyy > 0. We can show the following lemma:

Lemma 12. Let us fix Ayy1 > 0 and condition on the event £ (), Suppose Assumptionsand are satisfied. In that case,
in phase {, by using
2c2 C —1\3 1 M
me = o(” (CVpa~ ) log (N \/ Mc) 10g2(|\/|NC(5_1)))

2
Aé—i—l

rounds, we can compute an estimate P9 € RN*M sych that with probability 1 — 6, we have for a nice subset of users

M &)
HPM(, @D PM(E,ri),N(Z,i)H < Ayyy foralli € |ag] satisfying ‘N(i’z)‘ > ~C. (12)
o0

Proof of Lemma([I2] We are going to use Lemma [I|in order to compute an estimate 1553(“)’ e Of the sub-matrix

P\ i) arce. satisfying Hf)%t)ww N~ P pen ‘ < Ay4q. From Lemma we know that by using m, =
: , , ~

@) (SN log®(MNS—) (N9 | p + \/|N(“) | plog N5*1)) rounds (see Lemma restricted to users in M (4% such that
with probability at least 1 — 9,

<o Zm )

where dy = min(| ), & is the incoherence factor of the matrix P M ey and 7 is the rank of the

matrix bounded from above by the number of clusters. In order for the right hand side to be less than Ay, we can set
2,.2~3

sp = O(Lﬁf@). Since the event £(*) is true, we must have that M| > N/(kC) (k = O(1) is the ratio of the

HPM“ DN PM(e,i)A’N(Li)

A1/+1

sizes of maximum cluster and minimum cluster); hence ds > min (%, |N (49) ’ ) Therefore, we must have that

o2C23 logM

AQ

max (N, Mc) 1og2(MNc5—1)))
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where we take a union bound over all sets comprising the partition of the users [N] (at most C of them). Finally, from Lemma
we know that z can be bounded from above by max(C, 2u1/a) which we can use to say that

mg = O<0—2c2(c VA‘%i:l)g logM (N \/ Mc) 1og2(|v|Nc5-1)))

to complete the proof of the lemma. O

In the following part of the analysis, we will repeatedly condition on the events (), 52“) which are described/reiterated
below:

1. The event £ is true when the properties (1 — 4) described at the beginning of Section E] are satisfied by the algorithm.

2. We will denote the event described in Lemma equation to be 52(6). In other words, if 52“) is true, then the
algorithm has successfully computed an estimate P(*) € RN*M such that

5 0)
‘ ‘PM(Z,i)’N((,i) - PM(/f»i),./\/(‘»i)

‘ < Ayyq forall i € [ay] satisfying ‘N("’L])’ > ~C.

Fix any i € [ag]. For each user u € M%), let us denote a set of good arms for the user u by Tu(z) = {j e NI |
)

uj’ ﬁﬁfj < 2A441}. If we condition on the event & (5), then we can show the following statements to be

IMAaX 7 c Ar(e,5) P
true:

Lemma (Restatement of Lemma . Condition on the events £© 52(@ being true. In that case, for every user u € B, the
arm with the highest reward P . 1y must belong to the set 7;“). Moreover, max_ ) |Pus — Pusr| < 4Ap41.

Proof. Let us fix a user u € M with active set of arms A/(“?), Recall that 7, (1) = argmax; P,; and let us denote
1 = argmax;c s, 152? for brevity of notation. Now, we will have

Pui, — 13227‘,(1) = 157(1?1 —Put, + Puty = Pur, 1) + Pur, (1) — f’fﬁzu(l) <2804
which implies that 7, (1) € T8 Here we used the fact that 137(2 —Put, <A1, Pur,1) — 1572[73“(1) < Ayyq and
Put, = Pur, 1) <0.
Next, notice that for any s, s’ € 77}0
P, — P,y =P, — PO +PO _PY 1P _ P 1P _p, . <an,y,.
O

Again, fix any ¢ € [ag] such that |N(Z’i) | > ~C. Consider a graph G*¥) whose nodes are given by the users in M%), Now,

we draw an edge between two users u, v € M9 if 79 A 7O #+ ® and ‘ﬁ&f; P < 2,1 for all arms z € NG9,

Lemma (Restatement of Lemma EI) Fix any i € [ag] such that }./\/ (“)| > ~C. Conditioned on the events £, 82(6), nodes
in M9 corresponding to the same cluster form a clique. Also, users in each connected component of the graph G(“9)
form a nice subset.

Proof. For any two users u, v € M%) belonging to the same cluster, consider an arm = € N (“?), We must have

f’gﬁz - ]-51(;21) = f’&@ —Pus + Puz — Poz + Poz — 155122 < 2A€+1-

In order to prove the next statement, consider two users u, v € M%) that belongs to different clusters 7, Q respectively.
Note that since the event £®) is true, M9 is a union of clusters comprising P, Q. Furthermore, we have already established
that nodes in G (users in M (“9)) restricted to the same cluster form a clique. There every connected component of the
graph G(©) can be represented as a union of a subset of clusters.

O
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Lemma (Restatement of Lemma. Fix any i € [ay] such that ’N (“)| > ~C. Consider two users u,v € M9 having
an edge in the graph G\“9). Conditioned on the events £*), E(e), we must have

max |Puz — Puy| < 16A,41 and max [Pyy — Pyl < 164044
zeTs) yeT” eeTi yeT

©

Proof. From the construction of G (49 we know that users U,V E MED have an edge if ‘f’SQ - P 4

that |P,, — Py,| < 4A.44) forall z € NED and T, N T, # ®. Suppose z € T, N T,. Now, for any pair of arms
T e 771(@), s 7;(@); in that case, we have

< 2Ay4; (implying

Puw - Puy = Pu:r - Puz + Puz - Pvz + P'uz - P'uy + P'uy - Puy S 16AZ+1
where we used Lemmal[8]
O

Lemma (Restatement of Lemma . Fix any i € [ag] such that |./\/(“)| > ~C. Consider two users u,v € M©9 having a
path in the graph G\“Y). Conditioned on the events £ & (4)’ we must have

max |Pus — Puy| < 32CA¢41 and max [Pyz — Pyy| < 32CA441.
2T yeT” zeT? yeTs

Proof. Consider 3 users u, v, w € M%) such that u, v have an edge and similarly, v, w have an edge. From Lemma we
have that

7;(6) N 7:,“) # ®and |Pyy — Pyy| <4A,4; forallz € NED
7:)(5) N ’7:1(,@ # ®and |Py, — Pyo| < 4Ap4; forallx € NED
Letz € Tu([) N 7?,“) and 2/ € 7;(13) N 715@. Therefore, for any x € 'E(Z), y € Z(Z), we must have
Pux - Puu = Puw - Puz + Puz - Pvz + Pvz - Pvz’ + Pvz’ - sz’ + sz’ - Pwy + Pwy - va + va - Puu

< 320041

Note that the shortest path between the two users u, v € M%) must be a sequence of at most 2C nodes. Now, applying the
above analysis at most 2C times, we get statement of the Lemma. In other words, consider a path connecting two users u, v

as denoted by u = a1, as,...,v = ar. Let us denote z; = a(f) N 7;(21 (definition of edge). For x € u(é), Yy € 7;(@)’ we
will have
L—1 j=2
Py, — PUy =Puz — Puz, + Z (Paizz' - Pai+1zi + Pai+lzi - Pai+lzi+1) +Pys_ s — Py + Z (Pay‘z’ - Paj—lZ’)
i=1 j=L
< 16LAgy;.

Since the path connecting the two users can be of length at most 2C — 1 (conditioned on the events (), 52(2)), the proof of
our lemma is complete. O

For the subsequent iteration indexed by ¢ + 1, we compute the updated groups of users M+ in the following way:
each set corresponds to the connected components of the graphs {G (“)} for those indices ¢ € [ay] where |./\/ (“)| >~C
plus the groups of users M%) where ‘N (“)| < C. More precisely, let T C [a¢] be the subset of indices for which
|NED| > ~C; {G*19)} be the connected components of the graph G\ for i € 7. In that case, M(“+1) = {G(19) | €
7,G%%9) is a connected component of graph G} + { M9 | i € [az] \ T}. Similarly, we update the family of sets of
active arms as follows: for users corresponding to each connected component M +1:5) = G(£:%7) of some graph, we define
the active set of arms A/ *1:%) to be Uuegu,i,jﬂ}“) and for each group {M([’i) }ielag\ 7> We keep the corresponding set of

active arms {N(Z’i)}ie[w]\T same. With ap11 = |M(ZH) |, we will also update B+ = Uie[ae+1”|j\/’(£+l,7‘,) >~C ML)

to be the set of users with more than C active arms.
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Lemma 13. Condition on the events 9 being true. In that case, with probability 1 — T4, with the groups of users
MUEY) and their respective group of arms given by N'“11) being updated as described above and Agyq = €; /64C, the
event EEY) s also going to be true with ep11 < €p/2.

Proof. Conditioned on the event £() being true, the event Eéz) holds true with probability with 1 — T—% (by substituting
§ = T~*in Lemma . Now, conditioned on the event £(*), 52(@ being true, the properties (1 —4) hold true at the beginning
of the (¢ + 1)*" phase as well with our construction of M+ A+ For the (¢ + 1)* phase from Lemma we
know that for any pair of users u, v in the same cluster M“+1%) in the updated set of clusters M“+1) we must have
2eT® yeT® |Pus — Pyl < 32CA,4;. From Lemmawe know that argmax;P,; € 7L(€) C N where N9 ig

the active set of arms for users in M) in the updated set M. For £ > 1, we will set Ayy; = ¢,/64C which would give us
that €, 1 = €;/2. Finally, also note that we maintain the set of users B(*1) as stipulated in Property 4 for the beginning of
the (£ + 1) phase. O

max

Proof of Theorem[I} We condition on the events £ © & (0 bemg true for all £. The probablhty that there exists any ¢ such
that the events £, 82( ) s false is O(T~%) (by setting § = T~% in the proof of Lemma ; hence the probability that
W, 52(5) is true for all £ is at least 1 — O(T~3) (the total number of iterations can be at most T). Let us also denote the set of
rounds in phase ¢ by 7, C [T] (therefore |T¢| = my). Let us compute the regret 3, 7o) Pu(tym, oy (1) = 2ier® Pue), o)

restricted to the rounds in 7*) conditioned on the events £(©), 52(8) being true for all £. We can bound the regret quantity
in the /" phase from above by the sum of two quantities: 1) the first quantity is the regret incurred by users in B(*) with
active arms more than C 2) the second quantity is the regret incurred by the UCB algorithm played separately for each
useru € N\ [B(Z ] with active arms less than vC. Let us denote the regret incurred by such an user  in the /" phase by

Regycg(u, T )) where 7,*) is the number of rounds in the ¢t" phase where user u pulled an arm.

The first quantity can be bounded from above by mye, while the second quantity can be bounded by using standard results
in the literature. Substituting from Lemma[I2] we have that

E( Y Pumw® — X Puwp | ﬂg(e ﬂgm)

teT® teT ()
€02C2(C\ pa1)3logM -
oY M () e ) 4 Resen ()
£+1 u€[N\[B®)]

For simplicity, let us denote V = o2C%(C\/ pa~1)3 (N \ MC) log®(ABCT). We can now bound the regret as follows

(after removing the conditioning on the events (), £, 82(6)):

(Z Putymnm — D Pug p<t>) (Z( > Putmnm = D Pu(t)m(t)))

te[T] te[T] £ teT (O teT©)
—ZO(eemﬂﬂswﬂs N+OT#IPl) + > > Regyea(u, )
£ weN\[BO)]

The last term of the regret can be bounded from above ), ey Regucs (u, Tp) where Tj, is the number of rounds user u pulled

an arm according to the UCB algorithm; hence, ZME[N] Regycg(u, Tp) < Zue[N] VTpyClogT -0 < /YNCTlogT - o
by using the Cauchy Schwartz inequality. Moving on, we can decompose the first term regret as follows (we use Ay 1 =

6(/64C):

O( Z eomy | 5(‘3) 5 ) is true for all E) —i—O( Z 6@VA€+1 |5(€)7g2(5) is true for all E) =Td + O( Z C2V621)
lieg <P Liepg>D lieg>D

We choose ¢, = C'2~¢min (HPH007 @) (so that the condition on ¢ > 0 in Lemma [1{is automatically satisfied for

all ¢) for some constant C’ > 0, the maximum number of phases ¢ for which ¢, > ® can be bounded from above by
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J=0 ( log ( + min (||P lloos %) ) ) Moreover, the constraints on p, o present in Lemmacan be satisfied with such a

choice of ¢, for all £. Hence, with V = 0C2(C\/ ua~1)? (N i Mc) log®(ABCT), we have

Reg(T) < O(T3|[P|lo0) + O(T®) + O(Jvc“‘qu) +O(/NCTlog T - o)
= O(T73||P|os) + O(CIVTV) + O(/NCT log T - o)

where we substituted ® = +/VC2T~! and hence J = O(log (ﬁ min (||P||OO, %))) in the final step. O

Proof of Theorem[2} For every cluster ¢ € [C], let us define the subset of arms G, = {j € [M] | ¢y < |Py; — Py, ()] <
er—1 YueC®} forall £ > 1 and Gei={jeM]|e < |Puj — Pmu(l)| VuelC) Ge,e (Ge,1) corresponds to the
subset of arms having a sub-optimality gap that is between €;_1 and €, (greater than ;) for all users belonging to the cluster
C(©). There is no ambiguity in the definition since all users in the same cluster C(°) have the same mean rewards over all

arms.

Let us also define H. = |J argmin;cg , |Puj — Pyr,1)| with the understanding that whenever G. , = ®, there is no
0>1 '

argmin to be counted in the set. For brevity of notation, let ¥ , = Por. (1) — Puq be the sub-optimality gap in the reward

of arm a for any user w in cluster ¢, and TE{Z be the number of times arm a has been pulled by the users in cluster ¢ during

the phases indexed by ¢ when the users in cluster ¢ belonged to B(%); Tg{)l is the number of times arm a has been pulled by

the user u according to the UCB algorithm i.e. when users in cluster ¢ belonged to [N] \ B().

Since the length of the phases increases exponentially with £, hence the total number of phases is 9] (1); hence the size of H,.

is at most O(1). Again, for all users u € [N] who participated in the UCB algorithm, let us denote H,, to be the set of arms
(|
were used in the UCB algorithm; evidently, the regret incurred due to set ,, will be dominated by the set {r,(i)}<_, which
corresponds to the best C arms for user u. We can decompose the regret by using the standard regret decomposition i.e.

< Cand#H, D 7y (1); recall from Lemma 3| that the best arm 7, (1) always belongs to the active set of arms) that

Reg(M=E| > 0, TN+ > v, ET?)

| c€[Cl,a€[M] u€N],ae{m,(s)}719

<El Y w0 4re(UEOr)E] X v T8 U
| c€[Cl,a€[M] 14 14 ce[Cl,a€[M] ¢

+ > U, ETE),

u€N),a€{m ()}
We now show the following lemma:

Lemma 14. Fix any { > 1 and cluster ¢ € [C|].We must have E[Y"
E}.cq., TEEZ | NE®] = C‘lO( C;V) provided that G, o # ®.
c,0 €; ’

-1

T8 | U] = C—10(T‘3) and

a€Ge

Proof. Fix cluster ¢ € [C]. From definition, we know that all arms « in G, ; satisfy the following for all users v € C (),
€ < Ueoq = |Pyy — Pmu(l)| < €r_1 for £ > 1. In that case, with probability at least 1 — T~3, the event EW) is true

for all j implying that the algorithm is €,-good (see Lemma . Hence, we must have Pr(Ug(S(Z))C)IE[EaegM TEEZ |
Ue(EW)e] = C 1o (T’Q). Therefore, conditioning on all £U) being true, by definition using property (3), at the beginning
of the ¢t phase, if u € C(®) N M9 it must be the case that a ¢ N'“%) for all a € G.. ;. Hence, we must have (by plugging
in the sample complexity in Lemmawith with V = ¢2C3(C\/ pa1)3 (N V MC) log?(ABCT) and Ay 1 = €,/40C)
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¢ -1 =1 o )
(1) | n£®)] my_ 1 V)t CVY _ coip( SV
E[ Y TW | ne®] 2=z (ZM )=¢ O(Z ) =C0(&
a€Ge e 3:1 j=1 —J+1 j=1 J /-1
where we substituted the fact that ¢, = C’'27¢ min (||P l|oos %) for some constant C' > 0. O

Note that we will have the following set of equations; we use from definition that for every arm a € G, ¢, there exists a
representative arm ¢ of G, ¢ in H, such that ¥, ; < min(ep_1,2%. ) and o1 < 2W_ 5.

Pr(Uf€)) (D0 DB waa T Ue(EW)])

cel[C] £ a€Gc,e

< Pr(Up(£“)° (Z (max Weo) D E[TUUED)]) < 30 wa,clO(T72).

a€gGe,
a€Ge e c€[Cl,a€H,

and similarly, we will also have

Z ZE D U T neE@] < Y Z(argga:c[ Vo) > BT W)

a€Ge e celC] £ ” a€G. ¢

= (1) () (1) (0)

(arggcxl \I,C a) Z IE[Tc,a ‘ ng ] + Z ZE[ Z \I]C«,U«Tqa | ﬂég ]

celC] a€Gc1 c€[C] £>1  a€G..
cv c2v
— 71
SRl 1G9+ Y Y (=)< 3 o).
ce€[C] £>1:G. o #P ce[Cl,aeH,

Similarly, from well known analysis of UCB algorithm, we know that (recall that {m,, (s)}‘s’y:cll are the top yC arms for the
user u).

3 0, BT, <N10( 3 (UquogT +3W0))

ueN].ac {mu ()} welNLacima(od

Therefore, we can bound the regret from above as

Re(T) = 1Pl 100, 201+ 0( Y w72 )oY (28Tg,).
1 c,a

s c u,a
c€[Cl.acHe u€[N],a€ {mu(s)}71S

s

Loosely speaking, this bound translates as Reg(T) = O((M + N)/¥) where W is the minimum sub-optimality gap; O(-)
hides factors in C and other logarithmic terms. O

F Proofs of Theorems 3, 4]

F.1 Proofs of Theorem [3, Corollary 1|

We first derive lower bounds for the following two settings: (a) known cluster assignment, and (b) known cluster rewards.
The lower bound for MAB-LC follows by taking the maximum of these two bounds.

Known Cluster Assignments. Suppose we know the mapping between users and clusters. In this setting, it is easy to see
that the optimal strategy is to treat users within a cluster as a single super-user, and reduce the problem to that of solving C
different multi-armed bandit problems (each corresponding to the C clusters). One could rely on the regret lower bound of
stochastic MAB [Lattimore and Szepesvari, |2020, |Cesa-Bianchi and Lugosi, 2006}, Bubeck and Cesa-Bianchil, [2012] and
provide the following informal proof for the regret lower-bound for our problem. We have C MAB instances, where the ct"
instance has M arms and occurs T, times (note that 7, is a random variable). Since the regret of the ¢ instance is lower
bounded by 0.05E [min(v/MT,, T.)] , the overall regret is lower bounded 0.05 Yceic) E [min(vMT,, T.)].
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We now make the above argument more formal. At a high level, the proof involves designing problem instances that are
hard to separate. We then argue that any algorithm should suffer large regret on at least one of the problems.

e Partition users into C clusters. Let NV, be the set of users in cluster c.

e Choose indices (a1, . . ., ac) such that a; € [M] for all i. Note that there are M possible such choices. We are going to
define M problem instances each corresponding to a choice of (a1, ..., ac). In these problems, each a; corresponds
to the optimal arm in cluster . Define the mean rewards of the j* arm in i*” cluster as

1—¢ F
Xz]:{ 2 lf.]#azﬁ

otherwise.

Let’s call this problem instance Prob,, .. 4.

Define problem instance Probg ¢ 4, ,...ac as follows. It is exactly equal to Prob,, . .. except for one difference. The rewards

In the proof, we first consider deterministic algorithms. Using Fubini’s theorem, these results can be easily extended to
randomized algorithms [Bubeck and Cesa-Bianchi| [2012]]. Next, we assume T, the number of appearances of cluster c, is a
fixed quantity. The final results can simply be obtained by taking expectation over {T.}.c|c). Let T'(c, a) be the number of
times arm a has been pulled during the appearances of cluster c. Then the regret of the algorithm under Prob,, ... can be

written as
Rega,,..ac(T) = Z Z €Ba,..ac[T(c,a)] = Z €(Te = Eay,..ac[T(c, ac)]) -
ce[C] ac[M\{a.} ce[C]
Let J. be a random variable that is drawn according to the discrete distribution (T(TCF’O) e T(C’T'\ﬂ 71)) . Then
Rega, . ..ac(T) = Z €Te (1= Pay,.ac[Je = ac]).
ce[C]
So, we have

% Z Regal,“.ac T MC Z ZGT ‘ac[Jc:a/c])- (13)

ai,-...ac a1,...ac ce[C]

Next, from Pinsker’s inequality, we have

1
]P)al,...ac [Jc = ac] < ]PO,c,al,...ac [Jc = ac] + \/2KL(PO,c,a1,...ac7]P)al,...ac)

(a) 1 1—¢ 1+e€
< P07c,a1,-<-ac [Jc = aC} + \/QKL ( 2 72 ) ]Eovcﬂlwac [T(C, ac)]-

Inequality (@) simply follows from data processing inequality and the definition of KL divergence (also see Equation 3.20 of
Bubeck and Cesa-Bianchi| [2012]]). Next, we take the average of the LHS and the average of the RHS in the above equation
over all possible values of a.. This gives us

a’ €[M] a’€[M]

—¢ 1+e€
+7 Z ( ) 2 )EO,c,al,.,,ac—a’7,,,ac[T(C7a/>]

aGM]

Now observe that Probg ¢ 4, ....a,,...ac doesn’t depend on a. (that is, Probg ¢ q;...a.,...ac are the same problem instances for
all values of a.). So

Z PO,c,al,...aC:a’,...ac [Jc = a/} =1.
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The second term in the RHS of the previous inequality can be bounded using Cauchy—Schwarz inequality

T Z \/ Eo.c.a1,...a0=a’,. ac[T(C a/)]§ Z Eo.c,a1....ac=a,. ac[T(C a/)]

a’ €[M] a’€[M]

Substituting this in the previous inequality gives us

1 T l—€¢ 1+¢
_ E , —dl< — ¢ - -
]P)al ..... a.=a’, .ac[Jc a]M+\/2MKL< 2 5 9 >
aE[M

Substituting the above inequality in Equation (T3], we get

1 €T, 1+e€
a?,la)éc Regal .ac (T> Z W Z Regahu.ac Z €T ( 2M log 1-— 6) '

ai,...ac ce C]

Finally, taking expectation over T, and choosing best possible ¢, we get the following lower bound on the worst-case regret
1 €T, 1+e¢
Tel1-—=-— 1
< M- Vaem 1= e)
2T,
M M

where (a) follows from the the fact that log 1= He < 2e. Rewriting the RHS in the above equation, we get

max Reg, ,.(T)> max Z eE

ai,...ac

> max Z eE

ce[C]

)

€2
max Reg, ) > max Z (1 - ) E[T.] — M1/2E[T3/2]
oac ce[C]
3/2
= maxe | 1— 1 T—¢ —ECG[C]E[T : ]
B M M1/2 ‘

We now focus on maximizing the RHS of the above equation. Note that the objective is quadratic in €. So one can obtain an

3/2
exact expression for the optimal value of e. If (M'/2 — M~1/2) < 2@, then the RHS is given by

(M1/2*M71/2 T2 .
43 e EITE?

On the other hand, if (M1/2 — M~1/2) > 920 "1 e RHS i given by

1= M M1/2

3/2
( 1 ) > eeiq BT
T seeld e 1
For the special case where Py is uniform and the clusters have the same size, we have E[T2/%] = ©(T#/2C~3/2).
Substituting this in the above bounds, we get

max Reg,
ai,...ac

M {0.05\/MCT, if T > 0.5MC o

0.05T otherwise.
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Known Cluster Rewards. We now consider the setting where we know the reward distributions of arms in each cluster.
In this setting, it is easy to see that the optimal strategy is to solve a C-armed MAB problem for each user, where the C
arms correspond to the best arms in each of the C clusters. That is, with the knowledge of cluster rewards, we can reduce
the MAB-LC problem to that of solving N multi-armed bandit problems each with C arms. Here each MAB problem
corresponds to a user. For this problem, we already derived lower bounds above. In particular, in the known cluster
assignment setting, we derived lower bounds for solving C MAB instances each with M arms. So we could rely on the above
lower bounds to derive lower bounds for the known cluster reward setting (we just replace C with N and M with C in the
bounds). When Py is uniform and the clusters have the same size, we could rely on Equation and obtain the following
minimax lower bounds

0.05v/NCT if T > 0.5NC
inf sup Reg(T) > A (15)
0.05T otherwise.
For the more general case of non-uniform Py and uneven cluster sizes, we obtain
(CU2 1) T ip (CV2 - C1/2) < g Zaem ETT
inf sup Reg(T) > 4 Zbemygm/ K T (16)
(1-3)T- % otherwise.

F.2 Proof of Theorem[

Here is a high level idea of the proof. We find two bandit instances that are close enough to each other but the behaviour of
any uniformly efficient algorithm is totally different in the two instances.

Background. Similar to lower bounding techniques used in the MAB literature, our proof relies on data processing
inequality [Kaufmann, 2020]]. Let p1, po be two stochastic K-armed bandit models. Let JF; be the o-algebra generated by
the observations available until round ¢. Let’s suppose 7 is the stopping time, and let 1. be the information available until
round 7. Then for any event £ € F,, the data processing inequality tells us

KL(P;I;; ’ P;IL;) Z KL(PIM (5)7 Puz (8))

Moreover, by definition of KL divergence we have

(@)
KL(HD;I;;JP;I;‘;) = ]Eul [LT(/’lelfL?)]

®

=

K
Z ]Eul [T(k‘)} KL(N’l,(m /J'2,a)'
k=1

L in the above equation is the log-likelihood ratio, T'(k) is the number of pulls of arm k, and y , is the distribution of
rewards of arm a in bandit model p.

Main Proof. Let 7 : [N] — [C] be the mapping from users to clusters and let X € R©*M be the mean rewards of arms
in the clusters. Let (71, X), (72, X3) be two MAB-LC models. Let a; , be the optimal arm in the ¢ cluster of the first
model, and a3 . be the optimal arm in the second model. Let C be the set of clusters for which aj . # as .. Let T(c,a)
be the number of times arm a has been pulled when cluster ¢ appeared during the course of the algorithm. Let &t be the
following event

Er={ 3 T(eai,) < 712
c€[C]
Intuitively, &1 has a small probability under (71, X;) where the optimal arms should be selected a lot. Moreover, £t has
large probability under (7o, X2) as the event only contains sub-optimal arms. This can be formally proved using Markov’s
inequality as follows

2> ceie) 2ZacM (o ) B1 [T(¢; )]

Py(Er) =P | > T(eai)<T/2| =P (Y. > Tlea)>T/2|< T

ce[T] ce[C] a€[MN\{a]  }

2 ZCE[C] E2 [T(Q aicﬂ
T .

Py(ér) =Py | Y T(caj,)>T/2| <

ce[C]



Optimal Algorithms for Latent Bandits with Cluster Structure

Let (1 = Yocie) Zaemfary B1[T(e,a)] and G = 37 i) E2 [T(c,af.)]. Based on our assumptions of uniform
efficiency of the algorithm, we know that (1, (s = o(T*) for all @ € (0, 1]. Next, observe that the KL divergence between
two bernoulli distributions can be lower bounded as K L(p,q) > (1 — p)log (1/(1 — ¢q)) — log 2 [Garivier and Kaufmann,
2021]]. Using this, we have

T
KL(Py(&7),Pa(E7)) > (1 - 2_|_<1) log <2C2) —log2 =~ logT.

This shows that

It plr
lim KL, PyT) > 1. (17)
T—o0 log T

We now rely on this result to prove Theorem A All we need to do is construct interesting bandit models that are hard to
separate. The first set of models we construct is as follows. Let (71, X1 ) be any MAB-LC model. Construct (75, X5 ) from
(m1,X1) as follows: o = 71, X5 is same as X for all cluster-arm pairs, except for one location. We take a sub-optimal
arm a’ in cluster ¢ and make its mean reward to be slightly larger than the mean reward of the best arm in cluster ¢ (i.e.,
Xale,a'] = Xy[c, a7 ] + € for some € — 0). Applying the above result on this model pair gives us

. Eq [T(C, a,)] KL(Xl [Cv a/}v X4 [C7 a{ c])
lim — > 1.
T—o0 log T

We now rely on the following upper bound on the KL divergence between two Bernoulli distributions

(p—q)?

KL(p,q) < :
q(1—q)
Using this in the previous inequality, we get

BT (Kafe ot ] - Xafe ) Xale,ad )0 - Xafe ot )
Tooo log T — (Xile a7 ] = Xile,a'])

Note that this result holds for any ¢, a’. Summing over all possible values of ¢, a’ gives us the required result in Theorem

. Reg( — Xle,a
T kfg >3 Z [[c a]?' (19

c€[C] aa;

Tighter Bounds. Note that the above lower bound didn’t explicitly depend on the number of users N. We now derive a
different bound that depends on N. Let (71, X1 ) be any MAB-LC model. Construct (g, X5) from (71, X1 ) as follows: Xo
is exactly same as X;. Moreover, 7, is same as 71 for all users except for a particular user b. To be precise, 75 places b
in a cluster that is different from 7 (b). Let’s call 1 (b) as ¢ and 75 (b) as ¢’. One can show that Equation holds for
this setting. The proof of this uses similar arguments as those used to prove Equation (I7) (the only thing that changes is
our definition of the event & which now includes all the users b that have different optimal arms across the two MAB-LC
models). Applying Equation to this setting gives us the following

L S B [T(0.0)] KL [e.a]. X ¢ a])

> 1.
T—o00 log T -

Here T'(b, a) is the number of times arm a has been pulled for user b. From the above inequality, the regret of user b can be
lower bounded as (this follows from Holder’s inequality: . |a;b;| < (37, |a;|) max; |b;])

- 2acpv B [T(b, a)] (Xa[e, a7 o] — Xi[e, a]) > mi (Xile,af ] = Xile,a))
T o0 log T actM KL(Xi[e,a], Xq[c,a])’

Furthermore, optimizing the RHS over the choice of ¢’ gives us

i Secm B 0] (afeai = Xifeud) et ] - Xl
Tooo log T c#c acM] KL(Xq[e, a], X1[c',a])
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This shows that the overall regret (for all the users) can be lower bounded as

m Reg(T) S max  min (X[W(b)ﬂ:(b)] — X[m(b), a])
T—oo logT _be[N]c’;éw(b)aG[M] KL(X][n(b),a], X[, al])

So, a tighter lower bound for the regret can be obtained by taking a maximum of this regret lower bound and the lower
bound in Equation (T8).

G Missing Details in Section

G.1 Preliminaries

Lemma 15. (Conditional Number bounds) Let P € RN*M be a matrix with non-zero singular values 1 > 0o ...... > 0y

for some M > r > 0. Consider a sub-matrix P s which is formed by taking all rows of matrix P and columns from a set
Anax(PEPS) — Amax(PTP)

S C [M] of indices. Suppose that the row-space of P s is a non-trivial vector space. Then, N (PLPS) = Ammin(PTP) where
Amax (*)s Amin (+) corresponds to the largest and smallest non-zero eigenvalues of the corresponding matrix.
Proof. Let P; be the i-th row of P.
)\maX(PTP) = sup x'PTPx= sup ZXTPZTPZ'X > sup ZXTP?PZ-X
x:[|x|[2=1 xi|[x[l2=1" x:[|x[|l2=1, xpm)j—s=0 "
= sup ZXTP%P“SX = Amax(P5Ps). (19)
x:[|x|l2=1"
Let K be the row-space of P. Let K’ be the row space of Pg.
(a)
Amin(PTP) = inf  x"PTPx= inf > x"P]P;x < inf > x"PIPx
x€K:||x]|2=1 x€eK:||x]|2=1 p x€L:[|x][2=1, xm]—s5=0 Z
—  inf TPT P,isX = Amin(PLPg). 20
XG)C’I:IHlerz:l;X i|S z|5X mln( S S) ( )
(a) is due to the fact that there is at least one x # 0 in the row-space of P with only non-zero entries in S. 0

Lemma (Restatement of Lemmad). Suppose Assumption [3|is true. Consider a sub-matrix Py, of P having non-zero

singular values Xy > --- > X\, (for C' < C). Then, provided P, is non-zero, we have ;\\,1 < i—é
C/

Proof. Let 8’ C [N], § C [M]. Let Ps/ s be the sub-matrix formed by choosing column indices S’ and S from
matrix P € RN*M Let 0pa¢(+) and opmin(-) be the largest and smallest non-zero singular values. Suppose, that
dim(rowspace(Pnj,s)) > 1. Let dim(colspace(Ps/s)) > 1. Applying Lemma [15{to P. s and P using the fact

)\max(P?:SP:,S) < >\max(PTP)
Nenin (PT5P.5) = Aumin(PTP) "

that rowspace of P s is a non-trivial vector space, we get:

Again applying Lemma to P§,7 s and PTS and using the fact that rowspace of ng s 18 a non-trivial vector space, we get:
Amax(Ps/ sPL/ s) _ Amax(P.sPTg) max(P:sPTs)  Amax(PTsP.s) Amax(Ps/ sPE/.

We observe that f\ . This implies: 5)) <
S

)\xniu(Ps/YSPg/’s) - )\lniu(P:,SP?js) : min(P:,SP?:S) - )\min(P:I:SP:,S) Amin(Ps/YSPg/, -

Amax(PTP . . .

%. Taking square root on both sides yields the result. O
min

Lemma (Restatement of Lemma . Suppose Assumption |3|is true. Consider a sub-matrix Py, € RB' <A (with SVD

decomposition Py, = I~J§~]\~7) of P whose rows correspond to a nice subset of users. Then, HﬁH < é‘,&, and
2,00

- —
9., = v

Proof of Lemma[d} Suppose the reward matrix P has the SVD decomposition UXVT. We are looking at a sub-matrix
of P denoted by Py, € RN *M which can be represented as Ugy V] where Ugyp, Vb are sub-matrices of U, V
respectively and are not necessarily orthogonal. Here, the rows in Py, corresponds to a union of cluster of users Uj¢ ACH)




Optimal Algorithms for Latent Bandits with Cluster Structure

for A € [C] and the columns in Py, corresponds to the trimmed set of arms in [M]. Hence we can write (provided
Usub, Vsupb are invertible)

Pob = Usub(UsTubUsub) 1/2(UsubUsub)1/22(Vsubvsub)l/ (VsubVSUb) 1/2 V
= Uao (U, Usip) 2OV (VI V) "2V,

sub

where USVT is the SVD of the matrix (U7 Uap)/22(VI, V)2, Since U is orthogonal, Usub(UsTubUsub)_lﬂﬁ

sub
~

is orthogonal.  Similarly, \A/T(Vsuszub) 1 2V, is orthogonal as well whereas ¥ is diagonal.  Hence
Uaup (U], Ugp) ™/ 2USVT (VI Vi)V 2v]I, indeed corresponds to the SVD of Py, and we only need to argue

sub

about the incoherence of the matrices Usub(UsubUsub) 1/2Q and (VT(VSTUszub) 1/ 2VsTub) . We have

miaX”ﬁ(U;l;bUSUb) V20 e < max [ (Ul Usub) ™ VU el

HUsub”Zoo HUHQ,(X)

\/> \/ s \/MC
/
mm ‘[Jsubtjsub )\min(U;rub S“b \/m NBT‘A| BN

where we used the fact that NC™1 |4| > N'7~! (NC~! is the average cluster size; N’ /|.A| is the average cluster size among
the N’ users and 7! is the ratio of the sizes of smallest cluster and largest cluster). Similarly, we will also have

m?X H{\[(V;bVSUb) 1/2‘/vsube1|| < Ina’X || (VsubVSUb) 1/2‘/subel H
< ||Vsub||2 o < HV||2 ,00 < y,l\(/:l/
\/)\mln sub sub) \/)\min<V5uszub) @

where the last line follows from the fact that minycge x' V], VaupX = mingcpe Y-,c g X' V] V;x where S,|S| = M’ is
the set of rows in V represented in V. Hence we can partition the set S into |S|/C disjoint sets, each of size C; from
Assumption we get that the minimum over each of those sets is «C/M and therefore, the conclusion follows.

Lemma 16. Let us fix Ay1 > 0 and condition on the event ). Suppose Assumptionsand are satisfied. In that case,

in phase {, by using
_ o (9°C (BT pa ) log M
my 70( Az (N\/Mc) log?(MNCJ~ )))

rounds, we can compute an estimate P© ¢ RN*M gych that with probability 1 — 6, we have

Hf’g\?(m N T PM“’»“,N“«”H < Ayyq foralli € |ag] satisfying ‘N(i’z)‘ >~C. 21
” oo

Proof of Lemma([I6] We are going to use Lemma [I|in order to compute an estimate 1558(“)’ e Of the sub-matrix

< Ay4q. From Lemma we know that by using m, =

@) (SN log®(MNS—) (N9 | p + \/|N(“) | plog N5*1)) rounds (see Lemma restricted to users in M (%% such that
with probability at least 1 — 9,

. ~ (¢
PM(Z,i)’N(Z,i) satisfying HPE\/L"'«”,N(“) — PM(e,n’N(e,l)

<ol ),

HPM“ i) N8 PM(M)J\/(M)

where dy = min(|JM 49|, [A9)|) and f is the incoherence factor of the matrix P y(c.i) arce.i). In order for the right hand

2,2~3

side to be less than Ay 1, we can set sp = O (%ldogd?). Since the event £®) is true, we must have that |M(“) ’ >N/C,
441

hence ds > min (%, ‘N (£:4) ] ) Therefore, we must have that

o2C23 logM

AQ

X (N, Mc) 1og2(MNc5—1)))



Soumyabrata Pal, Arun Sai Suggala, Karthikeyan Shanmugam, Prateek Jain

where we take a union bound over all sets comprising the partition of the users [N] (at most C of them). Finally, from Lemma
we know that z can be bounded from above by max(x/3, pu/a) which we can use to say that

g — O(UQCQ(M/B_l \V pa—1)? log M (N \/ MC) IOgQ(MNC5_1>))

Af
to complete the proof of the lemma. U
O
G.2 Joint Arm Elimination:
The first part of the algorithm is run in phases indexed by £ = 1,2, ... in a similar way as for the CS problem. As before, in

the beginning of each phase £, our goal is to maintain properties (1 — 4) proposed at the beginning of Section Similarly,
for a fixed ¢, that will be determined later, we will say that our phased elimination algorithm is €,—good at the beginning of
the /t" phase if the randomized algorithm LATTICE (for RCS) can maintain a list of users and arms satisfying the properties
(1 — 4) at the start of phase £. Let us also define the event £() to be true if properties (1 — 4) are satisfied at the beginning
of phase ¢ by LATTICE for RCS.

Let us fix Ay,; > 0 and condition on the event £*) being true at the beginning of phase £. Suppose Assumptions and
are satisfied. In that case, in phase /, recall from Lemma 6] that by using

me = O(UQCQ(MIA\/,fi‘lo‘l)3 log M (N\/MC) log?(ABCT)))

rounds, we can compute an estimate P e RNXM guch that with probability 1 — T~4, we have

(6)
HPMMM,N(M) - PMW),N(M

‘ < Ayyq forall i € [ag] satisfying ’N(M)‘ > ~C.

Furthermore, we denoted the aforementioned event in phase ¢ by 82(6). Recall that in the /*" phase, we have ’7;(@ ={je
NED | max e preen Pffj), — P,(fj) < 2Ag41}. Forevery i € [ag] such that |[N(“?] > 4C, we consider a graph G(¥

whose nodes are given by the users in M%), an edge is drawn between two users u,v € M & if T N0 # ®

and max, ¢ nrce.i) ’f’&@ - f’i@

< 3Ay4+1. Note that Lemma [8 holds true implying that conditioned on the event & (Z),
(1) € T for all users u € [N]. Next, we show the following:

Lemma 17. Let Ayyy > v. Fix any i € [ag]. Conditioned on the events £, EQ(Z), nodes in M%) corresponding to the
same cluster form a clique.

)

Proof. For any two users u, v € M%) belonging to the same cluster, consider arms z € 7;( IS 7;(2); in that case, we
y ) gmng Y

have

PY) —PYO =P _ P, +Pyy—Pup+ Py —PY <27, +1 <3A.,.

T VT

it is clear that the nodes in M (%% corresponding to the same cluster form a clique. O

Corollary 2. Condition on the events £©), 52(5) and suppose Ny 1 > v. 1) Each connected component of the graph G©9)
can be represented as a nice set of users. 2) Consider two users u,v € M“Y) having an edge in the graph G4V, We must
have Max, -0 o0 [Puz — Pyl < 20A.41. 3) Consider two users u,v € M &) having a path in the graph G,

Then, we must have max — P,y <40CA 4.

2Tl yeri® Pua

Proof. 1. This follows from the statement that users in the same set belonging to the same cluster form a clique (see
Lemmal[T7).

PL) — PU)| < 3A..1 (implying

that [Py, — Py,| < 6Ap4q) forallx € NED and T, N T, # ®. Suppose z € T, N T,. Now, for any pair of arms

T € 71(4), Yy € 7;([); in that case, we have

Py — Puy =Py —Puy. + Py — Py, + Py — va + va - Puy < 20A€+1

2. From the construction of G(4%, we know that users U,V E M@ have an edge if
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3. The proof follows in exactly the same way as in Lemma[[T] with minor modification in constants.

O

Lemma 18. Let Ay < 2v. Conditioned on the events EO and 52“), for any two users u, v belonging to two different
clusters, we will have

]f»gfg - f:g,g)\ > 8741 or \ﬁg@ - fagf;\ > 87 1.

Proof. For any two users u,v € M%) belonging to the same cluster, consider arms 7, (1) € 77‘(@)’ (1) € 7.0 (we have

proved in Lemmathat mu(1) € 79 70 (1) e 7.9 conditioned on the event 82(6)); in that case, recall that we have either
‘Pmu(l) — Pmu(l)| > 20v or |PMU(1) — Pmu(l)| > 20v (without loss of generality suppose the former is true). We will
have

Pfﬁu(l) - f’iﬁuu) = f)guu) —Pur, 1) + Pur,() = Poru(t) T Por,) — 132211(1) > 20v — 20041 > 160 > 8A44 ;.
it is clear that the nodes in M (%% corresponding to the same cluster form a clique. O

Lemma 19. Let v < Ayy < 2v. Conditioned on the events ) and 55“, the union of the graphs G can be represented
as C connected components if BY) = ®.

Proof. The proof follows from Lemma[I7]and Lemma O

For the subsequent iteration indexed by ¢ + 1, we compute the updated groups of users M¢+1) in the following way:
each set corresponds to the connected components of the graphs {G(“:))} for those indices i € [a,] where |/\/ (e’i)| > ~C
plus the groups of users M%) where ‘J\/’ (“)] < C. More precisely, let T C [as] be the subset of indices for which
‘N(“)| > G {Q(z’i’j)} be the connected components of the graph G for i € T. In that case, ME+D) = {Q(Z’i’j) |
i € T,G%%9) is a connected component of graph G} + { M4 | 4 € [a,]\ T}. Similarly, we update the family of sets
of active arms as follows: for each connected component M “+1:5) = G(&:4.3) of some graph, we define the active set of
arms N +1:9) to be Uueg@,i,jﬂ#) and for each group {M®D},c(,,1\ 7. we keep the corresponding set of active arms
{NEDY a7 same. With apq = M| we will also update B = Uie[az+1]||N(Z+1,i) MUEFLD 1o be the
set of users with more than C active arms.

>~C

Lemma 20. Condition on the events £ being true. In that case, with probability 1 — T—*, with the groups of users
MUEY) and their respective group of arms given by N'“*1) being updated as described above and Ayyq = ¢, /80C, the
event EEY) s also going to be true with ep11 < €p/2.

Proof. Conditioned on the event £() being true, the event 52“) holds true with probability with 1 — T~% (by substituting
§ = T~*in Lemma . Now, conditioned on the event £(*), 5;8) being true, the properties (1 —4) hold true at the beginning
of the (¢ + 1) phase as well with our construction of M+ A +1 | For the (¢ + 1)* phase from Lemma we
know that for any pair of users u, v in the same cluster M“+1:%) in the updated set of clusters M“+1) we must have
2eT® yeT® |Puz — Poy| < 40CA; ;. From Lemmawe know that argmax;P,,; € 7;(5) C N9 where N9 is
the active set of arms for users in M%) in the updated set M. For £ > 1, we will set Ay11 = €,/80C which would give us

that €, 1 = €;/2. Finally, also note that we maintain the set of users B(*1) as stipulated in Property 4 for the beginning of
the (¢ + 1)*" phase. O

max

We stop the joint phased elimination algorithm at the end of the phase £* when we have C connected components. From
Lemma[I9] we know that users in the same connected component must belong to the same cluster. We then move on to the
second part where we run cluster-wise phased elimination:
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G.3 Cluster-wise Arm Elimination:

Suppose the total number of phases that the joint phased elimination algorithm was ran for is £* (v < Ag«yq < 2v). We
condition on the event that the joint phased elimination algorithm is e,-good for all ¢ € [¢*] that it ran for (in other words the
event £7) is true); note that the failure probability for this event is at most T3 (see Lemma . At the end of the joint
phased elimination algorithm, we will have C connected components denoted by NE) = {M(e*’l S ME2) ,M(Z*’C)}
and arms N = {NED N2 0 NV EO Y such that N7 D {argmax,;Py; | u € M)} ie. for each user u in
the set M (™)) their best arm must belong to the set N (£%:%) | Furthermore, the set A"¢">9) must also satisfy the following:

max )Puj m(lzn )PW < €pryq forallu € MED (22)
JEN (% i JEN X

This part of the algorithm is again run in phases but this time, we do not cluster anymore since the clustering operation is
complete in the joint phased elimination. Hence, we can continue to define the events £ (‘5/), 82(5 ) for all phases ¢’ for which
the Cluster-wise phased elimination algorithm is run indexed by ¢ = ¢* + 1,¢* + 2, ... for continuity. Let us condition on
the event £") which means that at the beginning of the ¢"t" phase, our algorithm is e// good. We apply Lemma|12|at the
beginning of the #*" phase such that with probability at least 1 — T~%, we have H MW DA =P s LO <

Agryq forall i € [C] by using (u* = max(ua~t, uf=1))

0("2@23/)31%'\/I (N'\/MC) 10g%(ABCT) ) )

rounds. Note that Lemma still holds true for the ¢"*" phase. For each i € [C], we only update N9 = N, i) T We
again choose Ay 1 = € /32C implying that €, 11 = €4 /2. Since Lemmaholds true, argmax; P,,; will belong to the
updated N for every u € M%) and furthermore,

max P,; — min P,;| <4Ap4q <epyqforallu € MED

jEN @D JENTED)

Now, we are ready to prove the main theorem

Proof of Theorem[5] We condition on the events £ ®, 52(2) being true for all ¢ (including the joint phased elimination and
the cluster-wise phased elimination algorithm). The probability that there exists any £ such that the events £(*), 52(2) is false

is O(T~*) (by setting = T~* in the proof of Lemma ; hence the probability that £, 52(6) is true for all / is at least
1 — O(T~3) (the total number of iterations can be at most T). Let us also denote the set of rounds in phase ¢ by T, C [T]
(therefore [7¢| = my). Let us compute the regret 3, 7o) Pu(tyr, ) (1) = 2ote7@ Pu(t),p(t) restricted to the rounds in T

conditioned on the events £, &, () being true for all £. We can bound the regret quantity in the /" phase from above by
myeg. Substituting from Lemman and using the fact that A€+1 =€ 2/1024C2, we have that

22 3
Y Puwmow — Y Puwen ZO(W(N\/MC) log”(MNC6~ )))

teT® teT® t+1

We can now bound the regret as follows (after removing the conditioning on the events (), £ “N . Séé)):

(Z Pu@ymuwm — Z Pu(tmt)) (Z( > Pumnm = D Pu(t)w(t)))

te[T] te([T] teT () teT®
= ZO(Eeme | ﬂé‘(@ ﬂgz(é)> + O(T3|P|lo) + Z Z RegUCB(U,ﬂ“))
¢ ¢ ¢ ¢ weN\[BO)]

At this point, the analysis is similar to the proof of Theorem|l| The contribution of the regret from the final term (analysis
of the UCB algorithm for each user with at most yvC arms) is a strictly lower order term as demonstrated in the proof of
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Theorem [5|and we ignore it below. Moving on, we can decompose the regret as follows:

Reg(T) < O(T73||P||o) + O( Z ey | ED, 82(6) is true for all é) + O( Z egVA[fl | 5(5),52(6) is true for all E)

L <P A >D
<O(TPle) +To+0( Y Cvg?)
Lieg>D
Since we chose ¢, = C’2~“min <||P||oc, %) for some constant C’ > 0, the maximum number of phases ¢

for which ¢, > @ can be bounded from above by J = O(log (émin (||P||OO, f;gﬁ))) Hence, with V =
o2C%(p*)3 log M max (N, MC) log?(ABCT), we have

Reg(T) < O(T?|P|w) + O(T®) + O(JVC2<I>*1)
= O(T?|[P|oo) + O(CIVTV)

where we substituted ® = +/VC2T—! and hence J = O(log (\/\/le1 min <||P||OO, %))) in the final step.

H Proof of a general version of Lemmal ]|

For the sake of completeness, we reproduce the proof of a more general version of Lemma I| here (Note that Lemma [T| has
been explicitly proved in|Jain and Pall [2022]). We start with the following corollary:

Lemma 21 (Theorem 2 in [Chen et al.| [2019]). Let P = UXVT € R such that U € R>",V € R and
2 £ diag(A1, Aay -, Ar) €E R with UTU = VTV = Tand | U||2.00 < V/pr/d, ||V ||2.00 < \/pr/d. Let1 > p >

Cr*u2d="log® d for some sufficiently large constant C' > 0, o = O(

5y .
T Tog d N /\1), rank v and condition number

kA DN Thon with probability exceeding 1 — O(d73), we can recover a matrix P s.t.,

min; \;
~ o Kk3urdlog d
IP-Pl <O( T [ZEESp)). 23)
min; \; p

Lemma 22. Let P = I_JE\__/'T € RNVM guch thazI_J € RN*" vV € RM*" gnd B £ diag(Ai, Mo, ..., \r) € R™¥7 with
U'U = VIV = Tand ||UJ2,00 < V/ur/N,[[V]l2.00 < /pir/M. Let di = max(N,M) and do = min(N,M). Let

1>p> C’n4u2d1d2_2 log3 dy for some sufficiently large constant C > 0, 0 = O(1 /m min; )\i), rank r = O(1)

and condition number x & M23%:% — O(1). Then, with probability exceeding 1 — O(dy>), we can recover a matrix P s.t,

HI,SPHOOO(\;'(TQ<Z;>1/2 IKSMSrZIOgd1). (24)

Proof of Lemma@] Without loss of generality, let us assume that the matrix P is tall i.e. N > M. Now, let us construct the
matrix

Q=[P Onxg-a] =US[VT 0x_g]

where Q € RN*N, Clearly, the decomposition Q = UX[VT 0F_,] also coincides with the SVD of Q since both U and
[VT 0% _g]T are orthonormal matrices while ¥ remains unchanged. In case when M > N, we can construct Q similarly by

vertically stacking P with a zero matrix of dimensions A — B x N. Hence, generally speaking, let us denote d; = max(N, M)
and do = min(N, M).
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The matrix Q is ji-incoherent where fir(d;)~" = prd, ' implying that i = ud; /dy. Moreover, we also have ||Q|| =
| P||oe implying that max; [P;;| = max;; |Q;;|. Therefore, by invoking Lemmal[21] the sample size must obey

> Okt 2. d=2 loe® _ D
p > Criuldidy?logd; and o 0(1/dﬁ4wlogd 1n/\)

Then with probability at least O(dl_g), We can recover a matrix Q such that

. o /<;3,u%rd1 log d;
1Q - Qlle < Oy [~ IPll).

Using the fact that | P||s < max; Ai||U||2.00[| V2,00 = max; \ipr/y/dida = ||P|leo/ min; \; = & - pur/y/dida, we
obtain a matrix P such that

PPl < O(%(i)mw) _ o(;@(z)WW).

O
Lemma 23. Let the matrix P € RN*M satisfy the conditions as stated in Lemma Let d; = max(N, M), do = min(N, M),
1>p> Cﬁ4u2d1d52 log® dy for some sufficiently large constant C' > 0, o = O(
indices (i,7) € [N] x [M],

m min; A; |. For any pair of

|f’u ”|<O(\ZT(§;)1/2 /HBMST]?;logd1) 25)

Proof. Let us assume that the matrix P is tall i.e. N > M. Now, let us partition the set of rows into % groups by assigning
each group uniformly at random to each row. Notice that the expected number of rows in each group is M and by using
M 3M

Chernoff bound, the number of rows in each group lies in the interval [, <3%] with probability at least 1 — 2 exp(—M/12).

When N < M, we partition the set of columns in a similar manner into M/N groups so the number of columns in each
group lies in the interval [§, 3] with probability at least 1 — 2 exp(—N/12). Hence, generally speaking, let us denote
d; = max(N, M) and dy = min(N, M); we constructed d; /dy sub-matrices of P denoted by P(1) P(2)  Pldi/dz),
Let us analyze the guarantees on estimating P(*). The analysis for other matrices follow along similar lines. Note that

PO = UEV;b where Vg, denotes the N’ x r matrix where the rows in Vg, corresponds to the N’ rows in 'V assigned
to P,

First we will bound from below the minimum eigenvalue of the matrix V{, V.. Note that every row of V is independently
sampled with probability p £ dy/d; for the matrix P(1). Hence, we have

1
VI Ve = - Z ViV =Y W
16 [dq] i€[d1]

where §; denotes the indicator random variable which is true when V; (the it row of V) is chosen for P(!) and W) =
%&ViVZ-T. Notice that the random matrices W(*) are independent with EW () = V,; VT, Hence we define Z(") = W) —
EW () satisfying EZ(®) = 0. Moreover, for all i € [d;], we have |Z() ||, < (1 + %) V.V < (1 + %) max; | V|3 <

2‘” . Next, we can show the following:

IS 2@ < I(5-1) X (vavDVVDTl < (5~ ) IViIE 3 (Vv

1€[d1] 1€[d1] 1€[d1]

Hr T
< —Anax(V'V).
= pdy ( )

Similarly, we will also have

VAQNW/AQ) <£)\max vTv) < A~
I3 (@720l < SonVIV) < 07
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where we used that VTV is orthogonal. Therefore, by using Bernstein’s inequality for matrices, we have with probability at

least 1 — 6,
2ur 2r ur 2r
V Vap — VTV| < lo \/ —-log =.
H sub Y sub || = 3pd 0g — S + dl 0g S

Hence, by using Weyl’s inequality, we will have with probability 1 — ¢

2ur 2r pur 2r
)\min(vsubvsub) > p—- E 1Og ? - dil lOg 5 .

Hence, with probability at least 1 — dflo, if dy = Q(prlogrd,), then )\mm(Vsuszub) > p/2 implying that V;bvsub is
invertible. Also, under the same condition, note that we can show similarly that )\maX(V;szub) < 3p/2 implying that the
condition number of each sub-matrix also stays « - O(1) with high probability.

Clearly, Vg, is not orthogonal and therefore, we have
Pl = UE(V;szub) /2 (Vsubvsub)il/QV;b = Uﬁf]\A/'(V;ruszub) 1/2Vsub

where USV is the SVD of the matrix E(V;szub)l/ 2 Since U is orthogonal, UU is orthogonal as well. Similarly,
(V(VI, V) /2VT )T is orthogonal as well whereas 3 is diagonal. Hence UUEV(VT Vab) V2V], indeed

sub sub

corresponds to the SVD of P(1) and we only need to argue about the incoherence of UU and V(Vsubvsub) 1/ VI
Notice that max; ||(UU)Te;|| < |[UTe,|| < &, - On the other hand,

mng(VJuszuw 1/2Vsubez|| < max [[(Vi Vaun) ™/ Vies|
||Vsub||2 oo 2MT
V dy

mln V Vsub
Hence, with probability 1 — 2 exp(—da/12) — O(d;*), we can recover an estimate P™ and apply Lemmato conclude

sub
that
. di\1/2 [KkPudr3logd;
P(l)_P(l)OO:OL o1 Al et =Rl
H I =0(72(Z) )

as long as the conditions stated in the Lemma are satisfied. Therefore, we can compute estimates of all the sub-matrices
P, PR Pld1/d) that have similar guarantees as above with probability at least 1 — 2d;d; * exp(—dy/12) —
O(dyd;*). Hence, by combining all the estimates, we can obtain a final estimate P of the matrix P that satisfies

P - P||wgo(\;‘d,(§;)”2 /W?’r;bgdl)

Corollary 3. Consider an algorithm A that recommends random arms to users in each round (according to eq. [I) without
recommending the same arm more than once to each user. Suppose the reward matrix P and parameters p, o satisfies the

conditions stated in Lemma In that case, using m = O (I\/Ip + +/Mplog N5*1> recommendations per user, A is able to
recover a matrix P such that for any (i, j) € [N] x [M], we have equationwith probability exceeding 1 — § — O(dy ).

O

Proof of Corollary[3] Recall that d; = max(N, M) and d2 = min(N, M). Suppose we sample the elements in [N] x [M]
each with some parameter p = Q(u2d; ' log® dy) independently in order to sample a set Q € [N] x [M] of indices.
Let us define the event 7 which is true when the maximum number of indices observed in some row is more than
m = O(Mp + +/Mplog N5*1> i.e. max;en[(4,5) € 2] j € [M]| > m. We will bound the probability of the event

JF1 from above by using Chernoff bound. Let us denote the number of arms observed for user i € [N] to be Y; i.e.
Y: =1(i,7) € Q] j € [M]]. Algorithm A can then obtain the noisy entries of P corresponding to the set {2 by doing the
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following: in each round, conditioned on the event that the user ¢ € [N] is sampled, if there is an unobserved tuple of indices
(i,4) € Q, then A will recommend j to user ¢ and obtain an noisy observation P;; + E;;; on the other hand, if there no
unobserved entry, then A will simply recommend a random arm j such that (¢, j) & Q. Notice that each of the random
variables Y7,Ys, ..., Yy ~ Binomial(M, p) and are independent. By using Chernoff bound, we have that for each i € [N],

Pr (U,;e[N] |Y; — Mp| > Mpe) < 2Nexp ( - 622/“9))

— Y < I\/Ip—l—O(\/l\/lplog Né—l) forall i € [N]

with probability 1 — ¢ implying that Pr(F7) < J. Let F» be the event when the recovered matrix P does not satisfy the
guarantee on ||1/5 — PJ| as stated in Lemmaequation given a set of observed indices () sampled according to the
aforementioned process. From Lemma we know that Pr(F;) = O(dy %) where d; = max(N, M). Hence we can
conclude Pr(F; U Fy) < Pr(Fy) + Pr(Fs) = 6 + O(dy®). This completes the proof of the corollary. O

Remark 8. Note that the failure probability in Corollary Lemmas and is O(dy 3). However the constant 3 can
be replaced by any arbitrary constant c for example ¢ = 100 without any change in the guarantees on |P — P||~. Hence,
the guarantees presented in Lemmaand Corollaryhold with probability at least 1 — O(d5 ©) for any arbitrary constant
c.

Lemma 24 (Generalized Restatement of Lemma. Let P = UXVT € RMM such that U € RN,V e RM*7
and ¥ = diag(A1, A2y ..., Ar) € R with UTU = VIV = T and |U|l2,00 < /ur/N,|[|[Vl2.00 < /ur/M. Let

d, = max(N,M) and dy = min(N, M) such that 1 > p > Cr*p2did;*log® dy for some sufficiently large constant
C > 0. In that case, for any positive integer s > 0, there exists an algorithm A that uses m = O (s log(MN&—1)(Mp +

v/ Mplog N§ —1)> recommendations per user such that A is able to recover a matrix P satisfying

||P—f’||oo=O(\;OTZ(§;>1/2 m5u3r;logd1). 26)

with probability exceeding 1 — O(51og(MNS~1)) where % = O(1 /m min; /\i).

Proof. Consider the proof of Lemma [23| where we sampled a set of indices 2 € [N] x [M] and observed P;; + E;;
corresponding to the indices (4,j) € Q where E;;’s are independent zero mean sub-gaussian random variables and
have a variance proxy of o2 (along with other entries of the reward matrix P). From Corollary 3, we know that m =
O(Mp + v/Mplog N6—1) recommendations per user are sufficient to obtain the guarantees in Lemma equation [25| with
probability 1 — ¢ if in each round ¢, we observe the reward corresponding to one arm for the sampled user u(t) (see eq.

[I). Thus, with m recommendations per user, we observe the noisy entries of P corresponding to the indices in a superset
Q2.

In our problem, an algorithm has the flexibility of recommending an arm more than once to the same user. Therefore,
consider an algorithm A that uses ms recommendations per user to obtain noisy observations corresponding to each index
in ' s times and uses the mean of observations corresponding to each index. In that case, the algorithm A observes
P;; + E;; forall (4,5) € ' D Q where E;; are independent zero mean sub-gaussian random variables with zero mean and
variance proxy o2/s. Hence the effective variance o2 /s should satisfy the upper bound on the noise variance implying that

o d
2 = 0/ IPll )

At this point, algorithm .4 can use Lemmato recover an estimate P of the matrix P satisfying the following: for any
(i, 5) € [N] x [M], we have from equation 25|

o (d1)1/2 n5u3r3logd1). @7

| J J|—O(\/£ dg sp

with probability exceeding 1 — § — O(d; ©) for any arbitrary constant ¢ > 0. We can set ¢ such that the failure probability
0+ 0(d5y°) < 1/10.
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In order to boost the probability of success, the algorithm A can repeat the entire process f = log(MNJ§~!) times in
order to obtain f estimates f’(l), 13(2)7 . ,f’(f ). The total number of rounds needed to compute these estimates if we
use the observation model in equation [I]is at most m f with 1 probability at least 1 — § f. Furthermore, these estimates are
independent and therefore, we can compute a final estimate P by computmg the entry-wise median of the matrix estimates
PW P . PW ie. forall (4,7) € [N] x M, we compute P” = medlan(P(]l) P(f)) Since, with probablhty
9/ 10 each estimates satisfy the guarantee mn we can again apply Chernoff bound that P satlsﬁes the guarantee m
with probability 1 — §/MN. Now taking a union bound over all indices, we must have that

din1/2 k5 u3r3loed
||P PHoo§O< g ( 1) w) (28)
Vdy \ds sp
with probability at least 1 — &. Therefore the total failure probability is 1 — O(§ + 5 log(MNS—1)).
O

We obtain the statement of Lemmal[I] by substituting r = O(1), = = O(1). Moreover, by another simple application of
the Chernoff bound again, we can ensure with probability 1 — 9] (&) that the total number of recommendations (so that the
number of recommendations per user is m as described in Lemma is 5(spM N) for which the guarantees in eq. is
satisfied. Now we characterize my in this general setting:

Lemma 25. Let us fix Ayr1 > 0 and condition on the event £ (), Suppose Assumptionsi satisfied. In that case, in phase

¢, by using F2C2(C\/ pa~1)3r3579/2
me = O( AZi (N\/ACT)))

rounds, we can compute an estimate P® € RN*M sych that with probability 1 — §, we have

HP%[)([ o e — Pmen aen ‘ < Ay foralli € [ag] satisfying ‘N(i’@‘ > ~C. (29)

Proof of Lemma[25] We are going to use Lemma [I|in order to compute an estimate f’.(/\?(li,i), Ao Of the sub-matrix

P pq0) prcey satisfying Hﬁ(ﬁw N P pqeiy e ’ < Ayyq. From Lemma we know that by using 5(3pMN)

rounds restricted to users in M () such that with probability at least 1 — 6,

LOZO(L<$>1/2 %5ﬁ3r310gd1)'

(€)
HPM“ i) A PM(e,i)M\/(e,i)

Vidy \d2 sp
where dy = min(|M 9|, IN¢D|) and [, % is the incoherence factor and condition number of the matrix P . prce.o-
2~5~3_3
In order for the right hand side to be less than Ay 1, we can set sp = O (%’;;gdl). Since the event £ is true, we
241

must have that f./\/l(“)| > N/(C7); hence dy > min (%, |J\/(“) | ) Therefore, we must have that

a2C2r2R5 23 log M

2
AZ+1

my :0( X<N,MCT) logQ(MNC(F’l)))

where we take a union bound over all sets comprising the partition of the users [N] (at most C of them). Finally, from Lemma
we know that /i can be bounded from above by max(C, 2u/«); from lemma we can say that x can be bounded from
above by x+/7 which we can use to say that

mp = 6(02C2(C VlLAO%+11)3T3K57-9/2 (N \/ACT)))

to complete the proof of the lemma. O

Plugging this 1y in the proof of Theorem [I] we can show that the Algorithm [I]guarantees the following regret

Reg(T) = O(VTV) + VBTo) (30)

where V = O (02C2(C \/ )23 K579/2 (N + M) ) This result follows by proceeding through the exact same steps as in the
proof of Theorem ]
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