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Abstract

Personalization of machine learn-
ing (ML) predictions for individual
users/domains/enterprises is critical for

practical recommendation systems. Stan-
dard personalization approaches involve
learning a user/domain specific embed-

ding that is fed into a fixed global model
which can be limiting. On the other hand,
personalizing /fine-tuning model itself for
each user/domain — a.k.a meta-learning — has
high storage/infrastructure cost. Moreover,
rigorous theoretical studies of scalable
personalization approaches have been very
limited. To address the above issues, we
propose a novel meta-learning style approach
that models network weights as a sum of
low-rank and sparse components. This
captures common information from multiple
individuals/users together in the low-rank
part while sparse part captures user-specific
idiosyncrasies. We then study the framework
in the linear setting, where the problem
reduces to that of estimating the sum of a
rank-r and a k-column sparse matrix using
a small number of linear measurements. We
propose a computationally efficient alter-
nating minimization method with iterative
hard thresholding — AMHT-LRS- to learn
the low-rank and sparse part. Theoretically,
for the realizable Gaussian data setting, we
show that AMHT-LRS solves the problem
efficiently with nearly optimal sample
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complexity. Finally, a significant challenge
in personalization is ensuring privacy of
each user’s sensitive data. We alleviate this
problem by proposing a differentially private
variant of our method that also is equipped
with strong generalization guarantees.

1 INTRODUCTION

Typical industrial recommendation systems cater to a
large number of users/domains/enterprises with a small
amount of user-specific data [Wang et al., 2016}|Zhang
et al., 2020]. For instance, YouTube has ~ 1.3 billion
unique monthly active users while the average likes per
user is small. So, personalizing predictions for each
user corresponds to the challenging task of training
ML models with a few data-points. Typically, person-
alization literature has approached this problem from
collaborative [Schafer et al., 1999 or content filtering
|Burke, 2003| approach. Both these approaches, in
some sense learn a user embedding or user specific fea-
ture vector which is then consumed by a global model
to provide the personalized predictions. This can also
be seen as a variation of the popular prompt learning
approach [Lester et al., 2021].

Naturally, the prompt learning approach is limiting
because the global model might not be able to capture
all the variations across users/domains unless it is of
extremely large size which in turn leads to large infer-
ence/training cost. Moreover, user-descriptive feature
vectors, limited by privacy concerns, might not be able
to capture the user-taste explicitly.

On the other extreme, such user-specific personalized
models can be learned by fine-tuning a global model
for each user. Vanilla approaches for fine-tuning can be
categorized as: 1) Neighborhood Models: these methods
learn a global model, which is then entirely "fine-tuned"
to specific tasks |[Guo et al., 2020,|Howard and Ruder!
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2018\|Zaken et al., 2021] 2) Representation Learning:
these methods learn a low-dimensional representation
of points which can be used to train task-specific learn-
ers [Javed and White, 2019,[Raghu et al., 2019, Lee
et al., 2019, Bertinetto et al., 2018, Hu et al., 2021].
Neighborhood fine-tuning techniques have two key limi-
tations: I) Infrastructure costs of hosting such models is
prohibitive. For example, consider a scenario where we
have a pre-trained 1GB model which is fine-tuned for
1M users, then the total storage cost itself is 1PB, and
IT) they typically work for a small number of data-rich
users/domains/tasks, but the key regime for personal-
ization in our work is a long tail of data-starved users.
In this regime, neighborhood fine-tuning might lead
to over-fitting as well. Simple fixes like fine-tuning
only the last layer often lead to a significantly worse
performance [Chen et al., 2020al[Salman et al., 2020].
Further, note that representation learning techniques
can learn only the (low dimensional) common informa-
tion across the users but cannot capture the user-level
peculiarities as they share a fixed smaller representation
space. These limitations make model personalization
for a large number of data-starved users a challeng-
ing problem from the perspective of both storage and
inference.

Recently, with the advent of large ML models, there has
been a huge push towards practical Parameter Efficient
Fine-Tuning (PEFT) with a variety of techniques (see
the survey |Lialin et al., 2023] and references therein).
However, as described in [Lialin et al., 2023|, a rig-
orous theoretical study of such approaches that can be
scaled to large number of tasks (users) has been lim-
ited. In this work, for the multi-user personalization
problem, our first contribution is to introduce the
LRS (Low Rank and Sparse) framework that combines
representation learning and sparse fine-tuning (two dis-
tinctive class of methods for PEFT) with two main
goals: 1) propose a practical/efficient algorithm for
learning a model for each user with minimal mem-
ory/parameter overhead, and 2) theoretically establish
strong generalization properties despite having a lim-
ited amount of data for many users. We note that
close variants of LRS have been studied empirically
with significant demonstrated advantage over state-of-
the-art methods for many real-world applications - 1)
recommendation [Zhao et al., 2017] 2) MRI data with
applications to Alzheimer’s Disease [Tu et al., 2022| 3)
Statistical Model Selection and System Identification
|Chandrasekaran et al., 2009, Yuan and Yang, 2009).

Let us describe the LRS framework for multiple users
in its full generality for any parameterized class of
functions F. Let x € R? be the input point, and let
¥ = f(x;0) € R be the predicted label using a function
f € F parameterized by ©. For simplicity, assume that

O, the set of parameters, is represented in the form of
a high dimensional vector. Let there be ¢ users, each
with a small amount of user-specific data and each
associated with a set of learnable model parameters
®() . Then, the goal is to learn ®® for each user
i € [t] such that (a) ®® does not over-fit despite
a small number of data-points generated specifically
from user 4, (b) {G(i), 1 <4 <t} can be stored and
used for fast inference even for large ¢, Our method
LRS attempts to address all the three requirements
using a simple low-rank -+ sparse approach: we model
each @) as @) .= U* . w*() 4 b*()  where U*
is a orthonormal matrix representing a global set of
shared parameters (across users) corresponding to a low
(say r)-dimensional subspace, w*(?) is a r-dimensional
vector and b*( is a k-sparse vector. Thus, we represent
00 .= @61 4+ @(H2) where the first term O =
U*-w*() denotes the low rank component of @) that
is, the model parameters of the ith user lying in a low-
dimensional subspace (common for all users) and the
second term @2 = b*(®) is restricted to be sparse.
Hence, for each user, we only need to store weights
of the r-dimensional vector w*(* and the non-zero
weights of the k-sparse b*(Y). Therefore, if r and k
are small, then the memory overhead per user is small
thus allowing efficient deployment. Moreover, we can
expect that a small amount of user-specific data should
be sufficient to train these few additional parameters
per user without over-fitting. Finally, our framework
provides users with the flexibility to either contribute
to a central model using privacy preserving bill-board
models (see Section [3]) or learn their parameters locally
without contributing to the central model. This allows
for greater customization and adaptability based on
individual user preferences and requirements.

Theoretically speaking, a recent line of work
[Thekumparampil et al., 2021,Du et al., 2020}, Tripu{
raneni et al., 2021, Boursier et al., 2022,/Jain et al.
2021| analyzes a framework exclusively on representa-
tion learning. They model ®® := U* - w*() as the
parameters associated with the i user and provide
theoretical guarantees in the linear model setting. How-
ever, their algorithm /analysis do not extend to our case
since their model does not capture the additional spar-
sity component in @ - this additional non-convex
constraint introduces several technical challenges in
the analysis. Moreover, these works do not explore the
personalization framework with privacy constraints.

In our second and primary contribution, we con-
sider the problem of analyzing the LRS framework from
a theoretical lens. Specifically, we analyze the instanti-
ation of LRS in the context of linear models. In this
case, the training data for each user corresponds to a
few linear measurements of the underlying user-specific



Pal, Varshney, Madan, Jain, Thakurta, Aggarwal, Shenoy, Srivastava

model parameter @), Our objective is to estimate
the individual components of ®*). Training a model
in the LRS framework involves learning a global set
of parameters characterizing the low dimensional sub-
space and the local user-specific parameters jointly. To
this end, we propose a simple alternating minimization
(AM) style iterative technique. Our method AMHT-
LRS alternatingly estimates the global parameters and
user-specific parameters independently for each user.
To ensure sparsity of (b*())’s we use an iterative hard-
thresholding style estimator [Jain et al., 2014]. For
linear models, even estimating the global parameters
i.e. the low rank subspace induced by U* is an NP-hard
problem |[Thekumparampil et al., 2021]. Therefore, sim-
ilar to [Thekumparampil et al., 2021|, we consider the
realizable setting where the data is generated from a
Gaussian distribution. In this case, we provide a novel
analysis demonstrating the efficient convergence of our
method, AMHT-LRS, towards the optimal solution.
We believe our analysis techniques are of independent
interest as we track entry-wise error of different param-
eter estimates across iterations of AMHT-LRS. Below,
we state our main result (Thm. [1)) informally:

Theorem (Informal). Suppose we are given m -t sam-
ples from t linear regression training tasks (each corre-
sponding to a user) of dimension d with m samples each.
In the LRS framework, the goal is to learn a new regres-
sion task’s parameters using m samples, i.e., learn the
r-dimensional weight vector defining the user-specific
low rank representation and the user-specific k-sparse
vector. Then AMHT-LRS with total mt = Q(kdr*)
samples and m = Q(max(k,r3)) samples per user can
recover all the parameters exactly and in time nearly
linear in m - t.

That is, in the linear instantiation of LRS, AMHT-LRS
is able to estimate the underlying model parameters up
to desired precision as long as the total number of users
in the recommendation system is large enough. More-
over, we show that the sufficient sample complexity per
user for our estimation guarantees scales only linear in
k and cubically in r (nearly optimal); recall that =,k
are much smaller than the ambient dimension d. The
detailed analysis of Theorem [I]is provided in Appendix
Dl [E} Furthermore, using the billboard model of (e, §)
differential privacy (DP) [Jain et al., 2021}|Chien et al.|
2021, [Kearns et al., 2014], we can extend AMHT-LRS
to preserve privacy of each individual user. For simi-
lar sample complexity as in the above theorem albeit
with slightly worse dependence on r, we can guarantee
strong generalization error up to a standard error term
due to privacy (see Theorem [3|and Appendix @

Finally, to validate our theoretical contributions,
we demonstrate experimental results on synthetic and
real-world datasets using linear models. Also, we exper-

iment with our framework applied to neural networks
architectures (see Appendix . Our experiments
demonstrate the advantage/efficacy of our framework
compared to natural baseline frameworks applied to
the same model architecture.

1.1 Other Related Work

Comparison with [Hu et al., 2021]: LORA (Low
Rank Adaptation of Large Language Models) was pro-
posed by [Hu et al., 2021] for meta-learning with large
number of tasks at scale. Although the authors demon-
strate promising experimental results, LORA only al-
lows a central model (in a low dimensional manifold)
and does not incorporate sparse fine-tuning. Hence,
LORA becomes ineffective when output dimension is
small. Moreover, LORA does not have theoretical
guarantees even in simple settings.

Comparison with Prompt-based and Batch-
norm Fine-tuning: Another popular approach for
personalization is to use prompt-based or batch-
norm based fine-tuning [Wang et al., 2022||Liu et al.|
2021} [Lester et al., 2021]; this involves a task-based fea-
ture embedding concatenated with the covariate. Note
that in a linear model, such an approach leads to an
additional scalar bias that can be easily modeled in
our framework; thus our framework is richer and more
expressive with smaller number of parameters.

1.2 Preliminaries - Private Personalization

For model personalization in recommendation systems,
where we wish to have a personalized model for each
user, privacy guarantees are of utmost importance. Due
to sensitivity of user-data, we would want to preserve
privacy of each user for which we use user-level (e, d)-
DP as the privacy notion (see Definition [I)). In this
setting, each user i € [t] holds a set of data samples
D) = {xy), 1 < j < m}. Furthermore, users interact
via a central algorithm that maintains the common
representation matrix U* which is guaranteed to be dif-
ferentially private with respect to all the data samples
of any single user. The central algorithm publishes the
current U* to all the users (a.k.a. on a billboard) and
obtains further updates from the users. It has been
shown in prior works [Jain et al., 2021,|Chien et al..
2021}, Thakkar et al., 2019 that such a billboard mech-
anism allows for significantly more accurate privacy
preserving methods while ensuring user-level privacy.
In particular, it allows learning of U* effectively, while
each user can keep a part of the model which is personal
to them, for example, the w*(*), (b*())’s in our context.
See Section 3 of [Jain et al., 2021] for more details
about billboard model in the personalization setting.
Traditionally, such model of private computation is
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called the billboard model of DP and is a subclass of
joint DP [Kearns et al., 2014].

Definition 1 (Differential Privacy |[Dwork et al..
2006b, Dwork et al., 2006a,Bun and Steinke, 2016]). A4
randomized algorithm A is (e,0)-differentially private
(DP) if for any pair of data sets D and D' that differ
in one user (i.e., |IDAD'| = 1), and for all S in the
output range of A, we have

Pr[A(D) € S] < e° - Pr[A(D') € S| + 4,

where probability is over the randomness of A. Sim-
tlarly, an algorithm A is p-zero Concentrated DP
(2CDP) if Do (A(D)||A(D")) < ap, where Dy is the

Rényi divergence of order .

In Definition [I} when we define the notion of neigh-
borhood, we define it with respect to the addition
(removal) of a single user (i.e., additional removal of
all the data samples D; for any user i € [t]). In the
literature [Dwork and Roth, 2014|, the definition is
referred to as user-level DP.

2 LINEAR LRS WITH GAUSSIAN
DATA

2.1 Problem Statement And AMHT-LRS

Notations: [m] denotes the set {1,2,...,m}. For a
matrix A, A, denotes i row of A. For a vector x,
x; denotes ith element of x. We sometimes use x; to
denote an indexed vector; in this case x;; denotes the
it element of x;. || - ||2 denotes euclidean norm of a
vector and the operator norm of a matrix. ||+ |lec, | - [lo
will denote the ¢, and ¢y norms of a vector respec-
tively. [|All2,00 = max; [|Agll2 and [|Allr = /32, A3
denote the Ly o, and Frobenius norm of a matrix re-
spectively. For a sparse vector v € R? we define
the support supp(v) C [d] to be the set of indices
{i € [d] | v; # 0}. We use I to denote the identity ma-
trix. O(-),Q(-) notations subsume logarithmic factors.
For a matrix V € R¥*" vec(V) € R% vectorizes the
matrix V by stacking columns sequentially. Similarly
vec; . (v) inverts the vec(-) operation by reconstruct-
ing a d x r matrix from a vector of dimension dr i.e.
for the matrix V, vec;! (vec(V)) = V. Finally, let
HT : R xR — R? be a hard thresholding function that
takes a vector v € R? and a parameter A as input and
returns a vector v/ € R? such that v} = v; if [v;| > A
and 0 otherwise.

In this section, we describe our LRS framework for
the linear setting with Gaussian data, provide an effi-
cient algorithm for parameter estimation, and provide
rigorous analysis under realizable setting. Formally
speaking, consider ¢, d-dimensional linear regression

tasks indexed by i € [t] where the ith training task
is associated with the i*" user. Recall that according
to the definition of LRS framework, every user/task
i € [t] is associated with a set of unknown learnable
parameters ®() e R that can be decomposed as
00 = U*w*(®) + b*(), Here U* € R¥" (satisfying
(U*)TU* = 1) is the global shared set of parameters
(across users) corresponding to the orthonormal basis
vectors of a r-dimensional subspace. For the it user,
the r-dimensional user-specific parameters w*(* € R”
corresponds to the weights of the basis vectors of low
dimensional subspace defined by columns of U*; simi-
larly, the user-specific k-sparse vector b*(*) € R? with
[b*@||g = k corresponds to the sparse component of
the unknown parameters of the it" user. Henceforth,
we will refer to the problem of estimating the unknown
parameters of user i € [t] to be the i*" training task.

For each task i € [t], m < d samples {( X; ,y]( ))};-”:1 €
(R? x R)™ are provided labelled as task i. Next, we
assume the following generative model for the data:
for all i € [t], for all j € [m], the covariates {X§-Z)}i7j
are independently generated from a d-dimensional
Gaussian with identity covariance (denoted as N'(0,1,))
and the expected response is a linear function of the
corresponding covariate. More precisely, we have for
alli € [t],j € [m]:

xy) ~ N(0,1;) and

y](i) | X;i) _ <X§i)’U*W*(i) + b*(i)> RO (1)

J

where z ~ N(0,0?) are zero mean Gaussian random

variables with variance ¢2. Furthermore, {xj , J(z)}m»
are independent random variables. We use X e
R™*4 to represent the matrix of covariates for the it
task s.t. X?’) = (xy))T. Similarly, we write y(,z(® ¢
R™ to represent the user-specific response vector and
noise vector respectively.

Therefore, given the data-set {( ;Z), y](l))}iyj, the prob-
lem reduces to that of designing statistically and compu-
tationally efficient algorithms to estimate the common
representation learning parameter U* as well as task-
specific parameters {w*®},ciy, {b*@}ic(y. The ERM
(Empirical Risk Minimizer) for this model assuming
squared loss is given by the following objective function:

LRS: minimize £(U, W, B)

fzz<

iE€[t] §
s.t. UTU =Tand |[bD|o<kVic[t] (2)

2
x (7 UW<>+b<>>>

where U € R W = [w) w® .. w®]T ¢ Rtx"
stores the estimated task-specific coefficients of the low-
dimensional subspace, and B = [b() b®) . b)] ¢
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R¥** stores the estimated task-specific sparse vectors
for fine-tuning. Note that the LRS objective is non-
convex due to: a) bilinearity of U, W, and b) non-
convexity of £y norm constraint.

To optimize the LRS objective, we propose an Alter-
nating Minimizing algorithm AMHT-LRS that starts
with an initialization of the unknown parameters and
iteratively updates them. AMHT-LRS handles the
non-convexity in the objective and the constrained set
by sequentially updating U, W and B (while keeping
the others fixed) with hard thresholding (recall the
function HT(-,-)) to ensure sparsity of the columns
of B. Let U+(£_1),{w(i’£_1)}ie[t] and {b(i’l_l)}ie[t]
be the latest iterates at the beginning of the £t iter-
ation in AMHT-LRS where we ensure that U+(¢—1)
is an orthonormal matrix € R, {w(=1}, ., are
r-dimensional vectors and {b(ufl)}ie[t] are at most
k-sparse. First, for each task i € [t], given estimates
U w6=1) we can compute b(*) by solving:
argmin

beRd ’2
such that ||bljop < k. (3)

’X<z‘>(U+<e—1>Ww—1> +b)—y®

While the problem is non-convex, note that it is equiv-
alent to sparse linear regression with the modified re-
sponse vector y() — XOUHE-Dw(@-1) - Therefore,
we can still apply a projected gradient descent algo-
rithm which reduces to iterative hard thresholding.
More precisely, for each task indexed by i € [t], in
Line 4 of AMHT-LRS, we invoke another iterative
sub-routine OPTIMIZESPARSEVECTOR (Alg. [2). In
each iteration of OPTIMIZESPARSEVECTOR, we run
a gradient descent step on the estimate b (of b*())
and subsequently apply the hard-thresholding function
HT (-, A) where A > 0 is set appropriately in order to
ensure that the updated estimate b is sparse at the
end of every iteration in Algorithm [2] Next, given
estimates Ut(=D b0 we update w*9) by solving
the following task-specific optimization problem

argmin
weR™

X(i)(U+(€—1)W + b(M)) —y®

‘QW et (4)

Note that the objective in equation [4] allows a closed
form solution and therefore, the updated task-specific
estimate w(*% is given as (computed in Line 5 of Al-
gorithm AMHT-LRS):

Wi — ((XmU+<é—1>)T(X<i>U+<e—1)))‘1
((Xu)UHH))T(y(i) _ X(z‘)b(i,e))) (5)
Subsequently, given the updated estimates of the task-

specific parameters {W(i’e)}ie[t] and {b(i’e)}iem, we
update the global UT®) in two steps: first, we compute

UW® by solving

argmin Z HX@)(UW(M) + b(M)) —y®
UeRdxr iclt)

(6)

’ 2

followed by a QR decomposition of the solution U®)
to obtain the updated estimate UT(®): the QR fac-
torization ensures that Ut is orthonormal (U®) =
U"‘(Z)R). The objective in eq. |§| allows a closed form
solution and therefore, we can compute U® as (com-
puted in line 7 of AMHT-LRS):

U® = vec;! (A lvec(V))

where A == 3 (w0 (wl0)T @ (i%i) =)

i€(t] Jj=1
and V := 2:(X(i))T (y(i) - b(M)) (w(BNT (7)
i€[t]

Here ® denotes the Kronecker product of two matrices.
Finally, we must ensure independence of the estimates
(which are random variables themselves) from the data
that is used in a particular update. We can ensure
such statistical independence by using a fresh batch of
samples in every iteration.

Technical Challenges: To highlight the main techni-
cal challenges in analysis, we begin with a warm-up case:
the rank-1 setting (Theorem |4/ in Appendix |C)) where
{w*()}’s are fixed to be 1. Here, the learnable param-
eters of the it user can be written as ©*) = u* + b*(®)
where u* € R? is a global parameter vector shared
across users and b*() € R4*t ig just a k-sparse vec-
tor (see Remark [3). AMHT-LRS alternately updates
the global parameter u* and the sparse user-specific
parameter matrix B* = [b*(M) ... b*®)] € R4*t, The
key novel step in the analysis is to track the entry-wise
error in the intermediate estimates of u*, B* and their
true values — this requires a careful matrix taylor se-
ries decomposition of the least squares estimator and a
covering argument.

The general rank-r setting with unknown (W*)T =
[w*M . w*(®)] € R™*? poses several additional chal-
lenges. First of all, similar to the special case outlined
above, simply tracking the norms of U0 —U* is insuf-
ficient. Instead we track the norms of the orthonormal
matrix Ut projected on the subspace orthogonal
to the one spanned by the columns of U* — given by
(I - U*(U*)T)YUT®. This is because, while analyzing
U*H® — U*, the estimate error of W* leads to a bias
term that does not go down with iterations. Our novel
approach combines the complementary ideas presented
in |[Thekumparampil et al., 2021|, where the authors
consider only the low rank component and not the
sparse component and secondly, in |[Netrapalli et al..
2014], where the authors design an AM algorithm for
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Algorithm 1 AMHT-LRS (Algorithm for estimating U*, {w*},c(; and {b*}, ;)

Require: Data x\ € Rd,y(-i) e R)}L, for all i € [t], column sparsity k of B.
J j J

Initialization

UTO (w0, 1, {b"O},c(y) and parameters B,+(?, e > 0 such that H(I - U*(U*)T)UHO)H < B, max; [[b"? —
F

b* || <+ and e is the desired parameter estimation accuracy.

1: for =1,2,... do

2: Set T = Q(Zlog (7([:1))) // Beginning of the (" iteration

3: fori=1,2,...,tdo

4: b(#9  «  OptimizeSparseVector((XV,y), v = UTE Dy b o = O(cﬁ”%),ﬂ =
O(cE™'B),y =1, T = T®) for suitable constants 1 > ¢4, c5 > 0.
// Update the estimate of b*("

5: Compute w®® asin equation// Update the estimate of w*(®

6: end for

7:  Compute U® as in equation [7|and update UT® = QR(U®) such that U® is orthonormal.

// Update the estimate of U”
8: 7(” — (03)27168 for a suitable constant c3 < 1.
9: end for
10: Return w'@, U and {b(i’a}ie[t].

Algorithm 2 OpTiMIZESPARSEVECTOR (Projected Gra-
dient Descent for Estimating Sparse Vector)

Require: Data (X,y) € R™*¢ x R™ where we minimize
lly — X(v* +b")||, s.t. ||b*]|, < k. Estimate v (of v*)
and initialization b (of b*). Iterations T, parameters
a, 8,7 > 0 and suitable constant ¢; € [0,1/2].

1: for j =1,2,..., T do
. cb— % . (X(i))T(X(i)b + Xy = y(i))
// Gradient Descent step on b to compute
intermediate vector c
3: A<—a+cl(7+%) and b « HT(c, A)
// Hard-Thresholding operation on c to
ensure sparsity of b.
4: 7<—201’y+2(a+%ﬂ)
end for
Return vector b.

the problem of reconstructing the low rank and sparse
components of an input matrix. In contrast, we only
observe gaussian linear measurements of the individual
columns of the parameter matrix.

Hence, our analysis involves several crucial steps in
each iteration: 1) We track the incoherence of several
intermediate matrices corresponding to the latest esti-
mates W(Z), U® of W, U* 2) We also track the Ly o
norm of the matrix (I—U*(U*)T)U® to make progress
on learning B*. In particular, the second step is the
most technically involved component of our analysis.

2.2 Theoretical Guarantees And Analysis

As in prior works, we are interested in the few-shot
learning regime when there are only a few samples per
task. From information theoretic viewpoint, we expect
the number of samples per task to scale linearly with
the sparsity k£ and rank r and logarithmically with the

dimension d. On the other hand, U* has dr parameters
and therefore, it is expected that the total number of
samples across all tasks scales linearly with dr which
implies we would want the number of tasks ¢ to scale
linearly with dimension d. Note that if the sparse
vectors {b*(V};c;) have the same support (or a high
overlap between the supports), then the model parame-
ters might not be uniquely identifiable. This is because,
in that case, the matrix B* = [b*(1) ... b*®)] ¢ RIx!
can be represented as a low-rank matrix itself. To
establish identifiability of U* and sparse matrix B*,
we make the following assumption:

Assumption 1 (Al). Consider the matriz B* € R4*!
whose i column is the vector b*@. Then each row of
B* is (-sparse i.e. ||Bf|lo < ¢ for alli € [d], and each
column is k-sparse.

Note that the orthonormal matrix U* cannot have
extremely sparse columns otherwise it would be infor-
mation theoretically impossible to separate columns of
U* from B*. Moreover, similar to |Tripuraneni et al.]
2021], we need to ensure that each task contributes
to learning the underlying representation U*. These
properties can be ensured by the standard incoherence
assumptions [Tripuraneni et al., 2021}|Collins et al..
2021 Netrapalli et al., 2014] and thus, we have

Assumption 2 (A2). Let M\i,A\X be the largest
and smallest eigenvalues of the task diversity
matriz (r/t)(W*)TW* € R™" where W* =
[w*® w7 We assume W* and the represen-
tation matriz U* are p*-incoherent i.e. ||[W* <

||2,oo —
VIENE and Uy o <4/ 4

Now, we are ready to state our main theorem formally:
Theorem 1. Consider the LRS problem (equation@)
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with t linear regression tasks and samples obtained
by equation [  Let model parameters satisfy as-
sumptions A1 and A2. Let B* satisfy row sparsity
¢ = 0(75(7“2,u*)_1 i—i), and column sparsity k =
1
O(d- (1—2)2) Suppose Algom'thm is initialized with
1
)\*
U0 gt [|(1—UH(UHTUHO)| = o( T) and
0 — * ; —_ 0

||U( )||27OO = O(y/p*r/d), and is run for L = O(1)
iterations Then, with high probability, the outputs
Ut {b(i"')}ie[t] satisfy:

@ v wymyuro)|| ?%
and Hb(“) —pr® LO < O(lf)kgs,z‘ e [,

respectively, where S = (M*\/% + 1/7:;: + \/%)

provided the total number of samples satisfies:

0'27“3 )
* )
/\7‘

- A% 2
m = Q(kJrrzu*()\—i) +

mt = Q(r3d,u* (T(M*)4(/\:)2k + (%)2 +o? (1 + %)»

For a new task with m additional labelled samples and
task specific parameters w* € R", b* € R%,|[b*||, =
k, a modified version of AMHT-LRS (see Alg. @
mn Appendix@) computes an estimate w,b of w*, b*
such that with high probability, we have the following
generalization bound:

LU0, w,b)~L(U", w*,b*) = O (s%’“ﬂ:f)).
Note that the per-task sample complexity of our
method roughly scales as m = (r3 + k), which is in-
formation theoretically optimal in k& and is roughly
r? factor larger. Total sample complexity scales as
mt = kdr*, which is roughly kr® multiplicative factor
larger than the information theoretic bound. Note that
typically r and k are considered to be small, so the
additional factors are small, but we leave further inves-
tigation into obtaining tighter bounds for future work.
Finally, the generalization error scales as o2(r + k)/m
which is nearly optimal. Note that, ignoring the LRS
framework, and directly learning the parameters of
each task separately would lead to significantly larger
error of a%d/m.

Remark 1 (Runtime and Memory). The run-time
of Algorithm is dominated by the update for U,
For each iteration £, Step 8 has a time complexity of
O((dr)3 + (mt)(dr)?); however in practice, a gradient
descent step for the update of U can bring down the
time complexity to O(mtdr). Moreover, the memory
usage of Algorithm 1) is O((dr)? + tr?).

Remark 2 (Initialization). Note that Algom'thm has
local convergence properties as described in Theorem [1]
In practice, typically we use random initialization for
U, However, similar to the representation learning
framework in [Tripuraneni et al., 2021, we can use
the Method of Moments to obtain a good initialization.
See Appendiz[F] for more details.

Remark 3 (Special Settings). Consider the setling
where, for each task, we just need to learn a single cen-
tral model for all tasks and sparse fine-tune the weights
for each task i.e. w*@) =1 for alli € [t] is fized. In this
case, AMHT-LRS obtains global convergence guarantees
(Theorem 4| in Appendix @ Moreover, if the central
model U* is also frozen, then the task-based sparse fine-
tuning reduces to standard compressed sensing. In the
realizable setting, our framework recovers the standard
generalization error of o*k/m in compressed sensing
[Jain and Kar, 2017][Chapter 7].

3 PRIVATE LINEAR LRS: PRIVACY
PRESERVING
PERSONALIZATION

We now extend our framework, algorithm and analysis
to allow user-level differential privacy. In this section,
we provide a user level DP variant of Algorithm [1]in
the billboard model. We obtain DP for the computa-
tion of each U® by perturbing the covariance matrix
A and the linear term V in the algorithm with Gaus-
sian noise to ensure that the contribution of any single
user is protected. We start by introducing the func-
tion clip : R x R — R that takes as input a scalar =,

parameter p and returns clip(z, p) = z - min{l, g}
We can extend the definition of clip to vectors and
matrices by using clip(v, p) = v - min {1, W} for a

TATF
trix A. In order to ensure that Algorithm [I]is private,
for input parameters Aq, Ao, Az, Ay, we first clip the
covariates and responses: for all i € [t],j € [m], we

— —

will have x? « clip (x;i), Al), Y clip (y](-i),Ag) ,

vector v and clip(A, p) = A - min {1, pé for a ma-

j
) THEO  dlip (x{)Th00, Ay} and Wi«
clip (w9 A,). Now, we can modify Line 7 in Al-

gorithm (1] as follows (let L be the number of iterations
of Alg. [1)):

A= (S (WO (12,17 67)T)) + M) (8)

— —
—

V= ,37(2@,] e X (y;“ - (xg”)Tbu,f)) (WiD)T 4 N<2>) (9)

where, for some opp > 0, each entry of N() is inde-
pendently generated from A (0,m? - At - AL -L-odp);
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similarly, each entry of N(?) is independently generated
from N (0,m? - A} (Az + A3)?AZ - L - o}p). We are now
ready to state our main result:

Theorem 2. Algorithm I (with modifications men-
tioned in equation |8 and equation satisfies O'DP

zCDP and correspondingly satisfies (g,0)-differential
privacy in the billboard model, when we set the noise
multiplier opp > 2e~1/(log(1/8) + €). Furthermore,
if € <log(1/6), then opp > e~ 11/8log(1/d) suffices to

ensure (e, 9)-differential privacy.

Next, we characterize the generalization properties of
modified AMHT-LRS:

Theorem 3. Consider the LRS problem equa-
tion with all parameters m,t,( obeying the
bounds stated in Theorem [1| and furthermore, t =
~ (rd)3/2. /] .

Q(w *). Suppose we run AMHT-LRS
(Step 7 in Alg. I 1| replaced with @ and @ for L =
O(1) iterations with Ay = O(Vd), Ay = O/ Ar +

(max; b)), As = O(:y/45 ) Au = O(/IFAD):
Then, with high probability, generalization error for a
new task, with m additional labelled samples and task
specific parameters w* € R", b* € R, ||b*||, = k,
satisfies:

oo - e
Hb(i’L) —b 0| < 0(1\/)55 Vi€ [t
L(U,w,b) — £(U*, w*,b*)
_ 5(0252 i drz(log(l/igt—; )Arp)? (k2 + 7ﬂ2d2))

where (w b) are estimates of (w*,b*) obtained by
i S = (/5 eV - 2)
b*(®
0] (t 1[L*’I"2d3/2 (1 + 4 / + max;e¢] H\/T”f )O’Dp> and
_ H Hb*( |l

Ii—l‘f’ T{+ma’Xi€[t]T/\;‘

Note that the modified AMHT-LRS ensures (¢, d) dif-
ferential privacy without any assumptions. However,
Theorem [3] still has good generalization properties;
moreover, the per-task sample complexity guarantee
m still only needs to scale polylogarithmically with the
dimension d. In other words, our algorithm can ensure
good generalization along with privacy in data-starved
settings as long as the number of tasks is large - scales
as ~ d*/? /e. Similarly, generalization error for a new
task has two terms: the first has a standard dependence
on noise o2 and the second has a scaling of d3(et) =2

which is standard in private linear regression and pri-
vate meta-learning [Smith et al., 2017, Jain et al., 2021].

Detailed proofs of our main results namely Theorems

are delegated to Appendix [D] [E]

4 EMPIRICAL RESULTS

Here, we validate our theoretical guarantees for lin-
ear LRS and compare AMHT-LRS with algorithms
for other baseline frameworks: 1) Single Model
(Ucentral): learns a single model for all tasks, 2) Full
Fine-tuning (uj,q) separate model for each task
aka standard fine-tuning, 3) Representation Learn-
ing or Rep. Learning (uw): only low rank model
|Thekumparampil et al., 2021 and 4) Prompt Learn-
ing (u'(x|| c): Modified covariate by concatenation
with a task-embedding vector.

a. LRS on Recommendation Datasets: We experi-
ment with 2 datasets: MovieLens1M and Netflix. For
the Movielens1M dataset, we have 241 users with vary-
ing number of rated movies (22 —3070). For the Netflix
dataset, we have 1000 users, each with at most 100
rated movies. For Movielens1M dataset, we compare
the rank-1 version of AMHT-LRS with other baselines
where we vary the sparsity. With only 15% sparsity,
AMHT-LRS becomes superior to other baselines. For
Netflix dataset, we compare the Representation Learn-
ing baseline with AMHT-LRS and vary the rank at 2%
sparsity - the remaining baselines perform significantly
worse (Appendix . Clearly, AMHT-LRS provides
gains on both datasets and corroborate our theory.
Moreover, the number of additional parameters per
task is also significantly small for AMHT-LRS (refer
to Table for exact numbers).

b. DP LRS Simulations: Here, for a synthetic
dataset, we note that while Differentially Private (DP)
AMHT-LRS performs quite well for each e, both the
private and non-private Single Model baselines fare
badly even on higher values of €. Further, DP AMHT-
LRS achieves RMSE comparable to its non-private
version by € ~ 2 mark.

Detailed versions of these experiments are provided
in Appendix [A] Additional experiments with neural
network architectures and other synthetic datasets are
provided in Appendix [B]

5 CONCLUSION AND FUTURE
WORK

We presented a novel framework LRS for model per-
sonalization that can scale to many users/domains, be
accurate and preserve privacy. We proposed AMHT-
LRS, that combines alternate minimization — popular
in representation learning — with hard thresholding
based methods. In linear model with Gaussian data,
we rigorously proved that AMHT-LRS is statistically
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Figure 1: Comparison of AMHT-LRS with algorithms for other baseline frameworks on different datasets. Fig. a
demonstrates that the overall RMSE on the simulated data for both the private and non-private versions of AMHT-LRS is
far lower than the corresponding variants of Single Model. In Fig. b, on Movielens data, rank 1 version of AMHT-LRS
(at 15% sparsity) outperforms other baselines with small parameter overhead/user. In Fig. c, for Netflix data, we plot
RMSE v/s rank curves for AMHT-LRS (at 2% sparsity) and representation learning. We observe that for each rank value,
AMHT-LRS improves upon the performance of representation learning.

and computationally efficient, and is able to generalize
to new users with only O(r + k) samples, where r is the
representation learning dimension and k is the num-
ber of fine-tuning weights. We extended our results to
ensure that privacy of each user is preserved despite
sharing information. Extending LRS to non-realizable
and adversarial settings are critical future directions.
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ting, assumptions, algorithm, and/or model.
[Yes - Section 2]
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[Yes - Section 2,3]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [No]
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all theoretical results. [Yes - Theorems 1,2,3
including Assumptions 1,2.]
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(a) The code, data, and instructions needed to re-
produce the main experimental results (either
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A EMPIRICAL RESULTS
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Figure 2: RMSE on different datasets for various methods as we increase the user-specific fine-tunable parameters. Note
that AMHT-LRS outperforms other baselines with a small amount of parameter overhead/user. Full fine-tuning generalizes
poorly in the more data-starved Netflix and Jester datasets.
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Compute Resources: For all of our experiments we used Google Colaboratory, with a single V100 GPU having
12 GB RAM.

In this section, we are going to expand upon the information presented in Section [4] and fill the gaps in
implementation details. Recall that we developed AMHT-LRS with the following two goals: a) demonstrate that
personalization with AMHT-LRS indeed improves accuracy for tasks with a small number of points, b) for a
fixed budget of parameters, AMHT-LRS is significantly more accurate than existing baselines.

Also, recall the nomenclature for the following baselines mentioned in the main paper: 1) Single Model
(Ucentral): learns a single model for all tasks, 2) Full Fine-tuning (uj.q4): separate model for each task
aka standard fine-tuning, 3) Representation Learning or Rep. Learning (uw): only low rank model
[Thekumparampil et al., 2021] and 4) Prompt Learning (u'(x || c): Modified covariate by concatenation
with a task-embedding vector. Note that the models considered in [Hu et al., 2021}/Chua et al., 2021,/Denevi
et al., 2018| all reduce to Full fine-tuning models (with much higher memory footprint) in the experi-
ments that we consider. In the case of Rep. Learning and AMHT-LRS where r > 1, we will replace "u"
by "U" in their respective nomenclature. Lastly, the above approaches are not just restricted to linear
models and can be extended to complex model classes such as Neural Networks (see Appendix for
extension to 2-3 layer Neural Net architectures and Table for memory footprint comparisons). Addi-
tional experiments on synthetic data can also be found in Appendix[B-I] Here, we focus on two sets of experiments:

A.1 Linear Models on Recommendation Datasets

We compare the performance of AMHT-LRS against the baselines mentioned above on 3 recommendation datasets:
MovieLens1M, Netflix and Jester. For each dataset, we define training tasks at a user-level or with small groups
of users.

A.1.1 MovieLens Dataset

The MovieLens 1M dataset comprises of 1M ratings of 6K users for 4K movies. Each user is associated with some
demographic data namely gender, age group, and occupation in the MovieLens dataset. We partition the users
into 241 disjoint clusters where each cluster represents a unique combination of the demographic data. Each user
group thus represents a "task" in the language of our paper. We partition the data into training and validation in
the following way: for each task, we randomly choose 20% movies rated by at least one user from that task and
put all ratings made by users from that task for the chosen movie into the validation set. The remaining ratings
belong to the training set. Based on the ratings in the training set, we fit a matrix of rank 50 onto the ratings
matrix and obtain a 50 dimensional embedding of each movie. Thus, we ensure that there is no data leakage
during embeddings generation. For each task, the samples consist of (movie embedding, average rating) tuples;
the response is the average rating of the movie by users in that task. The number of samples per task varies from
22 to 3070 - clearly many clusters are data starved. We use the training data to learn the different models (see
Section [4f with hyper-parameter tuning) and use them to predict the ratings for the validation data.
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Empirical Observations on MovieLens validation dataset: With respect to the single model as reference, in the
linear rank-1 case, the representation learning and the prompt learning based baselines have 1 and 50 additional
parameters per task respectively; they are unable to personalize well. In contrast, with only 10%(= 5) additional
parameters per task, AMHT-LRS has smaller RMSE than fully fine-tuned model, which require 241x more
parameters. See Figures [I] and Table B:2.3] for clear comparisons.

A.1.2 Netflix Dataset

We consider the Netflix Challenge dataset comprising of 17k users and 480k movies where ratings are provided as
integers on a scale of 1 — 5. We choose the top 1000 users who have rated the most movies and top 100 movies
that have been rated the most and consider the 1000 x 100 rating matrix restricted to these sets of top users and
movies - this rating matrix comprises approximately 90k ratings. We perform the train-validation split in the
following way: for 70 users, we keep 10% of their ratings in the training set (small data/user); for 70 users, we
kept 50% of their ratings in their training set (medium data/user) and for the rest of 60 users, we kept 90% of
their ratings in their training set (large data/user). All the observed ratings restricted to the 1000 x 100 ratings
matrix that are absent in the training set is inserted into the validation set. By using standard low rank matrix
completion techniques |[Chen et al., 2020b|, we complete the ratings matrix by minimizing the MSE w.r.t to the
entries in the training set with a nuclear norm regularizer. Following this, we compute SVD UXVT and take the
first 50 columns of V; this results in a truncated 1000 x 50 dimensional matrix V where each row corresponds to
a b0-dimensional embedding of each movie. As before, the train-validation data split before embedding generation
ensures that there is no data leakage while creating the embeddings. For each task representing each user, the
samples consist of (movie embedding, average rating) tuples; the response is the average rating of the movie
given by users in that task. For this experiment, instead of varying the number of fine-tunable parameters, we
fix it at 2% (= 1 parameter since d = 50), and vary the rank r for both rep. learning and AMHT-LRS. The
different models (see Section ] are trained with some hyper-parameter tuning) used to predict the ratings for the
validation data.

Empirical Observations on Netflix validation data: We notice all the baselines other than rep. learning seem to
perform significantly worse. Further, at each value of the rank r, AMHT-LRS with just (r —1) %50 (from U)+ (r—
1) %1 (from w) = (r — 1) * 51 number of additional parameters shared across all users and 1 additional parameter
(since 2% of d = 50 is 1) per user, outperforms all the other baselines. See Figures [I| and Table for clear
comparisons.

A.1.3 Jester Dataset

The Jester dataset comprises of 4.1M ratings from 73k users for 100 jokes with each rating being on a scale of
—10.0 to +10.0. We choose 100 users who have rated all the 100 jokes and consider the 100 x 100 rating matrix
restricted to these users and jokes - this rating matrix is entirely filled. Similar to the Netflix dataset, we perform
the train-validation split in the following way: for 30 users, we keep 10% of their ratings in the training set (small
data/user); for 40 users, we kept 50% of their ratings in their training set (medium data/user) and for the rest of
30 users, we kept 90% of their ratings in their training set (large data/user). We use the training data to learn the
different models (with some hyper-parameter tuning) and use them to predict the ratings in the validation data.

Empirical Observations on Jester validation dataset:

The conclusions are mostly similar as in the Netflix and MovieLens cases. With only 2%(= 1) additional parameter
per task, AMHT-LRS has smaller RMSE than fully fine-tuned model, which require 100x more parameters and
the other baselines such as representation learning (1 additional parameter) and prompt learning (50 additional
parameters). This holds true for both data-starved and data-surplus tasks. See Figures |l| and Table for
clear comparisons.

A.1.4 DP LRS Simulations

Helfe, for each task i € [t], we generate m = 100 samples {(xy),y](-i))}je[m] where X§i) ~ N(0,I4%4q), yj(-i) =
(x?, urw*® + b*®) and w*® =1 is fixed for simplicity. We select number of tasks ¢t = 5000, data dimensions
d =10, k,, and both the column and row sparsity level of {b*(i)}ie[t] to be 2. We sample u* uniformly from the
unit sphere and the non-zero elements of {b*(i)}ie[t] are sampled i.i.d. from A(0,1) with the non-zero indices
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selected randomly. We run the algorithm for 15 epochs and use RDP sequential composition to compute the
privacy risk accumulated over the epochs. We set smallest possible clipping norm values for A, A; and Aj s.t.
most samples don’t get clipped. We fix § = 107°. Finally we plot the RMSE on the test set for different values of
€.

RMSE vs ¢

—-— Non-Private Single Model
=+ DP Single Model

—-= Non-Private AMHT-LRS
10-1 —a— DP AMHT-LRS

plig

Val RMSE

Figure 3: Comparison of Overall RMSE on the simulated daté for both the private and non-private versions of AMHT-LRS
and the Single Model Baseline.s

Empirical Observations: We note that while DP AMHT-LRS performs quite well for each €, both the private
and non-private Single Model baselines fare badly even on higher values of €. Further, DP AMHT-LRS achieves
RMSE comparable to its non-private version by € ~ 2 mark.

B ADDITIONAL EXPERIMENTS AND SETUP

Simulated Data Comparisons

—a— Single Model {Ucentral)

== Full Fine-tuning (Uing,}

w 102
g Rep. Learning (uw)
10 —— Prompt Learning (u'(x||c))

—e— AMHT-LRS (uw +b)

a &0 80 100
Number of tasks (t)

Figure 4: Decrease in RMSE on Synthetic data for AMHT-LRS on increase in fine-tunable parameters

B.1 Synthetic experiments with non-private algorithms

g.i)7y(.i))}j€[m] where X;Z) ~

N(0,14%q), y§i) = (xé.i),u*w*(i) + b*@). We select d = 150, set k,(, the column and row sparsity level of
{b*(i)}ie[t] to be 10 and 5, respectively. We sample u* uniformly from the unit sphere; non-zero elements of
{b*@},c1y and w*@ are sampled ii.d. from A(0,1) with the indices of zeros selected randomly.

Synthetic dataset: Here, for each task i € [t], we generate m = 100 samples {(x

Figure [4] shows that not only having a single model can lead to poor performance, but a fully fine-tuned model
per task can also be highly inaccurate as scarcity of data per task can leading to over-fitting. Finally, low-rank
representation learning as well as prompt tuning based techniques do not perform well due to lack of modeling
power. In contrast, our method recovers the underlying parameters — as also predicted by Theorem [1| — and
provides 5 orders of magnitude better RMSE.
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B.2 Experiments with Neural Networks

As described in Section [4] our techniques/approaches can be extended to complex classes of non-linear model. To
demonstrate this, we fix the class of models to Neural Networks (denoted by F : R? — R). Similar to Section
we counsider the following baselines: 1) Single Model (F(z; Ucentral)): learns a single Neural Network model for
all tasks, 2) Full Fine-tuning (F(z;uinav)) Learns a separate fully-trained Neural Network model for each task,
3) Rep. Learning (F(z;uw)): Learns separate Neural Networks for each task such that the NN parameters
of each task lie on a low dimensional manifold. 4) Prompt Learning (F(z || ¢; Ucentral)): The covariate is
concatenated with a trainable embedding of the corresponding task and a single Neural network model is trained
with the modified covariates. AMHT-LRS (F(z;uw + bsparse)) itself trains a separate Neural Network model for
each task but assumes that the entire set of parameters of the Neural networks for each task can be represented
as a Low Rank+Sparse matrix. And as before, for the the case of Rep. Learning or AMHT-LRS extensions to
Neural Networks, if we use r > 1, we will replace "u" by "U" in their respective nomenclature.

As in the case of linear models, we use the training data to learn the parameters of different models (with some
hyper-parameter tuning) described above and use them to predict the ratings in the validation data. The overall
average validation RMSE for AMHT-LRS and the 4 different baselines (modified for neural networks) that we
consider against different amounts of sparsity in bsparse is computed (shown in figures for each of three datasets
that we experiment with). The memory footprint of the different methods (for each of the three datasets) has
been provided in Table [B:23]

More Details on Experimental Setup: To compute the single model and fully fine-tuned model metrics, we
used batched gradient descent. To compute the low rank model metrics, we performed alternating optimization
as per the algorithm described in |[Thekumparampil et al., 2021|]. Finally, to compute AMHT-LRS metrics, we
used an Ly regularization for each b(*%). For all the gradient based methods, we used Adam/AdamW Optimizer
with weight decay and learning rate scheduler. We experimented with Cosine Annealing and Decay on Plateau
schedulers. We performed a search over learning rates, Lo weight decay values and learning rate scheduler
hyperparameters (decay factor for Decay on Plateau and window size for Cosine Annealing) and reported the
model metrics which gave the best overall RMSE on the validation dataset.

B.2.1 Netflix Dataset

LRS with 2 layer Neural Net for Netflix: For the Neural Network (NN) experiments on Netflix dataset, we
consider the function class F - a 2 layer Neural Net with a single hidden layer of 50 neurons and tanh activation.
The training and the validation data on the Netflix dataset is same as created for the linear models (see Section
. The comparison of validation RMSE of AMHT-LRS and all the 4 baselines corresponding to the Netflix

dataset is given in Figure

Observe that AMHT-LRS outperforms the rest of the baselines with a small memory overhead (see Table [B.2.3).
In particular, the improvement in performance is achieved along with a significant improvement in memory cost
compared to Full fine-tuning - AMHT-LRS (with only 1% sparsity /tunable parameters for each user) outperforms
the Full-Finetuning baseline at each rank r value.

B.2.2 Jester Dataset

LRS with 2 layer Neural Net for Jester: For the Neural Network (NN) experiments on Jester dataset, we
consider the function class F - a 2 layer Neural Net with a single hidden layer comprising 50 neurons and tanh
activation. As before, the training and the validation data is the same that was created for the case of linear
models (see Sec. . The comparison of validation RMSE of AMHT-LRS and all the 4 baselines corresponding
to the Jester dataset is given in Figure [6a]

Again, we observe that AMHT-LRS outperforms the rest of the baselines with a small memory overhead (see
Table . As before, the improvement in performance is achieved along with a significant improvement in
memory cost compared to Full fine-tuning - AMHT-LRS (with only 2% sparsity /tuneable parameters for each
user) outperforms the Full-Finetuning baseline with only 1.5% of the corresponding number of parameters.
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(a) Overall comparison of RMSE. (b) Rep. Learning v/s AMHT-LRS

Figure 5: Comparison of Overall RMSE on the Netflix validation data achieved by AMHT-LRS and the different baselines
we consider where the training is modified for toy Neural Network models with a single hidden layer of 50 neurons and
tanh activation. AMHT-LRS outperforms other baselines at each rank value (see Table for exact numbers on model
parameters).
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(a) Overall comparison of RMSE.
Figure 6: Comparison of Overall RMSE on the Jester validation data achieved by AMHT-LRS and the different baselines
we consider where the training is modified for toy Neural Network models with a single hidden layer of 50 neurons and

tanh activation. AMHT-LRS outperforms other baselines along with a significantly smaller memory footprint (see Table
for exact numbers on model parameters).

B.2.3 MovieLens Dataset

LRS with 3 layer Neural Net for MovieLens: For the Neural Network (NN) experiments on MovieLens
dataset, we consider the function class F - a 3 layer Neural Net with 2 hidden layers of 50 neurons each and tanh
activation. The training and the validation data on the MovieLens dataset is created in a similar manner as
discussed in Section[d] The comparison of validation RMSE of AMHT-LRS and all the 4 baselines corresponding
to the MovieLens dataset is given in Figure [7a] Here, we can observe that AMHT-LRS has almost similar
performance as the best performing baseline Full Fine-tuning (F(z; ujngy)) while outperforming the other baselines.
However, note that the individual models F(x; uj,qv) have a high memory overhead since every trained model per
task has the same memory usage as a single Neural Network model. In particular AMHT-LRS (with only 20%
sparsity /tunable parameters) matches the Full-finetuning baseline with approximately 20% of the corresponding
number of parameters.
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(a) Overall comparison of RMSE.
Figure 7: Comparison of RMSE on the MovieLens validation data achieved by AMHT-LRS and the different baselines we
consider where the training is modified for toy Neural Network models with 2 hidden layers of 50 neurons each. AMHT-LRS

has similar performance as individual models F(z; uinav) trained for each task; however our models have a significantly
smaller memory footprint (see Table for exact numbers on model parameters).

C WARM-UP: CENTRAL MODEL + FINE-TUNING

C.1 Sparse Fine-tuning of Central Model

Inspired by parameter efficient transfer learning applications shown in |Guo et al., 2020] where the authors
propose learning a task-specific sparse vector, we consider the following simple variant of our problem in the
noiseless rank-1 setting (r = 1) with (W*)T being a multiple of an all 1 ¢-dimensional vector. We will denote the
representation vector by u* € R? that is shared by all the tasks. Therefore, the ERM for this model is given
by the LRS problem with w(®) =1 for all i € [t]. We can also pose this problem as the setting when the low
rank representation of the datapoints corresponds to projection on a fixed unknown vector; there exists a central
model (parameterized by the fixed unknown vector shared across tasks) and each task is a fine-tuned version of
the central model. Our AM algorithm to solve the modified ERM problem is significantly simpler; in particular
Steps 2-8 in Algorithm [1] is replaced by the following set of updates given estimates u*-" € R? (of u*) and
{1y (of {(b*@},cpy) in the £t iteration with a suitable choice of A(®):

C(z’,é) — b(i,é—l) _ (m—lx(i))T(X(i) (u(é—l) + b(z’,é—l)) _ y(i)) (1())

b — HT(c9, AD) (11)
X W\ 1L ) ) N

u® (Z(X(”)TX(”> (Z(Xm )T (yu) - X<z>b<z,e>)) (12)

K2

Notice that the updates in eq. are only implemented once in each iteration (unlike Algorithm [2) which improves
the run-time as well as the sample complexity of the algorithm by logarithmic factors. The detailed Algorithm is
provided in Appendix [C] We present the main theorem below:

Theorem 4. Consider the LRS problem with t linear regression tasks and samples obtained by equa-
tion where rank r = 1, 0 = 0, U* = u* € R? and w; = w* € R. Let model parameters
{b*(i Yiew satisfy assumption Al.  Suppose Algorithm |1 with modified updates (eq. is Tun for L =
log (eal (maxie[t] |[p*® ]+ [[u*]l o + %)) iterations. Then, w.p. > 1—0(8y), the outputs u™, {b®D},c 1y
satisfy: |[a®™ — w*u*HOo < O(e) and ||p0Y) — b*(i)Hoo < O(ep) for all i € [t] provided the total number of
samples satisfy m = Q(k), mt = Q(dvVE) and mt*> = Q(Ckd).

Remark 4. Notice from Theorem []) that our AM algorithm in the sparse fine-tuning setting enjoys global

convergence guarantees and does mot require any initialization conditions. Secondly, we do not need u* to satisfy
any incoherence property for convergence guarantees of Theorem (unlike Theorem . Therefore, Theorem
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Table 1: Comparison of number of model parameters for Linear formulation of AMHT-LRS at different sparsity
levels and different baselines. Note that our approach AMHT-LRS at 2% and 10% sparsity levels for MovieLens
and Jester respectively has substantially less number of parameters than Full fine-tuning ui,4, and comparable
number of model parameters with the other baselines. For Netflix, at each rank r value, with just 1 additional
parameter /user AMHT-LRS is able to outperform all other baselines.

H DATASET METHOD ‘ #PARAMETERS H
SINGLE MODEL (Ucexrrat) 50
FuLL FINE-TUNING (Uipv) 12,050
REP. LEARNING (uw) 291
PROMPT LEARNING (Ucenrrar, Z || €) 12,100
MoviELENS | AMHT-LRS (uw + b2 sparse) 532
AMHT-LRS (uw + bgo sparse) 1,014
AMHT-LRS (uw + byo9 sparss) 1,496
AMHT-LRS (uw + b16% spanse) 2,219
AMHT-LRS (uw + baoo spanss) 2701
SINGLE MODEL (UcentraL) 50
FuLL FINE-TUNING (Umpv) 5,000
REP. LEARNING (uw) 150
PROMPT LEARNING (Ucenrrar, Z || €) 5,050
JESTER AMHT-LRS (uw + bao; sparse) 250
AMHT-LRS (uw + bso soarse) 350
AMHT-LRS (uw + bgo sparse) 450
AMHT-LRS (uw + bso spanse) 550
AMHT-LRS (uw + b1o% sparss) 650
SINGLE MODEL (Ucenrrar) 50
FuLL FINE-TUNING (Uipv) 50,000
REP. LEARNING (uw) RANK r =1 1,050
REP. LEARNING (Uw) RANK r =2 2,100
NETFLIX REP. LEARNING (Uw) RANK r =3 3,150
REP. LEARNING (Uw) RANK r =4 4,200
Rep. LEARNING (Uw) RANK =5 5,250
PROMPT LEARNING (Ucenrtrar, T || €) 10,050
AMHT-LRS (uw + bao; sparse) RANK 7 =1 2,050
AMHT-LRS (UW 4 bag; sparss) RANK 7 = 2 3,100
AMHT-LRS (UW 4 bag spanss) RANK 7 = 3 4,150
AMHT-LRS (Uw + bog spanss) RANK 7 = 4 5,200
AMHT-LRS (UW 4 boy soanss) RANK 7 =5 6,250

is interesting in itself and significantly improves on the guarantees of Theorem[1] directly applied to the special
setting.

C.2 Detailed Analysis and Proof of Theorem

In the fine-tuning model described in Section we consider a system comprising of ¢ tasks, each of which
(indexed by ¢ € [t]) is parameterized by an unknown task-specific sparse parameter vector b*() e R? satisfying

[b*® || < k along with a dense unknown parameter vector u* € R? that is shared across all tasks. Now, for each

task i € [t], we obtain samples {(x g ), y]( )) 1 according to the following model:

x\” ~ N(0,14) and 37 | x{ = (x{ u + b*D) for alli € [t], ) € [m] (13)

We will assume that the model parameters {b*(i)}ie[t] satisfy Assumption More importantly, we do not
assume [A2) and furthermore, we do not assume that u* is unit-norm. Since u* is not unit norm, we can write it
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Table 2: Comparison of number of model parameters for NN versions of AMHT-LRS at different sparsity levels
and different baselines. As in Table our approach AMHT-LRS at 1% and 5% for MovieLens and Jester
respectively sparsity levels has substantially less number of parameters than Full fine-tuning F(z; ujngy) and
comparable number of model parameters with the other baselines. For Netflix, at each rank r value, with just 1%
additional parameter/user AMHT-LRS is able to outperform all other baselines.

H DATASET ‘ METHOD #PARAMETERS H
SINGLE MODEL F(; Ucenrrar.) 5,151
FuLL FINE-TUNING F(2; umov) 1,241,391
REP. LEARNING F(z;uw) 5,392
PrROMPT LEARNING F(z || ¢; Ucentrar) 19,701
MovieLENs | AMHT-LRS F(z;uw 4 b19 sparse) 17,924
AMHT-LRS F(2;uw + bsog spanse) 67,570
AMHT-LRS F(z; uw + b10o spanss) 129,748
AMHT-LRS F(z; uw + b159 sparss) 191,685
AMHT-LRS F(x;uw + b2go sparse) 253,863
SINGLE MODEL F(z; Ucentrar) 2,601
FuLL FINE-TUNING F(2; unpyv) 260,100
REP. LEARNING F(z;uw) 2,701
PROMPT LEARNING F(z || ¢; Ucenrrar) 10,101
JESTER AMHT-LRS F(z;uw + b19 sparse) 5,302
AMHT-LRS F(z;uw + bso sparse) 15,706
AMHT-LRS F(z;uw + b1o% sparse) 28,711
AMHT-LRS F(z;uw + b159% sparse) 41,716
AMHT-LRS F(2;uw + booo spanss) 54,721
SINGLE MODEL (F(z; ucsnrrat)) 2,601
FuLL FINE-TUNING F(z; uwpv) 2,601,000
REP. LEARNING F(z;uw) RANK r =1 4,601
REP. LEARNING F(z;Uw) RANK r =2 9,202
NETFLIX REP. LEARNING F(z;Uw) RANK 7 =3 13,803
REP. LEARNING F(z;Uw) RANK r =4 18,404
REP. LEARNING F(z;Uw) RANK 7 =5 23,005
PROMPT LEARNING F(z || ¢; Ucentrar) 55,101
AMHT-LRS F(2;uw + b1 spanse) RANK 7 =1 30,601
AMHT-LRS F(2; UW + byo spanss) RANK 7 =2 35,202
AMHT-LRS F(2; UW + byo spanss) RANK 7 = 3 39,803
AMHT-LRS F(z; Uw 4 b1 sparse) RANK 7 =4 44,404
AMHT-LRS F(z; Uw + b1 sparsz) RANK 7 =5 49,005

as u* = ﬁ”‘ﬁ”z' In order to map it to the statement of Theorem 4 and the general problem statement in

. . . * . . . .
we can immediately write w* < ||u*||, and u* + o T (since u* in the statement of Theorem || is unit-norm).
2

Hence, we can simplify the notation significantly by assuming that u* is not unit norm and by subsuming the
scalar w* (which is same across all tasks for this special setting) with the norm of vector u*.

Initialization and Notations: For ¢ = 0, we will initialize u(® = 0 and b(*% = 0 for all tasks indexed by
i € [t]. For any £ > 0, at the beginning of the (¢ + 1) iteration, we will use (¥, 7 to denote known upper
bounds on the fo-norm of the approximated parameters and v), 3 to denote known upper bounds on the
{oo-norm of the approximated parameters that will hold with high probability as described below:

<4,

maube(z A)
oo

e

<a® and mabe(”})

2

<7,

2

ul® —u*

<B®  and ’
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Algorithm 3 AMHT-LRS (Central Model+Finetuning)

Require: Data {(xéi) € Rd,yj(i) € R)}JL, for all i € [t], column sparsity & of B. Initial Error Bounds

max;e | ||b(0715) _‘b*(i)H2 < a0, max;e( ||b(i70) _b*(i)HOO <O, ||11(0)—U*||oc < B and Hu(O) —u*|p < 70),

1: Suitable constants ¢y, co, c3 > 0.
2: for £ =1,2,... (Until Convergence) do

3 A gD 4 g (7D 4 D)
4. B0  plL-1) _ % (X)X (u=D 4 b)) — 3 (@)
5. bH « HT(cH9, AW)
‘ 1 OPNON AR (@) (/D) _ (DT (i
6 u® (W > 2% (%57) ) (ﬁ Xy —(x50) b )))
7:  Set, 'y(z) 281 4 %T(Z’l) + 2017(5*1)
8 Set 7 «— cuvVEY O, SO — 37O and a®) — VEAO

9: end for
10: Return w®, U@ and {b(i’z)}z‘e[t]-

Lemma 2. For some constant ¢ > 0 and for any iteration indexed by £ € [L], we can have the following updates
O — 95(-1) 4 g, [108(td/%0) (T<e—1> n a(e—l))7
m

o® — 2/ERED 4 90 klog(td/do) (7_(6—1) L a(f‘l))
m
support(b(**) C support(b*®).
with probability 1 — O(dg).
Proof. Fix any 4 € [t]. It is easy to see that update step [4| of Algorithm [3| gives us
(i) _ pr) _ (I _ %@((z‘))TX(z’)) (bu‘,e—l) _ b*@) n %(Xu))TX(i)(u* =)
s 0 ) _ gt D) — (I _ %(X(i))TX(i)) (b(i,é—l) _ b*(i))

n (I _ %(X(m)TX(i)) (WD — ). (14)

Let e, € R? denote the st basis vector for which the st coordinate entry is 1 and all other coordinate entries are
0. Then, note that:

‘ (C(i,z) S gt g u(zq))

1 , , . ) 1 ) .
— |aT - ()\T~ (2) (i,6—1) _ 1,%(2) T - ()\T~ (2) (e—1) _ . *
eS<I — (X)X )(b b )+e5(1 —(X)TX )(u u*)
1 . . . , 1 A _
T o ()\T~ (2) (1,6—1) _ 1.%(2) T - ()\T~(2) (-1) _ %
< eS<I — (X)X )(b b )‘+es<1 —(X)TX )(u u*)
< | L e (x)TX 0 (i1 ey _ T (i1 _ b*m)’
m

+ ‘;el(x(i))TX(i)(uw—l) —u) —el (uY —u*)

<o /1og(1/d0) <7_(271) +a(471)>7
m

w.p. > 1—0(dy), where we invoke Lemma [17]in the last step and plugging a = e, and b = b(“=1) — b*(®) and
ul~Y — u* for the two terms respectively. Therefore, by taking a union bound over all entries s € [d], and a
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further union bound over all tasks (¢ of them), we can conclude that for all ¢ € [t], we must have

m

HC(M) b gty u(z—1)H <ec log(td/do) (T(z—n n a(z—n)

— Hc(i,e)_b*m < D 4, M( @0 4 o6 (15)

w.p. 1 —0O(dp). Now, we have
b — HT(c(i’[)7A(Z))
(i:6)

o = [ e > A0, (16)
® 0 otherwise,

160 — s @) Y] > AO),

, 17
|b§(1)| otherwise. (17)

= b 0.0 = {

Therefore if we set A = glt=1) 4 ¢ m@% (T(g_l) + 04“‘”) (as described in Step 2 of the algorithm), then,
by using equation |15( and equation we have Hb(M) —b*® | |OO < 2A® and therefore,

— HbW) || <2801 4 g0 [ 108/ %) (70 4 altD) =40 (18)
o) m
4 1

and Hb“v‘” - < 2VEBUY 42 % (Tw—l) n a“—l)) Y (19)

with probability 1 — O(dp). Furthermore, from equation equation |15 we have for any coordinate s

‘ (Cuya _ b*<i>)

Thus, if s ¢ support(b*(?)), then the above gives |c(*)| < A®). Using this in equationgives b"Y = 0. Hence, for
all s € [d], we must have s ¢ support(b*(?)) = s ¢ support(b*(“:9)) implying that support(b(*¢) C support(b*(?)).
Hence, the proof of the lemma is complete. O

< A©)

Lemma 3. For some constant ¢ > 0 and for any iteration indexed by ¢ > 0, we have

/2<k7(4) NG /dlog(d/50)
1— / leg’rgllt/(sO)

with probability 1 — O(dg).

Proof. Update step 3 of the Algorithm for the /" iteration gives us

ul® — (mtzzxu (T ) (mtzz X z‘ w4 b b(aa))
— u® _u = ( — EZ: zj: ng (le))T> ( — 2; zj:xgl)(xgl))T(b*(i) ~ ) )

A v

Let us denote the vector b*(?) — b(:) by 2040 for simplicity. Notice that for any h € [d], we have

vn = (mtzz (M))h
= mtz;z]:((xj ) 04 Z T hx(l ZM)). (20)

w:u#th
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Now, note that the random variable ( ;21) (0 g g (4(2'(1 o )? 4|Z(M |> sub-exponential random variable.

Similarly, (l) (l) 29 is a ( (22 /24 |> sub-exponential random variable. Therefore, we must have

. 2
(2) 7+ 3 alallef
w:uFth

= (4" +2 30 GO mas (417, max (V2=(0)))

w:uFth
= (4||z(i’é)||§74||z(i’£)|\oo) sub-exponential random variable. (21)

Furthermore,

Bl = o 3 ([ (of0) A 4| 3 affaftetit))
wiu#h
_ (4,€)
= % Z Z (zh + 0)
i

1 00

-1 Z L0, (22)
Using equation [2I] equation 22] and Lemma [23]in equation [20] implies that

1 (i.0)
Vp — ; Zzhl

; 1/6 - 2log(1/4,
< mae (201 Z08US00) i 2108 00))
m

mt

< max (204(@ 210g(1/60) 7 27(@) 210%(1/50)) _
mt mt

€h

will be true with probability at least 1 — §p. On taking a union bound over all h € [d], we will have that
i 2log(d/o 2log(d/é
o — Zz 9| < max (20 2log(d/d) waM) .

mt mt

(23)

€h

with probability 1 — O(dp). Note that ||v|3 =3, vi. Hence, we have

Sb <3 (25 A) hed)
h h 3
(1,6)

<2<ZZ Zh P2y e
h

z(u
<2gZZ( L ) +2% e
i h
2,0 (0)y2 2d10g(d/d0)
< X (002 4 (a0 218U %)

where we use that 209/ % > 27(4)%. Hence, with probability at least 1 — O(dp), we must have

by using that o) < /ky©
vl < \/TW) +4q(0 L/ 00) (24)
mt
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Furthermore, from Lemma we have with probability 1 — &y for any iterations ¢ € [L]

H—ZZ ) (YT _ ], < oy L108L/%0) (25)

mt

implying that the minimum eigenvalue of the matrix % Yo j xy)(xgi))T —TIis at least 1 — ¢/ %; hence

the maximum eigenvalue of the matrix (5 >, ", ng) (xgi))T —I)~! is at most (1 — %) 1. Using
equation [24] and equation [25] we get for any iterations ¢ € [L] with probability 1 — 0(50),

2{k ([) () , / dlog(d/do)
1/ + 4o i s .

' —u*s < (26)
1 — ¢y /dlos(/60)
mt
O

Lemma 4. For some constant ¢ > 0 and for any iteration indexed by £ > 0, we have

loggiiég /2( NOn /log(dgéo) 8(:\/&10‘%%?50))0[([)

with probability at least 1 — O(dp).

Proof. With probability at least 1 — O(dp), we have that ||E||, < %. We fix mt = Q(d) so that ||E||, < 1.

Our goal is to bound the quantity |[ul®) — u*||s from above. Denoting A = I + E and using the fact that
(I+E)'=I-E+E?+... (since ||[E||, < 1), by using Lemma and taking a union bound over all entries
s € [d], we have with probability at least 1 — do,

1 ) .
23 (b — )
v ) (b —p)

i

oo

. 1 ) )
= max Z Zes Xj l) b*( i) _ b(ll)) - Zez(b*(z) . b(z,l))

1 i i it i 1 i i
= max |— ZZ(XE ))T(b*( ) — b! ’p))eSTXE-) — 3 ZesT(b*( ) — b))
i J

i

2t2

o log(d/a)
*(7 i, 2
573 b0~ bli)eT 2
g J

NG log(d/do)
mt

Hence with probability at least 1 — §p, we will have the following statement

||v||oo < calt M (f)

mt t (27)

Since u®) —u* = (I+E)"!v with E= -1 3", > (Z)( S”)T — I, we will have

o

=Y |mL )
=0
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Let V £ {z € RY|||z|| = 1}. Then for € < 1, there exists an e-net, N, C Z, of size (1 + 2/¢)? w.r.t the Euclidean
norm, ie. Vz € Z, 32 € N, s.t. ||z —2/||2 < e. Now consider any z € N.. Then, Lemma [17] with a = e, and
b = z and taking a union bound over all entries s € [d] gives

i i ! %) 1 g
eg(ﬂit;;xgkxw—x))z < ol s (2EC L0, L)

= |Ez||x < Cmax( log(d|Ne|/do) log(d|N€|/50))

mi ’ mt
< oman \/log<d(1 :7, i/e)d/éw’ log(d(1 Tn i/€)d/50))’ v € . (20)

Further, 3 z € N, s.t. ||z’ —z||2 < e. This implies that setting € <— 1/4 and ¢ + 2¢ gives:

B2 || < [B(2 — 2)|loc + Bzl

< |E(z — 2') |2 + [[Ezl|
dlog(d/do)

mt

(30)

with probability at least 1 — dy. Hence, with probability at least 1 — O(dy), we have that ||E||, < / digg and

[|Ez|| < cy/ M for all z € V. Therefore, let us conditioned on these events in order to prove the next
steps. We will show an upper bound on ||A7v||.

IAT Vo = [T+ E) "'V

Z [[E7v|| (31)
7=0

We have with probability at least 1 — dg

BVl = [EE" ™ vl

Er—ly
)2
H( || VH2 HEp—lv||2 -

E( Er—lv )‘
[EP=tvl2 /||

dlog(d/(?o)
(e dlog<1/60>)p—1c dlog(d/bo)

- &

< B ]le

<

[v]l2 (32)

mt
mt mt

Therefore, if mt = (dlog(d/dp)) by taking a union bound we must have with probability at least 1 — do,

S EPvll., = oy TR Y Yy, (33)

Therefore we have w.p. > 1 — O(dy)

os(dfy)

*

V]2 (34)

Hu(z)—u <Vl +2

Plugging the bounds of ||v||  and ||v||, from equation [27| and equation [24]in equation we obtain that w.p.
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>1—4o)

o

o0

< cal®, [ 108(d/%) +C7<e)+26\/dlog(d/50) <\/2C’€7<e>+4a<z),/d10g(d/50))
mt t mt t mt

_ (§ i 20\/0510%(65/50)\/2@)7(@) n (C log(d/do) +86d10g(d/50))a(e) _ 3

t mt t mt mt

Lemma 5. After L iterations, for some constant ¢ > 0. we will have with probability 1 — O(Ldy),

* < 32" ez + crea + )12,

oo

< 2L_1(63 +cico + 01>L_1Z,

oo

ot -

‘ ‘b(uL) _ @

Hb(i’L) —b*® ‘ < VE2Y ez + crer + 1) Z,
2

HU(L) —u* ‘ < eoVEk2 ez + creo + 1)1 Z,
2

where
7= (2Hu(0) —ut|| + = 21 Hu(o —u*|| + 2¢; max ‘b(i’o) - )
2 i€lt] Y
k log(tdL/éo)
c] = _—
/2 +4 /dlog(dL/éo)
Co )
1— dlog(l;/ég)
1 2 1 1
. W 0g(d/d) \/ 2EY 4 VR (e 0g(d/d) ¢ d og(d/éo))_
t mt t mt mt

Proof. Using Lemma [2| and the fact that a® < vkv®), we have for £ > 1
O < 25- 1)+ 7= 4 204D,
B \/E gl
70 < eV
B < esy9,
Using equation [37] and equation B8] in equation [36, we get

7O < (2¢3 + 2¢1¢9 + 261 )y Y
=2(cs + crep + e1)y! Y

IN

S 2671(03 +cieo + 01)5717(1)

2c
27 ez + e 1) (25(0) + \/% 7 4 2617(0))a

IN

where in the last step we plug in the value 41 < 250 4 2\;1 70 4+ 2¢,9©) from equation [36/at £ = 1.

Using equation [39] in equation [38] gives

B <52 (es + crea + e1)' 1<2ﬁ(0) + \/E 70 4 201’7(0))

(35)
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Using equation equation [37/and o < v/Ey® further gives:

< N 1(03+0102+01)Z 1(25 0)+ C1 (0)+2017( )) (41)
\/E
0 < oV k201 (es + crea + cl)z 1 (25(0 7O 4 2017( )). (42)
\/E
equation equation [A0}equation [1] and equation [42] give us the required result. O

Theorem (Restatement of Theorem' Consider the LRS problem with t linear regression tasks and samples
obtained by equatwn where rank r = 1, 0 = 0, U* = u* € R? and w = w* € R. Let model parameters

{b* )} epy satisfy assumption A1 with ¢ = O(t). Suppose Algomthml wzth modified updates (egqns. m
is run for L = log (eal(maxiem [[b*@]] _ + [[u*]] + H'f/%lz)) iterations. Then, w.p. > 1 — 0(&), the outputs
ul, {b(i"‘)}iem satisfy:

< O(eg) for alli € [t].

Hu(") —wru*

< O(ep) and Hb(“‘) — p*®

provided the total number of samples satisfy

m = Qk), mt = Q(dVk) and mt> = Q(Ckd).

Proof. In order to map [I3] to the statement of Theorem [4] and the general problem statement in [T} recall that we

can immediately write w* < [|u*[|, and u* « T s (since u* in the statement of Theorem | is unit-norm). For
2

the simplicity of notation, we had subsumed w* within ||u*||,. Therefore, we directly use Lemma [5| to prove our

theorem where the result is stated after mapping back to the setting in [I3] and the Theorem statement. O

D ALGORITHM AND PROOF OF THEOREM [1| (PARAMETER RECOVERY)

Algorithm 4 AMHT-LRS (Alternating Minimization for LRS in )

Require: Data {(Xy) € Rd,y @ ¢ R)}JL, for all i € [t], column sparsity k of B, HA(UHO),U*)HF < B,
max; ||b(0) — b*® || <~ 0) Parameters € > 0 and A.
1: for £=1,2,... do
Set T = Q(Mog( el 1>)>
3: fori=1,2,...,tdo
£ b0 « OptimizeSparseVector(X(®, y(),v = UH-Dwi-D o = O 8.+ A), 8 = OB +
A),y =D L AT =T70)
{Use a fresh batch of data samples; cq4, c5 are suitable constants}1
wlit) = ((X(i)Ut(f*U)T(X(i)Ut(‘*U))_1 ((X(i)UHz*l))T(y(i) - x<i>bw>)) {Use a fresh batch of

data samples}
6: end for 4
T Set A= Yy (WO WO T (L5 x0T ) and Vis i (XO)T (3O — b6 ) (wO)T {Use
a fresh batch of data samples}

8:  Compute U = vec;! (A~ lvec(V)) and U - QR(UW) {U® = UTR}
9: 4« (c3)""eB + A for a suitable constant c3 < 1.
10: end for

11: Return w®, Ut and {b9},.

»

o

Assumption 3 (A3). We assume that [[U*||, < \/v*/k for some constant v* > 0.

Note that Assumption A3 is weaker than Assumption A2 where HU*||2,C>O < /w*/d provided k < ‘Z’:. We will
use Assumption A3 in place of A2 for simplicity of exposition and for sharper guarantees as well. Recall that in
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Algorithm 5 DP-AMHT-LRS ( Private Alternating Minimization for LRS in (2))

Require: Data {(xgi) € Rd,yj(i) € R)}72, for all i € [t], column sparsity k of B, ||A(U+(O),U*)||F < B,
max; |b(#?) — b*@ || < 40 Parameters ¢ > 0 and A.

1: for/=1,2,... do
Set T = Q(uog (ﬁ))
3: fori=1,2,...,tdo
4: b9 « OptimizeSparseVector((X?), y(), v = Utl-Dw =1 o — O(cﬁ‘l% + A>,5 = O(ct'B +

A),y =D L AT =TO) for suitable constants cy, cs

wit) — ((X<i>U+<é—1>)T(X<z‘)U+<e—1>)>_1 ((Xu)UHe—l))T(y(i) _ me(i,e)))

end for - -
Vij o x{)  clipy, (X(‘i))a y§“  clipy, (yj(-i))a (Xgi))Tb(ivz) — clipy, ((xgi))Tb(i’Z)) and w0 «

»

>«

j j
clipy, (w(9)

w
—_—

8 A= % ( Zie[t] (m(m)T ® (ETzl X§i) (X§i))T)> * Nl)

9 Vi= b ( Tiey Syepm 0 (1" = 6)THOO ) (WED)T 4 Ny )
10:  U® =vec;, (A lvec(V))

11:  UTO  QR(UM) {U® = UtORY}

12: 7(2) — (03)‘7_168 + A for a suitable constant c3 < 1.

13: end for

14: Return w®, UT® and {b(i’z)}ie[t]-

the general setting described in eq. [} we obtain samples that are generated according to the following process:

xg.i) ~ N(0,1;) and y](.i) | xg.i) = <x§i), U w* () 4 b @)y 4 ZJ(-i) for all i € [t],j € [m], (43)

where each zj(»i) ~ N(0,0%) denotes the independent measurement noise with known variance o2. For each task

i € [t], we will denote the noise vector to be z(*) such that its j* co-ordinate is zg-i). Further, with some abuse of
notation we will denote:

o X =2 (5WOTWO), ar = (HWHTW?) = 3 (5(WH)TW*) ¥ j € [r]

o 1= pu9 and p* for the incoherence factors for W) and W* respectively,
o v = v for the incoherence factor of U+,

We will now prove Theorem [I] via an inductive argument. We will start with the base case.

D.1 Base Case

We initialize W(®) = 0 and recall [|(1-U*(UUO| = 0(/3F), [[UH©]] < /42 where v is an
appropriate constant less than 1. We use Lemma [T3] that is proved later in its full generality. We have by using
Lemma [13] :

Hb@,l) _ @

’2 <20 4 € and Hb(i’l) — b*®

< % (2<p(i) + e)

with probability at least 1 — 79§, where ¢ is an upper-bound on @) s.t.

B ‘ , klog(do "
30 = 2(VEIU W Do + cr[U WOz 4 0 %)

‘ , klog(ds—1
< 2(VEIIU* 200w O + 1 [w* Ol + 0 $)

; klog(dé—1
§2(’/V*+01)HW*(Z)||2+2O’ M
m
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Choosing € = 4(\/ v* + cl> gives us the required expression for £ = 0. Hence, we have that for ¢’ = O(B 1(0) ;—i),
U r

we will have that

. klog(dé—

Hb(z,o) _ < ¢ max(e, ||w BU(0> \/;{ og( ) (44)
(¢,0) log )

Hb P — < ¢ max(e BU(O) (45)

D.2 Inductive Step

We will begin with the inductive assumption. Note that these assumptions are true in the base case as well due
to our initialization and optimizing the task-specific sparse vector. Let

A = O/ (25 + St VidTogrd + o[ EB RN 4 o [EHEEED) | [Eiosdi )

Assumption 4 (Inductive Assumption). At the beginning of the ™ iteration, we will use g1 B sw-1) to
describe the following upper bounds on the quantities of interest:

1) 1/2 < Amin(QY™D) < Mo (QY™Y) < 1, where QY .= (U TUTEY) (46)
2) [AUTED UM |le = X - U (U HUTED | = Ut — U QY|

//\
< Bye-1) " + A, (47)

3) Hb(i,é) _ b*(z)H2 < C/H(U—i-(é—l) _ U*Q(Z—l))(Q(é—l))—lw*(i)||2

. AX
< ¢ max{e, ||[w* |2} Bye-n \/;-l- A, (48)
1

4) [ = b @ < YUY —Ur QU Y)(QUTY) T w W2/ VE

. AX A
< ¢ max{e, ||W*(1)H2}B e/~ + (49)
v ME O VE

5) U g0 < \fw =D/, (50)

where v—1 < mTf ¢ >0 and A’ <1/1000. Note that A, A’ are fixred and do not change with iterations.

Note that the base case satisfies the inductive assumption for our problem. Let us denote h(0) £ w(h6) —

Q=) "1w*®) and (H)T = [h(l,f) ho . h(tﬁ)]er,
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Lemma 6. For some constant ¢ > 0 and for any iteration indexed by ¢ > 0, we have

i 1 _ * — — — *(2
B> < LU -0t QU Q) i O
| — o1 /r1o8(/50)
log(r /9
(=0 — QU g + e/ UL prvee—ny )

) ) B log(r /6§ -~ rlog?(ré—1
DO = B (VRO o L em ) 4 g [TRE U0,

1 t
HOl- < — = gt _yrQ-b C=Dy=1)1, [ Z\*.
e < —— s QU IQ) 1y Exq

(U= — 0" QU= ¢/ 2ELL20) e )
m

) ) ) ) 1 6 2
+ VECU [[e|b*® — b9 + Z (CHb*(z) — b0, %/O)HU+(Z—1)HF>
i€[t]

rtlog?(ré—1) }
m

with probability at least 1 — &y, where K0 = w0 — (QU—1) =1y,

Proof. According to the update step equation [5] we have
X(i)UHé—l))T(X(")U“e—l)))*1

w0 — (QU-1) "Ly = ((

m
(<X(i)U+(£—1))T(y(i) — X(i)b(i,é))) B (Q(ﬁ—l))—lw*(i)
m
> h09
(XOUHE=)T(XOU+HE-1))\ -1
= " )
A
((X(i)UJr(Zfl))T(y(i) _ X(z‘)b(i,é)) B (X(i)UJr(éfl))T(X(i)UJr(Zfl))(Q(éfl))flw*(i)) (51)
m m '
Therefore,

0o < |AfllZoc  and B8Oz < [[Af]|z]o. (52)

We will analyse the terms A and z separately.
Analysis of A:

Note that:
(X(i)U+(£—1))T(X(i)U—i-(l—l))

(UJr(Zfl))T(X(i))TX(i)UJr(Kfl)

(UHE=IT ( 3 Xgi) (X;i))T) U1

J

SR

1 - i) (i _
=— Z(Uﬂe 1))TX§_ )(X§_ ))TU+(£ 1) (53)
J
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Now, let V = {v € R"|||v| = 1}. Then for e < 1, there exists an e-net, N. C V, of size (1 + 2/¢)” w.r.t the
Euclidean norm, i.e. Vv € V, 3v' € N, s.t. ||[v — v'|2 <e. Then for any v € N,

1 _ i i -
vT(g Z(UHE 1))TX§ )(Xg ))TU+(Z 1)>v

_ :2 Z (VT(U+(Z—1))T)X§_i) (Xg-i))T (U+(€—1)v>
J

_ % Z (U+(€_1))V) Txgz‘) (X§i))T (U*“‘l)v). (54)
J
Further, note that
() (w7 < (07 (7))
—Tr (vT ((UW*I))TUW*U)V). (55)
Using equation |54 and equation [55in Lemma |17| with a =b = Utl-by gives

1 _ i) G _ . _
VT(E Z(UHZ 1))TX§ )(Xé ))TU+(Z D (gte-n)Ty+e 1)>)V
J

1
< U+ D v max ( log(1/d0) logu/ao))

m m
log (| N, log(| N,
— HVTEVH < CHU-&-(Z—l)v”gmaX( og(| W;|/50>7 og(| m|/50))
2/€)" 1 14+2/€)"
< C||U+(£_1)V||%max (\/IOg((l +m/€> /60), og(( +m/6) /6())) Vv € N, (56)

where E £ L Zj(UHf*l))Txy)(xj(.i))TU*(f*l) — (UTEINTU+E=1D | Since E is symmetric, therefore |E|| =
(v/)TEv’ where v/ € V is the largest eigenvector of E. Further, 3 v € N, s.t. |[v/ — v|| < e. This implies
|IE|=(V)TEv = (v —=v)TEv+ (V)TE(v —v) + v Ev
< V' = vIIE[IVI+ IV IENV = vl + v Ev
< 2¢||E| + v 'Ev
vIEv
1—2¢
Using equation [56| and equation [57| and setting € <— 1/4 and ¢ < 2¢4/log(9) then gives:

rlog(1/do)

= |E| < (57)

IE]| < U Dv |5 max

Using equation [58] in equation [53] then gives

log(1
HA—lll > ||U+(€—1)v||%(1 —c r Og( /60))

m
2 (U700 1L

1
= [All <

A (UHED)TUHED ) (1 o [rloslifan)

1

1_c rlog(1/d0)
m
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since (UTE-I)TU+-1 = 1.
Analysis of z:

Similarly, we have

g %(X(i)UJ,_(é—l))T(y(i) _ X(i)b(i,é)) _ %(X(i)U+(£—1))T(X(i)U+(1€—1))(Q(€—1))—1w*(i)
= L) TxO) X0 (U QU — ) (QU )l )
m m
. %(UHZ—U)T(X(”)TX“) (6" _ b0 4 %(U—i-(é—l))T(X(i))Tz(i). (61)

Analysis of déi’e) :

Let us condition on the vector z(?). In that case (X(9)Tz() is a d x 1 vector, each of whose entry is generated

independently according to N(0, ||z(*) ’ ’i) Therefore, if we consider any vector v satisfying ||v||, = 1, we have

. _ 2
vI(X) Tz ~ A0, Hz(l) ’ )
2

2 -1
< oy Tlog (r071).
9 m

(U+(€fl))T(X(i))TX(i) (U*Q(lfl) o U+(€fl))(Q(€71))flw*(i)

and therefore, with probability 1 — §, we must have

’ ’1(U+(e—1))T(X(i>)Tz<i>
m

. 00,
Analysis of d(1 ):

00 1
ai"t = —
m

= (UHE-yT (i(X(i))TX(i) _ I) (U*QU=D — U+ Q1)) Lyw*(®)
m

d’y”
+ (UHE*”)T(U*Q(Z’U) _ U+(671))(Q(271))71w*(i) ) (62)
dgi,;,)
Note that
% — 1 i % * — — — — * (7
E {dg’ﬂ —-F {(UJr(z 1))T(E(X( NTX@ I) (U*QU-D — g+E-Dy(QU-D)~Ly*(0)
=0.
Further,

(Zﬁiie))k _ i Z(u(k,zq))TX;i)(Xéi))T(U*Q(eq) . U+(271))(Q(£71))71w*(i)
, m £
J

_ (u(k,lfl))T(U*Q(éfl) _ U+(£71))(Q(671))71W*(i).

Using Lemma [17|in the above with a = u**~Y and b = (U*Q — Ut Qtw*() | we get

i log(1/4, - _ - —1)\ =1 *(i
(=45 < o/ BUL0) ity Q=) - U HED)(QED) 9, (63)
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Taking the Union Bound overall entries k € [r], we have

0,0 ,£)
() = Z|Z§1

ke(r]
<c /10g '1"/(50 Z ”u (k,t— 1)H2 |(U*Q(Z—1) _ U+(Z—1))(Q(é—1))—lw*(i)H2
ke(r]
_ log(r/%) HU+(€71) ”FH(U*Q(lfl) _ U+(571))(Q(671))71W*(i) ”2 (64)
m

Further,
it _ 1 e
14T [l2 = [(UHED)T(UFQUY — UHED)(QU=D) w5
= U T T U YU Q) w9,
= U U (U TPUH D Q) O
_ H ((U+ =1)T _ (U+(€71))TU*(U*)T).
(U+(f—1) _ U*(U*)TU+(€—1)) (Q(Z—l))—l
< [UHED - U U TUHED U - U U TUHE D) Q) w ),
— HU-‘r(é—l) _ U*Q(é—l)HFH(U-i-(E—l) _ U*Q(Z—l))(Q(Z—l)) W*(z)HQ
<UD T QYR IQU) T I[w . (65)

We will also use the sharper bound below later for finding the Frobenius norm of H(®

a2 = [[(UHENT — (UHEDTU(UY) Tl (UHED - UrQU-D)(QU=1)~Tw*®)] 5.

(66)

Using equation [64] and equation [65] in equation 62} we have
1™l < e %IIUW‘”HFII(U*Q“‘” — U QD) W (67)
+UTED QY R IQUY) T [w (68)
< U T QY QU)W - (69)
(”U+(zf1) U QU fp 4 ¢ log(;/%) ||U+(£71)HF> (70)

As before, using equation [64] and equation we have
[z < (U — U QU)QT) Wt O]l

(070~ 0*QED e 4 ¢y 2B yye-n). ()

Analysis of dgi’e):
Note that

) 1 ) ) ) )
dgz,f) _ E(U%*(Zfl))T(X(z))TX(z) (b*(z) _ b(z,Z))

_ (U+(£71))T(i(X(i))TX(i) _ I) (b _ pE0) L (UHEDT (p*) _ p(i0)
m

(i,€)
(i,0) d
d27:1 2,2

i _ 1 ' ) . )
and E [dg;ﬂ —E [(UW D )T(E(X(’))TX(” - I) (b*®) — b(“))} ~ 0.
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Further,

(Zéiié))k _ l (u(k,eq))Txy‘) (XEi))T(b*(i) . b(i,z)) . (u(k,eq))T(b*@) . b(i,é)).
, m 2:
J

Using Lemma [17]in the above with a = u®=1 and b = (b*® — b9 we get

i log(1/6 _ i P
(£ < oy PERL) puien o) e,

Taking the Union Bound overall entries k € [r], using the above we have

1,0 il
IS5 M2 = [ 1557 a2

ke(r]
/1og(r/do) ; ;
o\ /P07 (k=112 . |[B*(E) _ (i)

<c - 13 5 - [Ib bt

ke[r]
=c MHUHZ*UHFHN“) _ b(iv‘f)HQ.
m

Further,

il _ i ;
155 |2 = [[(UHED)T(b*O) —pE0)|,

— U"r(f—l) T b*(i) o b(i,f)

(¢ )T ( >)Supp(w)n2
/—1 «(i i

< UL D0 el (6 = BEOY, oo

< VE[UTED |l o[ b2 — BEO .
Using equation [73] and equation [74] we have
) , . 1 1]
4 < 57— B0 o (VEUHED g o o) B0 g ).

Using equation equation [70] and equation [75] we have

1

1—¢ [ rlog(1/d80)
log(r /6
(I U QU e 4 o/ ELL) e )

O, < : {IIUW’” U QU Y EIQU) I fw -

; ; log (/4 log? (ro—1
1570 = B (VETHED |y + o ETL) rrreny ) 4 g [TIOE O

m

Using equation equation [71] and equation [75] we also have the sharper bound

) 1 _ _ )\ — i
IR0, < log(1/50) {”(UH@ D -0 ) T twr @
1 — ¢4/ 1208 7%)

(U0 — QU e 4 oy 8L yey )
m

; ; log(r/d log?(ré—1
M) By (VR o ey e ) 4 [TOE O

m

(72)

(76)
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Further note that 3, [(UHE-D —U*QU-1)(QU=1) ~tw*()||2:

=2 ((
1€

(U+(e 1 Q(Z—l))(Q(é—l))—lw*(i)>>

:ZTr( *(Z (U*“ 1) U*Q(Zfl))(Q(Zfl))fl>T'

U+(z 1) U*Q“ U)(Q“ 1)) *(,-))T.

((U+(e—1) B U*Q(Z—l))(Q(é—l))—l)W*(i))
= T((uren - U*Qw—l))(Qw—l))—l)T.
((U*“*l) _ U*Q(Zfl))(Q(“l))*) Z W*(i)(w*(i))T)

1€[t]

—

STF((U+(£71)—U*Q(4 D)(QU-D) 1)
)"

U+t _urQ-byQ-vy-t W@ (wrNT
( QEI)QE ) ) ) A (30 WO (w@)T)

€ [t]

_ _ - t
= [UFD - QU@ TP - -,

and 3, [(UHED)T(b*@ — bEO)|3

=33 ( (UW LT () _ bl >))2

i€t] j€lr]

= Z Z ( Z U;(Z—l,j)(b;(i) . b;(,i’é)))2

i€[t] jE[r]  pesupp(b*()

<k Z Z Z (U;r(ﬁfl7j))2(b;(i) . b;}i)g))2

i€[t] j€[r] pEsupp(b*(1)

<SkCY S Y (TR @ - pEOE

€] pesupp(b*(®)

= keI =BEOE Y Y (U

J€[r] pesupp(b*(9))
< kU [Fb*® — b2,

The above two equations with equation [77] imply

1 _ _ I
IO < —— ——{J U — QU el (V) /2t
1—¢ rlog(1/do) r

(U e=D — QU e 4oy B0 ey )
m

- o [los(r/6) 2
* *(4) _ p(i0) *(i) _ pi,f) +(0—1)
+ VRO = b9 oo + J > (ellbr® = b0 | [ZEEL Uy )

i€ [t]

rtlog?(rd—1) }

m

+ o
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Corollary 1. If BU(Z by = O(1W> /rlogg/(so _ ( ) V-1 (W) /T210g7£:/60) _ O(ﬁ)7
€ < \/PFAS, \/ ( ) N = (’)(\/ij;) and Assumption holds for iteration £ — 1, then w.p. 1 — O(dy)
hEO[, — O max{e,]w* D [2}B o1 ii oA w* @ s 0 0 rlog2(ré—1)

B9 = O ) + OV ) o AL) 4 0o/,

Ol £ 0% 0 B3 ) + 0 E1) + 0o P,
| ||F§O( ro(a /A ) +o( A /tA) + 0

Proof. The proof follows from plugging the various constant bounds of the lemma statement and Inductive
Assumption [4 in the expressions of Lemma [6}

ot

. 1 A
[P —{IIU“H) —U QU E(Q) [ w* D

| _ oy [rI08(1/50)
m

B o~ (0 log(r /6 _
(U0 — QU g + ¢/ UL pyveeny )

, , log(r/6 log®(ro—1
+ @ — b(z,i)“2(\/%||U+(€—1)H2,00 +e MHUHZ—UHF) g %} (80)
m m
v
- 1—¢ rlog(1/80)
m

/ *(% 1 0
(o) (s 3 0) P
+<c’ max{e, [|w*® 2} By /3 + A) (\/N—l) +e %ﬁ) + m/%}. (81)
Using A’ = O(ﬁ, / /A\—%), the above becomes

max{e, [w*@2}By /5
< .

- 1—¢c rlog(1/d0)

{ (Buu 1 +O<\1ﬁ A*) +c %) +c’( =1 4 ¢ w»
-i-l_cTllog(l/%){ZA/W*(Z ||2(BU<4 1 -l-@(\/:7 )\*> Ye %74/60»
+A< v=1 4 ¢ w>+a %W:é_l)} (82)

Further, using C\/% = O(1), Byu-1 = O(\/:?), =1 = O(\/:?), T210g7£:/50) = O(\/}?),

A < A7, r > 1 in the above, we get
2 —1
)+(’)( \ heelre ) )>. (83)

(T e B o i o s

TR rH*
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Similarly using the Inductive Assumption expressions from [4] we also have

IHO [ <

1 - ~ e [t
Ut QU @)y A
1—¢ rlog(1/d0) r

(U= U QU1 4 ¢y 2B 20) yce-y)
m

1€[t]

. . , , log(r/do) 2
* *(i) _ pi0) *(1) _ H(i,0) +(e—1)
+ VECU([r[b b oo +J > (ch b0l —— U IIF)

Y rtlog2(r6—1)} (84)

m

1 Ax / t., X , log(r/d0)
L. mg(l/[m{(Bu(zn\/);-l-A) 2\/;<BU<21>\/;{+A +c - \/77>

) A
/ *(1) il
+ \/kC\/F(c max{e, |[w ||2}BU</371)“ )\* + \/E)

log(r/5 i A rtlog? (rd—1
T/00) (e e, w <>||2}Bu<u>\/?T A)VEo[TREL (%)

As before, using the bound on A’, the above becomes
Bue-uy/ 3t [t /\* 1 A rlo
1 r g(T/JO)
< ———————124/ =N Byea @) —t
T oy /rlee1/50) { r ( vyt (\/m ) e m )
, 1 1
+ V/kCy/rd max{e, Hw*(l)||2}ﬁ + ¢y % -Vt max{e, \/u*)\i}}

1 [t / /\* 1 Ax log(r/do)
——— 2N/ =X By [ =+ O +c\| ————=/r
1—¢ rlog(1/80) { r ( U=y (\/77 ) m \/>)

log (/4 tlog?(ré—1
+/rCA + ey 22 r/ log(r/%) /o A+ o %(T)} (86)

Further, using cy/"%60/%) — 0(1), By, = O( ). VT = O ). /Eesln) — o( 1),
AL < AT, r>1and\/ ( *)intheabove,weget

B e JEar
< v 2bYs { ( n rlog 7“/(50 /\*
- _¢ /rlog(l/ﬁo) vty 181«/m A*

IN

1

—&-\;Emax{e,M}c’(\/?iT-&-c\/ﬂlOg;nW.)}
o oo >+ﬂ+o<r> S

zo(BU“:;L "N to A’\/ir W \/T“Ognid ))- (87)

O
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Corollary 2. If Assumptz'on and Corollary hold, and A" = (’)(, / :\\%)7 A=0(/Xx) and o4/ % =

O(\/X5) then, W) s incoherent w.p. probability 1 — O(dg) for 3¢ > 0, s.t.

WO < (24 ey fun (FOWTWS),
(1- c")\/A;(Z(W*)TW*) < \/)\T(:(W(@)TW(@> < (1 +c”)\/)\;(;(w*)TW*),

WO <1 +c">ﬁ\/A1(Z<W*>TW*),

2+ /!
V) = \ﬁ<(1+2c”)\/;7

Proof. Using Triangle Inequality, Assumption [d] and Corollary [I} we have

w2 < QW) w5 + RO

< w4 O<max{e, |W*(i)EZ}*BU<21> \/§> N O(W) N O(L)

n O(o rlogQ(ré—l))

m
-0 )+ () + () o)
< (24 s, (88)

for some ¢” > 0, where in the last two lines, we use the fact that e < /p*Ax, A’ = (9( i—i;), A= ( ,u*Ajﬁ) and
M = O(y/p*A%) and r, p* > 1. Using Lemmawith A =(Q V)"l and B = Z(W*)TW* we have

o2 (QU) 7 )A (FOWHTW) < 2, (@)1 (W) TW Q1)) (89)
Further, since Umin((Q(Z*I))*) = amin<((U*)TU+(Z*1))*1) > 1, we have V j € [r]

A (F W TW?) < 02, (@) Ty (F W) TW) (90)

Using equation [90] in equation [89] we get

IN

X (@) W TWH QD)) (1)
o2 (@) (w)T) (92)

\ (LW w)

IN

Now, since W*(Q(¢~ 1))_T WO L WH(QU=1)"T W Using Lemma|18 with A = W*(Q“~1)~T B =W®
and C = W*(Q“=1)=T - W we have

o, (W QU )T) = oy (W) | < W@ ) T - WO, (93)
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Using equation [92] and Corollary [I] in equation [93] we have
[ (G Twe) — 3y (FWE0) TWO) | < 2w ) T - W)
t

< \f|H“>|

t
< \/5IHOl

t

7 BU(Z*U% A Y 1 tA rtlog?(ré—1)
< VHo(mm) ro(wyinge) + 0 1) + 0(oy ) |

o(PUIVAY | (MY o A oy

- TU* T*

{03y v o) + () + (o 0
= 0(V/X), (94)

where in the last two steps we use 4/ ii <1, AN = O(,/%‘), A =0O(/A%) and o4/ W%_l) = O(y/ ). Note

that for j = r, the above implies for some >0
<C//\/A,( (»‘ ) vV )

‘\/ " w) Tw(é)) \//\:C(W*)TW*)

— (1- c”)\/)\:(Z(W*)TW*> < \/A,.(’t"(wwmww)) <q +c”)\//\;(Z(W*)TW*>. (95)

and for j =1,

o (Gwamw) < o (G oy o (o rwe)

— W@ <0 +c”>ﬁ\/A1(:<W*>TW*) (96)
- O(\/z\/Al(Z(W*)TW*)) (97)
O

Lemma 7. If [|[UY — U~(U)TUY| < [[UO - U*(U)TUO g < 2 then < |QW|| < 1.
Proof. Upper Bound:
1QYW| = (UH)TUW| < [ur|u®| <1,

since both U*, U® e R¥*" are orthonormal.

Lower Bound:
Now, let E := U® — U*(U*)TU® and Q = (U*)TU®. Then (UD)TE = I — ((U*)TUO)T(U")TUW® =
I-(Q®)TQ®. Then using Lemma |18 with A =I,B = (QY)TQ® and C = (UY)TE, we get that
a1, (I) = o((Q)TQY) < |(U)TE|| < UV |E|
— 1-03(Q"Y) < |[UY —Ur(U")TuY||

— 0,(QY) > \/1 —[U® — Us(Uun)TUO)|.

Therefore, [|[U®) — U*(U*)TUO| <2 = 0,(QY) > LV ke[r]. O
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Lemma 8. Let V =-L %" PIFE S ( () )TR® where both V,R(® € R". Then,

1 o2 ; dlog(rd/do)
F= n D,q F :
VIE<2) ) - Y R ) 416 RGO o
P q i

Proof. Notice that then for any (p,q) € [d] x [r], we have

Vi~ (ST 00 R

_mtzz JP lTR(Mq)
sz,p(g JR)

- T () X nt). o

wuFEp

p.q

Now, note that the random variable ( (-12)) joqz )is a (4(R(Z Z)) 4|R(1 o \) sub-exponential random variable.

Similarly, x () ()Rq(f(f) is a ( (Ru a ) V2 |RuZ Z)|) sub-exponential random variable. Therefore,

(4) i,0 (1) L (B) R (4,2
( JP) RZ(M]) + Z Xj,pxj,uRT(hq)
u:uFh

212 Y (RED), max (RG], max (VARGY)))

( uuFEp
-

4|REED|12 4| R4 ||Oo) sub-exponential random variable. (99)

Furthermore,
E[Vp.q]

_ Zz( [( )R<M>]+E > xOxORED| )

WUFEP
_ il
= @ZZ (Ri +0)
i
1 i 0
= L YR, (100)

Using equation [99] equation [100] and Lemma 23] in equation [0 gives

< ma (2[R0 | 2OE0) gy 208U/00)y, (101)

1 .
vV, — = E R0
| Pa P mt mt

i

€p,q
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Note that |V||2 = D2y V2 - Hence taking a union bound over all entries (p,q) € [d] x [r], we have

szpq—zz (( ZRM)) )
<2 (GRE) Sw T el
= zzp:zq: (% Z:R;(fq[)) + 8%:2 ||R(i¢’»fI)||%%

. dl d/é
Y Y (AT RED) 4 e pRee /) (102)
p q T

where we use that 2||R49) ||, 2log(rd/d0) 2|RGED | o 2log(rd/%) Hence, with probability at least 1 — &, we

mt mt
have

S 2 . dl d/o
IVIE < 2;; (% ;Rg’(f)) + 16||R(”Z)||E70g(mrt/ o) (103)
O
Lemma 9. Let
Avgrrg = — Z ( @, e) (i,é))T ® (X(i))TX(i))
ze[t]
_ - Z < @, /) witOT g (ixgi) (X§_i))T))
ze[t] j=1

s.t. A~ =E[A] + E where E is the error matriz due to perturbation. Then for vectors a,b € R™ we have

log(1/6
[aTEB| < el | 30 3 fwte 318 %)

m2t2
i€lt] j€[m]
Proof. We can rewrite the vectors a and b s.t. a' = [alag, cen T] and bT = [bI,b; .. ,bﬂ respectively

where each a;, b; € R?. Note that

E[A] = % 3 (WM (Wi T @ 1),

1€[t]

andaTAb:aT(iz:(w(M) (Zx (i) )))b

1€[t]

fZZZZ(WWWWW%

i€[t] j€[m] p€[r] g€r]

Z > (x (Z >l Oa, (b))l (104)

zE[t]JE[m 7] q€lr]
Furthermore,

( Z Z w(l Dl g)a bq)T) =Tr (aT (w(i’g) (W) T @ I) b)

p€E(r] q€[r]

—aT (WW (w@9)T @ I)b (105)
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and

17> wliOuwiDa, (b, le

pElr] g€lr]
=1( X wia )(Z Wb,
pE|r] q€(r]

=137 Wl Oay ol S wlOb, |2
p€E[r] q€(r]

< (3l llagla) (3 lw by
peE(r] q€lr]

<

> (w2 )(anqu)

q€(r]

s

= w3 lall:|lbll2-

Therefore, using equation equation and equation in Lemma [I6] we get

m2t2
1€[t] j€[m]

(A T X (T o) bf < J 33 Il ali bl

1€[t] jE€[m]

m2t2
i€lt] j€[m] !

log(1/d0)
— \ TEb‘ < cllal|> ||b|2¢2 Y IweO ="

Lemma 10. For some constant ¢ > 0 and for any iteration indexed by ¢ > 0, we have
[T -0 QU Ve

< 1

(106)

(107)

2 4 . . .
{210 QU (O WO+ 42 (max w0 ) b0 = b4,

) , . . ) dl d/é
+ (U QU IO Ol + b+C) — B w0]) o/ LB E/0)

mt
o9 o1 20/ dp* Axlog(2rdmt/dy)
— —1(2 44/1
+mt6 rdlog(rd)+mt( Vrd +4y/ ogrd)\/?—f— N },
10l
< 1

1>\T<%(W(£))TW(2)>_C\/Zie[t] > ieim w0 enw\/@ o (2 /_+4\/W>

oW WO+ \/E (mas w0 ) b — B0,

. . , . , dlog(rd/é
(0w O O 4+ 570 — B0 w0 L1080/ %0)

o9 20/ dp* Axlog(2rdmt/dy)
—6+/7dl d
+ 226/rdlog(rd) + = 3

% i rdlo S o
1/\7~(;(W(Z))TW(Z)>—C\/Zi€[t] > iepmy 1w mg% o1 (2\/ d+4v/Togrd )
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|a+®, v

:

: rdlo 19 o
( e Tt e IO T 2 (27 s Togra
X, <§(W(€))TW(£)>—C\/ZZE[t 5 e WO 3, /T 50) 2. (2 frdta/oETd >

Clor QU@ ) W)

r(%(W(Z))TW“))—c\/ZiG[t] el ]||W(z |4,/ HeEd/50) o <2 frdtd/TogTd )
4( i * (% i
{(\/]mgx w2 b — )

» - . . 4 dlog(rd /s
+ 4<||U*Q(H)HIIhW)IleWW)IIz 1B B e LB %)
m

<

+

rdlog(rd) + - (2v/rd + 4y/logrd) V7 + 20y d“w\l/(”%mmt/%) HHiR-Y

with probability at least 1 — O(dy).

Proof. Analysis of |[U®) — U*QU“~Vg:
Update step for U of the Algorithm without DP Noise for the £t iteration gives us

Z (XN TX OGO w0 (g ()T

1€[t]
_ Z(X(i))TX(i) (U*W*(i) + (b*® — b(i,l)))( GOYT 4 Z (XY T (w (BT
1€[t] 1€[t]
— Z(X(i))TX(i) (U(/f) _ U*Q(é—l))w(il) (W(M))T
€ [t]
= (x")TXO (U*(W*m — QUADw(E0) 4 (p(D) b(i,a)) (w(B0)T
i€[t]

n Z XY@ (wHOYT,

Using Lemma [22] the above can be written as:
Avec(UWY) = vec(V' + ),
and Avec(UY) —U*QUY) = vec(V + =), (108)

where

1 , . 4 .
— (60) (w (BT @O Tx @)
Avaxra = — > (WO (W) & (X)TXO)

1€[t]
1 ,
_ (Z,Z (zé (1,) (7,)
i 2 (v (ZX ")
i€ [t]
= L ST X TXO (0w — QU-Dw D) 4 (b0 — i) ) (wlEO)T
Vi = — 3 (XO)TXO (U (w ) = QU Dwl) 4 (b0 — b)) (w)
€ [t]
1 : ) )
— N Tx @ *QU—D 50 *(@) _ 60 (@ONT
mt%t)](X )TXO (= U QUTIRE + (b — b)) (w7,

1 3 ) ] ) : .
V2l><r = p Z(X(z))TX(z) (U*W*(z) + (b*(z) _ b(l’e))> (W(ll))T,

1€ [t]
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h(0) = wBh) — (QU-1)~1w*(), Q(-i) ~ N(0,0?) and Egy, = % Zie[t] (X Te@ (wt)T, Now introducing DP
noise we get:

)= 328 el )
= vec(U(e) — U*Q(Ll))
= (A + %>_1 (vec(V’ +2+ &) — (A + %)vec(U*Q(efl)D

mi
N
((vec(V’) - Avec(U*Q(Z_l))) + vec(%) - %vec(U*Q(e_l)) + vec(E))
= (A + %) B (vec(V) + Vec(lrjj) - %vec(U*Q“ 1))) + vec(E)), (109)

where

Ny ~ 01 MNaxrd(0, Lraxrd, Iraxrd),
Ny ~ 0o MNaxr (0, Laxd, Lrxr),
where M denotes the Matrix Normal Distribution. Note that equation [I09] gives:
||vec(U(Z) — U*Q(e_l) )2

Noy Ny 1
A + — vec(V) + vec(—) — —vec(U*QU¥Y) 4 vec(8)
H mt mt 9
U - ||F
N N
H (a+ 507 vte + | [52]| -+ | 0@t + 1. (110
First, with high probability, we will bound the following quantity
1 . . .
= - || = (YT ¢(@) (i (HONT
[l = || 3 (XO)TE w0
1€[t] 2.00

Condition on the vector £(). Notice that the random vector (X®)T¢(® is a d dimensional vectors where each
entry is 1ndependently generated accordmg to M (0 Hﬁ )|| Therefore for a fixed row indexed by s, we have £y
norm of the s™ row of L. Zie[t]( NTe® (wT 1s§01ng to be #HW(Z)’M |§(i)H2\/log(dr5*1). Hence, we
have that with probability 1 — dy (provided that m = Q(o?)),

1 3 (XO)Tel (wi0)T < 20/ A log(2rdmt [éo) (111)
i€lt] B vmt
2,00
and
1 3 (XO)TeW (wl0)T|| < QUmlog(Qrdmt/éo). (112)
i€(t] F B \/%

Now, We will analyse the two multiplicands separately.

1 — 4 4 4 i,0
E[V] = n Z (_ U*QUYh0 4 (b — p! l)))(w( T
i€lt]
2 Z ( QU= VR (wEBO)T 4 (=) b(i,z))(w(u))T)

1 . ) .
_ oy mOyTwe 4t *(0) _ 60 (w BN T
_tUQ HYTW +t%;](b b(&0) (w )T,
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Using Lemma |8 with R = ( — U QYD 4 (b — b(i’e))> (W) T we have with probability at least

1— 6
<223 (FERED) 0o
<2 zp: Zq: (; S (- UrQUIRED ¢ (1) b)) (W(u))T)z
PR

p,q
(i,0) ”'2: dlog(rd/%)

16|R
+16] -,

1 * — *( 7 % 2
<23 % > ( —UrQUIEO)TWO 4 3540 — b0 (w ,e>)T>p q
P q i ’
, 1
+ 16||R(z,€) ||'2:d Og(’l‘d/do)
mt

2

IN

p,q p,q

i

%ZZ (U*Q(t’—l)( O\ Tw ) )
p q

(3,0) 12 dlog(rd/do)
P

t2 ”U*Q(Z 1)(H(l) TW(Z ”2 ZZZ b*( b(z£ ( gi,[))Z

%ZZ (Z (b — b(il))(w(i,é))T)

+16|R

| /\

) dl d/d
16RO OB/ %)
4 - 4 i *(i i, i dlog(rd/do)
< SIUTQUDE) TW 2 4 ¢ (max w0 [3)[b*D — b0 + 16| R0 [ 500

2 4 , ‘ .
= [V]r < 10U QUVHO)TW e + é(mgx lw 9 ]|2) [ — bO]

. dl d/é
+4||R(Z,Z)||F M (113)
mit
Since R(W) = —U*QU~Dn(0 (W(i’e))T + (b*® — b)) (WD) T we have
||R i, E)HF _ || (E 1)h(z 2)( (i,Z))T + (b*(z) _ b(i,[))(w(i,é))T”F
10 QU )T} 1 () T
< ||U*Q(Z_1)||||h(i’z)\|2||w(i’£)||2 + [ @ = bUO I wOy (114)
Using equation in equation gives
2 Ty (=1) (p1 (O T (©) 4¢ (i,0) w(@) (i)
IVl < 20 QU EO) WO e 41/ (e w0 1) [*0 — B,
) ) . . . dl d/é
(10" QU OO + 0% — B e, )y L)y
Now, let V £ {v € R"|||v|l2 = 1}. Then for € < 1, there exists an e-net, N. C V, of size (1 + 2/¢)™® w.r.t the
Euclidean norm, i.e. Vv eV, 3v/ € N, s.it. ||[v—v'|2 < e. Now consider any vI = [v],v],...,v]] € N. where

each v; € R%. Then using Lemma@ with a = b = v, we get:

M X X (W oren)e < 3 3 o

i€lt] j€[m] i€[t] j€[m]
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—— [1og(INI/%)
— VBV <e |33 [ g/ 2250

242
i€[t] j€[m)] m=t
, log((1+ 2/€)™/6,
> ||W(M)||‘21\/ og(( +2/€) /%) yyen, (116)
m2t2
i€[t] j€[m)]

w.p. 1—6) where E£ A — L Diel 2ojelml (w(i’é)(w(i’é))TQ@I). Since E is symmetric, therefore ||E|| = (v/)TEv/
where v/ € V is the largest eigenvector of E. Further, 3 v € N, s.t. ||[v/ — v|| <e. This implies:
IE|=(V)TEV = (v —v)TEv+ (V)TE(v —v) + v Ev
< V' = vIlIE[IvI + IVIIEV = v + v Ev
< 2e||E|| +v'Ev

= [|E[ <

— (117)

Using equation and equation and setting € < 1/4 and ¢ + 2c¢4/log(9) then gives:

IB] < e Z Z Jwti) |3,/ 4108 /%0) (118)

2t2
m]

Using equation then gives

Al Zm‘jn( Z Z (w(lZ (wNT & ) ) Z Z w0 |4 ’“dl‘;i(;/(;o)

i€ft] jelm]
1 00) (il rdlog(1/do)
EAT(%Z Z w(B0 (w )T ) Z Z w04 o
i€[t] j€[m] i€ft] je[m]
1. /r rdlog(1/do) )
> A (FOWO)TWO) e Z Z IwiOl3y =

Next, note that the matrix N/mt can be written as N (0, I,4xrq¢) where a = U—lt Therefore, with probability at

least 1 — (rd)~%, the minimum eigenvalue of the matrix is at least — 272/ 087d logr . Further we have using standard
gaussian concentration inequalities,

N1 g1
< Z (9
‘ — = (2 rd+4\/logrd), (119)
N2 g9
2| <« 22
‘ —2|| < 2 (Vad+vr+4y/logrd), (120)
N2 g9
—|| = —=|N
‘mt th 2llF
§ E E 2log((rd)??)
i€ld] jE[r]
:%6 rdlog(rd). (121)

Hence, the minimum eigenvalue of the matrix A + % is bounded from below by

Amin (A + %) > 1A,r(f(vv@)Tw(f)) (122)

Z Z WO rlegQ(;/tso) 1t (2\/7fd+4m>' (123)

m]
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(ae2)”

Ny

~1)~! is bounded from above by,

Therefore, the maximum eigenvalue of (A +

1
< .
I (FWOTWO) — o /57y T w0 31/ 18020 — 2 (27 + 4y/Tog d)

(124)

Using equation [115] equation [124] equation [119} equation [120} equation and equation [112]in equation {110
gives U —U*QU~ V|

1

<
o r i rdl 3 o
A (FOWOTWO ) — /7y Eyep WOy 5 — 2 (2/rd + 4y Iogrd)

2 4 . ) )
{gHU*Q(Zfl)(H(Z))Tw(l)||F + \/?(max ||W(z,5)||2)||b*(z) _ b(z,Z)H2

) . ) X . dl d/d
([0 QUD IR o + o) — b a0 )| OB A%0)
09 o1 20\/dp* A% log(2rdmt /8))
+ %6 rdlog(rd) + %(2\/7’7d+4\/10g7’d)\/7:+ NG } (125)

Analysis of ||U(£)||F:
The analysis will follow along similar lines as in the previous section except that we will now have:

vec(UW) = (A + %) vec(V' + % + E) (126)

where

1 _ , . ,
S (60) (g (LN T N Tx (@)
Araxra= — %;} (w0 (w0 & (XO)TX )

1 _ , LIS
= (@:0) (o (N T () (T
- omt (W (W) ®(ij (Xj ) ))7
1€[t] j=1
1 , , , , , ,
vV, = — E :(X(l))TX(z) <U*W*(z) + (b — b(z,é)))(w(z,é))T_

1€[t]

i.e. we have the term —U*QU¢~Dh(4) replaced by U*w*(). The above gives:

—1

N N
lvec(U®|, < H (A n 71) vec(v’ y 2y s)
mt mt

2
Ny -t! N
= 00l < | (a+ 52) 7| (v + || 52|+ 1), (127
mt mt ||e
We can compute the above following similar lines as before.
E [V/] — % Z (U*W*(z) + (b*(z) _ b(z,ﬁ))) (W(i,é))T
1€[t]
_1 3 (U*W*(i)(w(i,l))T + (b — b(i,é))(w(i,é))T)
t
i€[t]

Ll e T L W) (D (e (B ONT
= U (W)W +t%;](b — b)) (wlENT,
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Using Lemma 8 with R0 = (U*W*(i) + (b*() — b(i’e))) (W) T | we have with probability at least 1 — dg
2.2V,
P g
i i, dlog(rd/5 )
<233 (3 ZR”) + 16RO 2 .
P g
i i i i 2 i dlog(rd/do)
<9 ZZ (Z Z (U*W*< ) 4 (b _ ,e))> (w' ,e>)T) + 16| R x)Hgi/O

Pq mi

* i i i 2 i dlog(rd/do)
< 222 (U* (WHTW® +Z b*(0) — h0)(w f))T)p + 16RO RS0

)

< > ZZ (U* (W) TW(e)) > ZZ (Z _ b(i,@))(w(i,z))T>

2

p,q
+ +16||R(i,€)||2leg(rd/(SO)
F mt
- ; dlog(rd/do)

< U* W* TW 0) 112 b* _ zé) (2,€)\2 16 R(Z7Z) 2
< U I+ ZZZ P(w0) 4+ 16RO 2T

S T i *(i i i dlog(rd/do)
< U (WHTWIO R 4 S cma w)3) o — bEO |3 4 16RO 90),

2, 4 i i i
— IVl < 21U W WO 445 O ) 5O — b,

dlog(rd/do)
mt '

Since R = Urw*) (wHO)T 4 (b*(®) — bEO) (W) T wwe have

T+ 4RO (128)

HR(z,Z)HF _ HU*W*(z) (w(i,f))T + (b*(z) . b(i,é))(w(i,é))T”F
< U w O (W) Tl + | (b — b)) (w9 ||
< U w* O la[[w D5 + |67 = B |5 w0, (129)

Using equation [I29] in equation [I2§] gives

4< 7, * A
IV]le < ||U*(W*)TW I FHy+ — (max [[w () [b*® — b

dlog(rd/do)

+ 4O Ol [w O 2 + B+ = B o[ w 0| ) =22

Using equation equation and equation in equation gives [UY ||

. 1
D (5(WO)TWo) - e/ Tict Liepm WOl 2802 — 2 (2vrd + 4v/Togrd )

2 14 ) ) )
{gHU*(W*)TW(@HF + TC(mzaX ||W(1,€) ||2)||b*(z) _ b(z,f) ||2

dlog(rd/do)
mt

(130)

+ 40w O w0 3 + b = B w0

20/ dp* Xxlog(2rdmt /&) }
vmit

+ 7(77115 rdlog(rd) + (131)

Analysis of |A(UT® U*)|[g:
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[AUHO, T = |X - U U)HUTO
= min |[UTY - U*Q* [l
Q+

= UY — U (U U e |[R (132)
From equation [I09] we have:
vec(U®) —U*QU—Y) = (A + %)_1 (vec(V) + (vec(%) - %vec(U*Q“fl)»)
N1 -1
=(a+10)
1 , . o , , ,
(Vec(% Z(X(z))TX(z) ( U QIR 4 (b b(l,Z)))(W(l,z))T)
i€ [t]
+ (vec(%) - %vec(U*Q“‘”))).

Note that vec—1 (E [(A n %)—1\/%(% Zie[t] (X(i))Tx(i) ( — U*Q(Z—l)h(i,é)) (w(i,é))T):| ) =

vec™! (IE [A]"! vec(‘TIU*Q(Z’U(H(Z))TW“))) lies in the subspace parallel to U* and therefore does
not contribute to the distance |A(U®, U*)||¢. Subtracting this in equation we get [|A(UTE, UY)|

< |U® — QY + vec—l(E [A]_lvec(%U*Q“‘”(H“))TW(@)) IR~ (133)
_ Hvec(U“) - U*Q“*”) TE[A] vec(%U*Q“*l)(H“))TWW) 2| R (134)
= | (A + %)_1 (vec(V) + (vec(%) - %vec(U*Q“fl)))) (135)
+E[A] vee(SUTQUDEO)TWO )[R (136)
= R (a+ %)71 (vee(v) + vec(%) - %vec(U*Q“—l))) (137)

+ (A + %)]E A" vec(%U*Q“’l)(H(e))TW(Z)> HQ} (138)

C\/Zie[t] Zje[m] ([ w013 %w + 2L (2\/@ + 4+/log rd)
<{ .
r i rd lo. & o
%)\T(f(wu))TW(Z)) - C\/Zz'e[t] Zje[m] w03 % — L (2\/7’d+ 44/log rd)

2
(I Q@) TWO|e)

1
+ .

I (FOWEOTWO) — o /370 3y w0/ =180 20) — 25 (2/rd + 4y/TogTd)

{ (/7 (max w0 )b = b0, )

, , , , . dlog(rd/é
+ (U QU Ol [w Ol + b — bt )/ L)
o9 o1 20/ dp* Axlog(2rdmt/dy) =
— — (2 44/1 . 1
6 rdlog(rd) + mt( Vrd + 44/ ogrd)\/?—i- Tt }}HR | (139)

O
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Corollary 3. If Bye 1 = O(\/T) rlog(i/d0) _ (1), VD) = o(ﬁ) 2 log(r/00) _ O(\/}T)

< VI \JEE = 04, & = O(yfE), & = O(/R), o/FEEEED — o, /Pl
min{(’)(;{),(’)(}“{\:)}, %(2\/@ + 4\/logrd) = min{@(%),(’)(%)}, mt = Q(erM*(l + /\—1*)), ¢ =
Ot(p*A%)™Y), m = Q(c?r3/\%) and Assumption holds for iteration £ — 1, then, with probability 1 — O(do),

U — U QY |¢
3/2

B Ax ' A Iop)
= (’)(BU@,lM / )\*) +(’)(A Ny + t)\* rdlog(rd) +Z t)\* v rdlogrd
r3dp* log? (r6—1) r3log?(ré—1)
o P )

and HA(UW),U*) ’F

< O(IR™" By \K)

FO(IRT VA 4 &y cow frdlog(rd) + GE /rdTogrd + o (/P I oE i/ ) LY,

Proof. The proof follows from plugging the various constant bounds from the corollary statement and Inductive
Assumption [4] in the expressions of Lemma Note that, |[U® — U*Q“V||¢

1
Loy = e, 708G ay (51/rd + 4/Togrd)

2 * — 4< % * (% %
{10 QU EO)TWO e+ /5 mase w5 [+ — B

<

, . , dlog(rd/é
(0" QU B o Ol + o) — B a0 )| OB %0)
P o1 20\/dp* Axlog(2rdmt/do)
+ %6 rdlog(rd) + — (2\/@ + 44/log rd) VT + N } (140)

Using Assumption I for b9 and QU~Y terms, the fact that U* is orthonormal and elgenvalue ratios and
incoherence bounds for H® and W from Corollarles I and I, the above becomes, |[U®) — U*QU~V|

1
(

<
%)\r N CN)\T /rdlog 1/60) N

ﬂ<2\/@+4\/logﬁ).
t

{0 )+O(A’fm)+0(mff\)+0< 7))

4 [x
O A + O/ AL) - (C'W*A;Bw,n T A)
1
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L dlog(rd/éo)o(m)(o(max{fa|W*(i)||2}BUw—1>\/¥> +O(A/HW*<1')||2>

mt TI* (T

A rlog?(ré—1) , «(0) PN
+O(W)+O<a T)+cmau<{e,||w 2} By )\—T+A)

o2 o1 20/ dp* Ax log(2rdmt/do)
+ 6 rdlog(rd) + %<2\/r7d+4\/1ogrd)\/?+ N }

where J; denotes the terms which arise from analysing the problem in the noiseless setting and J> denotes the
contribution of noise terms (o1, 09,0, A, A’). We will analyse both separately. Note that J;

1
Iy, — & C* Ap r3dlog(1/d0) A X
r 2\

R Bl — 2. 52, mZ})\: (2\/ rd + 4+/log Td)

{g ) O(BU(ZD;\%\/K
t

VrpF \/tuw +0 \[ VIFEAE A/ A5 Bye- 1”’»)

[Tontrdloy max{e,[|w* D 238 -1y | 3F , _
+O< dlogfgf/(so), /M*)‘:'( WU AT -|-max{6, ||W*(Z)H2}BU(E*1) /i_,%))}

Using Bye—n = O —2= ), \x < A%, r > 1,u* > 1, the bracketed expression in the above simplifies to
g By i r 1

B BU(2—1) \/ij%
- cu* r3d1 K} AX
A #L ;Lr,\ \/m /\T 3. th* (2\/>+4\/W)

\[*/\* /dlogrd/60 W ))
r3dlog(1/d0)

Further, using |/ ——2-202 = O(u )y o (2\/ + 4y/logrd ) O(Ay), TZTC = O(%), and eigenvalue and

incoherence ratios from Corollary [2]in the above, we have

3=

*

Ji= BTU:Z;Q)A;; o :m +1)
= 0(Byu- Ai) (142)

Similarly, we have J

=

. * r3d lo, [ AL
/\rfﬂidr/\ \/mi%.f.m”)\*(Q\/i+4\/W)

2 rtlog (ro—1 * .
oy T f N ) OV
C)(\/g \/M*—)\?A> —i—O( /dloggf/éo)\/ll*—X;(A |IW*(*>H2 LA 1}“*0 /r10g2g5—1)>>

o2 20/ dp* Axlog(2rdmt/dp)
+ 6 rdlog(rd)+—<2r+4\/logr >\f+ — }

T (2\/ + 4+/log rd) = O(\}), eigenvalue and incoherence ratios from

Corollary I for the denominator term and \/ ( ) A < AT, > 1, > 1 for the bracketed terms in the

mt

Now, using y/ —1ee(l/%) _ O(ﬂi)
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above, we get Jo

_ 1 ;A r3p* log?(ro—1) \F —
_1—0(1){O<A+\/§+” Y ) +o( N VIENA)
r2dlog(rd/dg) A’ o rlog?(ré—1)
+ O( mt \/7( \/> A /rﬂ*)\: ))
oor 207/dp* A log(2rdmt /&)
+ o 6V/rdloglrd) (2\F+4\/1ogr Wi+ T by

Rearranging the terms in above gives

—o({n(1+ r2dlog(rd/bo) \/’7)+A +\/§er TQdIOi(L:d/(So) ¢\/;;:*)

mt T
+ Ut/\* rdlog(rd) + tl;* <m+ \/logml)\ﬂ7
r3log?(ré—1) + r2dlog(rd/do) =~ 1 rlog2(7"5—1) T4/ dp* Ay log(2rdmt/do)
i mAx mt /r A% m VmiAx
(144)
Substituting mt = Q(dr2pu*(1 + L), (= O(t(p*A%)™1), we have that
J—(’)(A’—I— A9 rdiogird) + 2 /2\/d1 d
2= e i Vrdloelrd) £ e Vrdlog
r3dp* log? (r6—1) r3log?(ré—1)
. 14
R o

Using equation equation in equation m gives us the required norm bound for |[U®) — U*QU~V||.

Similarly, we can simplify the following HA(U"’(‘}), U~*) ’ ’F bound expression from the Lemma statement.

rdlog(1/d0) o1
CUA\ —— 7 + L 2v/rd + 4y/Tog rd 9
t d ) (I QU= @) TW )

DA — e/ BRI 2 (5/7d 1 4/ Tog )
N 1

L — e, /7.d1o§$/5o) _ %<2\/fd+4m)

4 ) . )

{2 (s w0 ) o0 — BEO )

AT QIR 2w Oz + B — BEO w01, )

<

dlog(rd/do)
mi

20+ /dp*Xxlog(2rdmt/
0—2256 rdlog(rd) + %(QVTd+4\/logrd)ﬁ+ o/ Ay log(2rdms/ O)}}||R_1|| (146)
m m

$

2l as well as H® and W bounds

Using the stated bounds on 4/ %, pre (2\/ + 4+/log rd ) Corollary
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from Corollaries [I] and [2] in the above, we have

< IR 1{ 250 5 - 20 ((Bw

\/W\/7 \/m tu*/\* WAL
(V2% 00 (¢ e o B \E oy

(@) Ax )
1 /6 max{e, [[W* |2} Bye-14/5F A/ wr@
dlog(rd/do) SO(V ;) - O( i Al

mt T* T*

A rlog?(ré—1) ; Ax
t et S maxfe, w05} Byie-n AT{JFA)

o9 o1 20/ dp* Axlog(2rdmt/dy)
+ 6 rdlog(rd) + %(2\/ﬁ+4\/10grd)\/?+ Tt }} (147)

=Ji+J; (148)

where as before, J{ denotes the terms which arise from analysing the problem in the noiseless setting and J}
denotes the contribution of noise terms (o1, 02,0, A, A’). Analysing both the terms separately, we have Jj

2 BU([ 1) >\* L)\
1Sy

NG )\[O(\/ H*AY)

) A*
+0(+) {\f O(V/oXp) - masxfe, w2 }Bycn [ 55

M O(\/W).O(max{e w2 }BU(“—I)ﬁ)}}

mt
72 r2dlog(rd/do)
OB By |55+ {5 \/g—/
- /)\
ZO(HR "By /\*), (150)
1

where in the last two steps we use the fact that AX < A7, r > 1,u* > 1, \/ (%) and 4/ w = (’)(#—1*)

Similarly we have J}

= R {0 20(y/ DA L [a o[ oy

+o<£>-{ o

- IR {005

3

(149)

dlog(rd/dy)

mt

— A/”W*(i)||2 A ’I“lOgQ(’r5_1)
L O(/n AT)(9< Tt O - +A>

o9 o1 20/ dp* Ak log(2rdmt/do)
— — (2 44/1 .
+mt6 rdlog(rd)—i—mt( Vird 4 44/ ogrd)\ﬁ—i— — }}
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Rearranging the terms in above gives

- o(Ir" lu{A/(F ridlog(rd/fy). Jf;f?)

2 *\* *\*
+A(%+ /%. \/;;* ; Jr\/dlog?(??;;l/%) \/;;* - (1+ :M))

o9
+ t)\* rdlog(rd) + )\* (\ﬁJr Vlogr )

*)\* 1
/rlog r(5 [ dlog( rd/50 rlog \flog 2rdmt/60))})' (151)

Assuming mt = Q(dr2p*(1 + L)), mt = Q( VAdf max(o14/T, O'Q)), m = Q(o2r3/X\%), we have the above as

(HR 1“{1\ VA + 4 + nfff* rdlog(rd) + QZﬁx/rdlog rd + 0'(\/7"3d;u loqii()\idmt/éo))})
Using equation |150| and equation [152in equation m gives us the required bound for |[|A(U*®), U*)||.. O

Corollary 4 If 1 < 0mim(QUD) < 00 (QUEY) < 1, %(%6 rdlog(rd) + 2 (Z\ﬁ+4\/logr >\f+

AY *A*\;EQT’dmt/éo ) = O(1) then R is invertible and |R7|| <2+ ¢” and ||[R|| < 14 ¢ for some ¢ > 0 w.p.

— O(5y).

Proof. ¥V z € R", we have:
[UTORz|, = UV
il al-1) 1 “1 e (LoD (O TW©
= U*Q“Vz — vec (E[A] vec(zU Q- V(M)W ))

+ (U(Z) —U*QY Y 4 vec? (E [A]! vec(%U*Q(Z_l)(H(Z))TW(@)))z (153)

2

Using equation we have:

min ||U+(€ Rz||;

llz]l2=

> min =1 /27 QU D) T(U) T QI Dz — vec™ (E[A] " vec(JUQE-D(HE)TW® ) )|

1
I~ U QY 4 vec ! (E[A] ™ vec(EU*Q“_”(H(Z))TW“))) I

> min \/ZT(Q(K_l))TQ(e_l)Z— [vec™! (E (Al VeC<1U*Q([71)(H(£))TW(@>)||F
llzll2=1

* — — ].
- ||U(Z) - U Q(e D vec ( vec(g Q(e 1) )TW(Z )) Ile
> 0min(QUTY) — |[E[A] |||| U* “DED)TWO |
1
— U —urQt-h +vec—1( |7 vee(FUTQUIEO)TWO) ) e
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Using the bounds from Corollary [I] and [3] and Inductive Assumption [4]in the above we get,

1 e (Bu(l’ 1) )\* t>\ * ’rlog 7”5
2 a \/r,u

A o9
— O Byw-1 N+ dl d
O( ue ’\/)\*+ et g Ve )

3du* log?
m MENS

Rearranging the terms in the above gives

";;* rdlog(rd) + Jlr\/j\/rdlog rd

12 log?(rd—1) r3dp* log? (rdmt /8y) 3 log?(rd—1)
te \/ \/ /\*\/ MAS +\/ MNE + mAX ))

where ¢’ > 0 Here, we need to use that A’ < 1073, A < 1073u*\%, mt = Q(max (o2, 01/7)y/rdlogd/\5) and
mt = Q(a?dr3u* /%), m = Q(a?r3/\5).

Similarly, using equation [I53] we also have:

> (155)

w\»—‘

max [UTORz|,
=1

< max \/ZT(Q(Z—l))T(U*)TU*Q(Z—l)Z+ Hvec_l(IE [A]—lVec(%U*Q(Z—l)(H(Z))TW(E))>||

~ zll=1
+||U(e)fU*Q(Z*I)Jrvec*l(IE[A]_ vec( U QU DO TW¢ ))H
< max \/ZT(Q(E*U)TQ(Z*UZJrHvecfl (IE (A" vec( U*Q(efl)(H(z))TW(Z»)HF
llzll2=1

+][U® — QY —vec_l(E[A]_ vec( U Q- U(H(“)TW(@))HF

_ ol -
< 0nax(QU) + [E[A] 7[5 U QUTVHO)TWO e

_ 1
F[0O - Ut QU 4 vec (E[A] vee ([ UMQUTD (HO)TW ) ) .

Directly using the bounds of ||E[A}71||||%U*Q(Z*1)(H(Z))TW“)||F and |[U® — U*QU¥H +
ec™! ]E[A]_lvec(%U*Q“’”(H“))TW(D))||F from the previous calculations as well inductive Assump-

tion [4, we get

max [UTORaz]z <1+

= |IR| < hax |Rz|2 = max [UtORaz|, <1+ (156)
zl||2=1 z|lo=1

Bounds equation [I55] and equation [I56] complete the proof.
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Lemma 11.

1 1 - i
U o0 < 0" a5 D2 (FOWEOTWE ) w O (wl0)T]
1€[t]

. . log(1/6
e[l (S WOy TWO) 0T e [ OB 00)

. . . —1
+ Cmax 67D = B0 [w ) | (W) TWE )

. . , log(1/4
+e|(= W(é))TW(Z) ||F|\b*(’) — b ||y [|w 0 log(1/8o)
mt

202 lOg(’I"d/(S()) /T i 20 4 /M*A:j;i(frdmt/5o) r
Ar (%(W“»TW@) " Ar (%(W“»TW“))

; rdlog(rd/dp)
Vi(ey/Cictg Tiepm IWEO I8y 25045 1 2 (2V/rd + 21/2rdlog 2’"d/50))

D (5 (WioyTwo)
4 )
(210 (W WO e+ 2 e o 0 ) 0 — 15

i i i i ; dlog(rd/d
FA(10 O w0l + 56— B0, )/ LD/ 0)

+

o9 20/ dp* Axlog(2rdmt/do)
—=6+/rdlog(rd
+ mt6 rdlog(rd) + N }

and [U® —U*QU= |5 o

1 L v OVTWO ) 10 (0 (0T
=Y (WO TWE) RO (wO)T,
1€[t]

, , log(1/6
el U (WO TWE) 0 ()T [ 2L 0)

. . . —1
o+ C(maux 57— B o w2 [ (W) TWE)

) o [10a(1/60)
el (FOWOTWO) e [br0  B0  a60 /2EL00)

mt
209 2 d - 2log(2r2d? /s
+ =~ log(rd/60) - rvr | rPony/rd 2log(2r2d? /6
)\T(%(W(Z))TW(K)> mtAT(%W(é))Tw(Z))
20 \/p*\x log(2rdmt /8o) r
+ =
mt A (FWO)TWO)
V(g S ey WO 2GR + 22 (2v/rd + 22 dlog(2rd]50)) )
+ .
;/\r<?(W(f))Tw(Z))

{210 QU 0O WO+ 2 im0 ) b — 00
dlog(rd/do)

+ 4 ([T QDI w0 + [ — B w0y ) | B

o9 o1 20\/du* Ax log(2rdmt/do)
+ 22 6\/rdlog(rd) + %<2m+4\/logrd)ﬁ+ N }

w.p. 1 —0O(d)
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Proof. Recall that

N;\ 1 N
0y — rg 2L 2 =
vec(UW) (A + mt) vec(V + - + _.) (157)
A
where
l _ 1 (i,0) (2,0)\T ()\T~ (2)
Ardxrd*ﬁZ(W (W ) ®(X )X )
i€ [t]
1 ) _ moo )
= (i,0) (i,0\T () f L (ONT
= 2 (WO T (K 6)T) ).
i€ [t] j=1
1 . . ) . . )
Vi = — 3 (x@)Tx® (U*W*m + (b — b(z,a))(w(z,e))r
i€ [t]
Note that
1 ) )
E[A] = > (W(M)(W(”@)T ® I) +0
1€[t]
1

Let C:=E[A]"" and A’ = I+ E. Then, we have:

ICl2 = IE[A] " |2
1
,\min(% A(WOYTWO) @ 1)
1
1y (z(ww))Tw(é))'
ro T\t

<

< (159)

and

I
Q
+

(¢
L
=

—

Q
=
+

Q
z
~—
S
Q

since ||CE| < 1. Now, let Z £ {z € R"|||z||z = 1}. Then for ¢ < 1, there exists an enet, N. C Z, of
size (1 + 2/€)™ w.r.t the Euclidean norm, i.e. Vz € Z, 32’ € N, s.t. ||z — 2z'||2 < e. We will now bound

‘ (CE + CNI)ZH V z € Z. Now consider any z' = [z],z},...,2]| € N, where each z; € R?. Then for s-th

mt »er
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standard basis vector e; € R™, we have using Lemma |§|

4 log(1/d0)
el CEz| < c|CTe,2llzl2 | > Y (w0320

S

2t2
i€[t] j€[m]
(00 4log(1/d0)
<elCls |32 D0 IwensE S he (160)
i€[t] j€[m]
CN N
and |e Lz e5||2|\ﬁ1||2HZH2

< ||C||2%(2\@+ 2\/210g(1/50)).

= HC(E—i— %)z

SJIAE Z Z T S L A EN e NP ITeteTRATED ) )

sucuz(c@iaﬂzﬁ[ml w0/ 1022000 v (2 /rd + \/2Tog(3(T + 2/6)72/00) ) ).

Further, 3z € N, s.t. ||2'—z|}s < e. This implies that setting e < 1/4 and ¢ < 2¢+/Tog(9) gives HC(E + %)z’

< C(E—l—%)(z—z/) ‘OO—&—HC(E-FIP:“IJZ
< C(E—i—%)(z—z’) 2+HC(E+:E)Z
< C(E+%) . +HC(E+1:;)zH

1 : rdlog(rd/é o
<lcl- ;- (c 3% wo #—Fﬁ;@\/ﬁ—i—%/rdlog(rd/éo)))

i€[t] j€[m]

+1Cla (e 323 el rAIBA/00) L (o /rd + 4/rlon(rd )

<lICla(e, [3° 3 Iwlos leoggzgl/m + 2 (2vrd + 4y/rdlog(rd]5y)) ). (161)

i€lt] je[m]

with probability at least 1 — dy where we use equation equation and the fact that [[MN]|z < || M]||2]|N||2.
Hence, with probability at least 1 —O(dg), we have ||CE||, and ||CEz||_ for all z € Z. Therefore, let us condition

on these events in order to prove the next steps. We will now show an upper bound on HA’lvec (V’ + &)‘

mt
Note that HAflvec<V’ + % + E)

oo

Ng ad CN1 p NQ
‘ =)+ (-1 (CE ) ( g2 E)
Cvec(V + - + >+p_1( ) (C + - Cvec( V' + p— +
N - CNy\? N
< HCvec(V'-i— ‘= H + E (CE+ 1) Cvec(V’—i—J—l- )H . (162)
mt 0o p1 mt mt oo
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P
We have with probability at least 1 — dy, Z;il H(CE + %) vec (V’ 4 % + E) H

oo

=55 || (CE+ <) H(CE+ Cnlil)p_lvec<V' +X% 4+ 5)

p=1 p—1
2 H(CE+CN1> vec( Noi=
( on; Yo N
p— CE+ ml) vec(V +X2 +E>
S ‘(CE—i—(ﬁl) vee(V'+ 22 @) || [|(CE+ %) VA t
2 H CE+CN1) vec(V’—i—%—i—E)
210
o] -1
< CE + SOl vec (V' + N, + E)
— mt mt 9
, rdlog(rd/é o
ICl (e /> S w4 %—I—é@ﬂ—i—%/rdlog(m/éo))) (163)
i€[t] j€[m]
i (C\/Zie[t] Y I[W 0O |44/ LG/ 00) 4 o1 (2r+4v10g7“ )>
<
= L (HWO)TW)
|C||2(C Z Z ||W 'Lf)H4 Td10g2(t12/50)
i€[t] j€[m]
o ST N
n (2\/7d+2 27“d10g(2/50)>> vec(v + 2 +H) 2
= r3dlog(rd/dy) , o1 p—1
< 3
< ; ( - +c ——. AT dlog(rd/éo))
||c||2(c 33 weo Td10g2(t12/50)
i€[t] j€[m]
ot / & =
+ p— (2\/E+ 2\/2rdlog(2/50))> vec(V + — + ._-> ) (164)

where in equation @ we use equation [I6I] and in equation [I64] the fact that mt =
Q(max{r3dlog(rd/d), $tv/r3dlog(rd/do)}). By taking a union bound we must have with probability at least

1 — do, ple(CE+—CW§1) vec(V’ %4—:)“%

= 0(IClla(e, [ 3 Iwoyy/ L1 0) 4 21 (5

2t2
i€[t] j€[m]

+2y/2rdlog(2/5) ) )

vec (V’ + No + E)
mt

). (165)

2

Using the above and equation in equation we have HA‘lvec (V' + %) H
(oo}

N, _ , rdlog(1/do)
< l[Cvec( V! + =22 ) oo +[[Cll2 (e [> 7 WO/ =522

242
iclt] jelm) met

+%(2\/ﬁ+2¢m))

N
vec (V’ + 24 E)
mt

2
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N
< HCvec(V' + 2 E)
mit

‘ o0

( i) Sgem WOl EGl%) 2y (23/rd + 20/2rdTog(rd]o0) )

1y, ( (WO)TWE ))

HV’++H (166)
F
Similarly, we also have the following bound |[U®)||3 o, = Hvec’1 (Aflvec (V’ + My E)) ’ ’2
N
< vecfl(Cvec(V’+—i+E>)
m 2,00
, 5 .
V(e Tietn Zepm WOD 3y “8eL00) 4 24 (23/rd + 2/ 2rdlog(2rd]50) ) )
1), (g(ww))Tww))
HV’++_ (167)
t F
Now Cvec(V')
1 -1 1 . . . . . ,
_ (Lrwoyrwo 1 T (T w*@ 4 (b — bEOY) (w &) T
(t(w W ®I) vec(mt;[t](x )TX (Uw + (@ — b ))(w ))
-1
- (v or)
€ TR O @ (g (BO) T YT 5+ _ B0 ()T
mt%(vec((x TXOUw D (w ))+vec((X )TXO (b*D — b0 (w )))
-1
:(G(W(@)TW“)) 1)
it ((w*(z) (w(i,é))T ® (X(z))TX(z)>VeC(U*)
m
1€[t]
VTR 5+ _ B0 (g BO)T
+vec (XX (b b0 (wlE0)
1 1 -1 N . .
1 L woyTwo (WD (@ )T (N Tx () .
— Em((t(w )W ) ®I) <W (W) e (X)X )vec(U)
-1 ) ) . . .
L L ((E(Wm)TW(@) @I)Vec((x<z>)TX(z>(b*<z>_bu,e))(wu,e))T)
mt i t
1 1 S . .
- = ((,(Ww))TW(e)) W*(Z)(w(”e))T(X)(X(’))TX(Z))vec(U*)
mt - t
i€[t]
vec(V))
1 1 -1 . o , ,
1 Lwoyrw© YT B+ _ 160 (g ()T
+mt§t]((t(w W ) ®I)vec((X TXO (b*0) — ) (wliD) ) (168)

vec(V})

Analysis for vec(V}):
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) -1 , ,
Let J(:0) .= (%(W(é))TW(€)> w*( (w(0)T. Then we can rewrite V as,

L (i,0) (DT~ () "
vec(V!) = th(J ® (X)X )vec(U) (169)
1€[t]
— V= — Z XONTXOU*(JENT (170)
Y (¢,0) *
— E[vec(V})] (7f ZJ ®I)vec(U ), (171)
1€[t]
/ e @0\ "
<:>E[V1]:U(¥ZJ : ) (172)
1€[t]
/ e @O\ "
= [EIVi] e = 107 (5 3 340) floe
1€[t]
—maXIIU*H - ZJ(”)Ilz
1€[t
< IIU*Ilz,ooH; > 360, (173)
1€[t]

Now consider the s-th standard basis vector e, € R™ s.t. s falls under the ¢*-th fragment (g € [r]), i.e. ¥ a € R™,

aj
0] ...,[0...,1...0],...0" | |~
if we write denote a' = [a{, al ..., ar] where each a; € R?, then ela = l ! [_,_l ag | =
q*
a,
[0...,1,...0] ag» = vec(a),. Then following along similar lines of Lemma @ we have

1 , ) .
T N — al (i,2) ()\T~(2) *
e,vec(V]) = e, — é[t] (J ® (X")'X )vec(l] )

= —Z Z Z Z (J ] (Z)) )vec(U*)q

i€t] j€[m] pe[r] q€r]

=YY (X vec(U) ] ) (17

i€t] j€[m] p€[r] q€[r]

and

133 JOvec(U) el lle = 1| Y I vec(U) ey [Ir

p€Elr] g€lr] pE(r]

= 11> I vec (U, [ lle. |12

pElr]

<1 175 vec(U), |2 (175)

pElr]

ng (I502) (X Ivec(), )

peE(r] peElr]

= [[ 3@ 2 vec(U) 2
= [[3CE o[ U (176)
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Thus, using equation and equation in Lemma [I6] we have

e;r(vec(v;) E [vec(V?)] )‘ 33 3Gt 2 U 2282/ %) (177)

2t2
i€[t] j€[m]

Now, note that
Vi —E[Vi]ll2,0c = max|[|(V}), —E[V1], 2
p€E(d]
:max\/2| p,q ‘/Yl]pq|

= max Z leT (vec(V]) — E [vec(V4]|?
p€(d] _
s={(¢g—1)d+p:q€[r]}

”2 1Og(1/50)>2
Fom2e2 ’

| S ([T e

s={(g—1)d+p:qe[r]} i€[t] je[m]

where in the last step we use equation Now note that as per the notation discussed above, s = (¢ — 1)d + p
lies in the ¢-th (= ¢*) segment. Since ¢ € [r], therefore summation over s is equivalent to summation over ¢* € [r].
Using this fact, the above becomes:

log(1/d0)
IV B[Vl <max | 30 (230 7 At um =2 552)

PEUI gty iem setm)

<maxc||U I Z Z Z | J Gt |2 1og(1/50)

2t2
peld g-elr] i€l jelm] m

22
i€lt] je[m] !

Therefore, using equation [I73]in the above, we have

Vill2.00 < [IE V1]

I Z Z 36012 log(igo)
iclt) jeim) "

. i . log(1/d0)
<|U ||2c>o||*§:J Mo+ ellU* e D) 3602 — 2

i€[t] i€[t] j€[m]
* 1 1 - i
< U ||2’OO||¥ Z <¥(W(€))TW(€)) w*@ (w0,
i€[t]
* 1 *(7 7 10g(1/(5 )
[ U e (3 OWOYTWO) w0 (6T F2EL20) (179)

Analysis for vec(VY}):
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. -1
Let LG i= (HWO)TWO) " Then,

vec(V) = it (LW) ® 1) vec((xm)Tx@ (b*() — b(i’e))(w(i’e))T) (180)
m 1€ [t]
_ 1 (Lw) 2 Idxd) (IW 2 (X<i>)TX<i>)vec((b*<i> _ b(m)(W(w)T)
mt -
1€[t]
_ L (L(m 2 (X@)TX“))vec((b*(i) _ b(i,@)(W(i,O)T) (181)
mt -
1€ [t]
e V= L ST XOTXO (50— p0) (T (L0 (182)
2 t
1€ [t]
1 . . 4 ,
= E[vec(V3)] = n Z (L(Z’Z) ® I)vec((b*(l) — b(l’e))(w(l’e))T)
i€[t]
1 *(2 7 7 7 T
— E[Vi =1 ((b @ _ 0 (wl ’@)T) (L< f)) (183)
1€[t]
1 * (17 [ [ [ T
— [E[VH] 20 = I 3 (B0 = BED)wENT) (L) oo
i€[t]

<3 Z ma | (b = B (W) [ [LEO]
p

< =) max [b5® — b0l wO [ [LEO
t pE[d] p
il ®
, , ‘ .
< ¢(max [|[b*® — GO lw D |o)| ((W(e))TW(e)) I (184)
Further, we have
T / 1 zf) (AT~ (3) (3) (i) (LONT
e vec(Vy) =e EZ( ® (X)) X" )vec((b — b)) (wi:0) )
i€t

Z Z Z (L(z O (Z (_i))T)VeC(<b*(i)_b(i,é))(w(i,e))T)

J€[m] pe(r] q€lr]

1
— Z
mi Z Z (Z) ( Z Z L M)vec( b* D _ b(i’e))(w(i’e))T) eg)xgi) (185)
i€[t] j€[m] P

p€E(r] q€lr]

and | Zpe[r] Z . L( o Vec((b*(i) — b(i,é))(w(i,é))T>pe;l'”F

q

= | 3 livec((@ — b0 (wlO)T) eyl
pelr] P
= Z L(z é*)vec( b*(z bl Z) W(z E) T) 2 ”eT 2
pelr] P
<30 1L ivee (07 = BEO) (wO)T) |
r
pE[r]

< \/(Z (L8) 2)(2 Ivee( (B = BE0) (weO)T) )
p€(r]

= Lo ||2Hvec((b*(’) =B W),
= Lol (b — B0 (w0 T (156)
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Thus, using equation and equation in Lemma [I6] we have

log(1/do)

el (vee(VE) ~ Evec(Vh)] )| < e, | 3 Z Lo 3 () — B0) (i) T|22E 5 (187)
i€lt) jelm]
Now, note that [|[V5 — E[V5] |20
_ —E[V]
Hé?;?ll( Dp —EV], |2
= ax Z |(V1)p,q -k [Vl]p,q |§
peld] aelr]
= max Z lel (vec(V]) — E [vec(V}]|?
PEIN) o—f(a- 1)t practl}
. log(1/80)\ 2
< max S (o] XX I3 — b)) L )
pe(d] s={(q—1)d+p:q€[r]} i€[t] je[m] "
(188)

Now note that as per the notation discussed above, s = (¢ — 1)d + p lies in the ¢-th (= ¢*) segment. Since
q € [r], therefore summation over s is equivalent to summation over ¢* € [r]. Using this fact the above becomes,
IV = E[V5] 2,00

< max Z (cQZ Z | LG4 2] (b*(@) — b0 (w(B0)T HQM)

2t2
PEMIN ety ielt) sem] "
log(1/d0)
< LG£a") 2] (b*0) — (D) (wi0)T 2
ma e Z Z Z [ 1311( )(w@O)T(|2 o

g*€[r]i€lt] je[m]

log(1/6
<maxe [S0 37 [LEO[R (b0 — b0 (w02 log(1/d0)

m2t2
i€ft] j€[m]

1 , , , log(1/do)
—maxe |3 37 (GOWOTWO ) (be) — b0) w02y 28 0]

242
i€l jebm] m
1 -1 : : ‘ log(1/d0)
<ol (ZWOTWO) e [37 37 b2 — b0 FwE0]3/ 22 2o
i€lt] j€[m]
*(i i i log(1/6o)
< el (FOWEOTWO) o) b | awc) [ EL0) (189)

Therefore, using equation in the above, we have ||V}

1 ; ; , log(1/d¢)
< B[V e + el (5 (WO)TWO) ™ e mas o/ — B0 o w0 )/ 22U/ 20)
. 1
< C(max ™ = b Jw )| (W) TWE )
. . ) log(1/6
el (LW OTWO) e b 00 0]/ 22U/ %0) (190)
m

Analysis for Cvec ( Ny ) :
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Note that:

_ ( %(W(O)TW(@> ®I)vec(—> := vec(V3)
v N (1(W<e))Tw(e>)*T
mt t

N, /1 .
— [Villzco = |— - (E(W(e))TW(g))

2,00

1 1 -1
<X L swoyTw®
< mt||N2||2,ooH(t(W )W)

2
r

A (F(WO)TWO)

292 fog(rd)do) - rr (191)

mt A, (%(W(Z))Tw(é)) '

<

1
—||N
— [ Nalloce

IN

Analysis for Cvec(E):
Note that:

—1
(WW)TW“)@I) vec(E)
1
(W“))TW(@)) ® I)vec(E) = vec(V})
1 —-T
= (Lwoyrwo
= (t(w W )

)

- (1 -1
= [IVelzoo = 1B (W) TWE) |y

IN

_ 1 -1
”=|2"°°H (E(W(é))TW(e)>

2

< 20/ p* X5 log(2rdmt /&) r
- vmt Ar (g(w(é))Tw(Z))

(192)

Combining V1, V3, Vi and V; from equation equation equation and equation respectively in
equation (168 we have:

Cvec(V') = vec(V) + vec(V})

N
<= Cvec (V’ + Hi + E) = vec(V1]) + vec(V}) 4 vec(V3) + vec(Vy)

= ||lvec™! (Cvec (V’ + % =+ E))

2,00

= [Villz.00 + [ Vall2.00 + [ V3ll2,00 + [ Vll2,00
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1 1 - i
<0 el 5 D2 (FOWOTWE ) w O (wl0)T]
1€[t]

log(1/do)

mt

1 -1 . .
e Ul (W) TWE) o (w0) T
. . . —1
o+ (maux [ — B o w2 [ (W) TWE)

1 -1 . ] . 1 1/6
el (WO TWO) e b0 - 0O a0 log(1/d0)

mt
20/ u* Ak log(2rdmt /o
+7 log(d/d) - rvr ;. 20/ i log(2rdmt/do) r (193)
Ar(g(ww))Tw(z)) Vmt A, (g(wm)Tw(@)
Therefore, using equation equation and equation in equation we have [[U®|5
< [[U*| Oo”l Z (E(W(@)TW(@)_1W*(i)(W(i’é))TH2
= oolly 2o \7
i€[t]
1 -1 , , log(1/4
e[ U e[ (2 WO TWO) a0 (06T e/ 2ELL0)
t mi
. . _ -1
+ C(max [0 = O o fw )| (W) TWE)
K]
1 -1 . . . 1 1/6
+of (Z(W(@)TW(Z)) £ b — BEO ||| w0, Lﬁo)
m
209 2 *Axlog(2rdmt /o
+7 Tog(rd/0y) - /1 L 2oV og(2rdmt/do) r
mt A (W) TWo) Vmt A (FWOTWO)
; r rd/d o
Vi(er/Cictg Liepm WO 14y 25585 + 2 (2v/rd + 2/2rdlog(2rd[30) ))
%AT(;(W(K))TW(@>
4 . )
210 W WO 4+ /%m0 ) 10— B,
) ) . . , dl d/o
F (IO O w0l + 57— B0,/ LB/ %)
20+\/dp*Axlog(2rdmt/é
+ 226 rdlog(rd) + o/ Ay Ay log(2rdmt) 0)} (194)
mt vmit
Calculation for |[U® — U*QU“ |5 o
The analysis will follow along similar lines as in the previous section except that we will now have:
N N N
o= (x4 2 s () Bera )
vec(U Uu*Q ) A+ o vec(V) + (vec - mtvec(U Q ) (195)
—————

A
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where
1 . . ) )
A vird = - Z‘e[t] (Wme) (W) T g (Xu))TX(z))

m

_ % z[:] (W(i,g)(w(i,Z))T@) (ZxEWXE-“)T))’
1€t

Jj=1

_ OYTXOD (U (@) — QU-DwE0) 4 (b0 _ -0 (wE0)T
Vaxr = — > (XO)TXO (0w = QU=Dw(0) 4 (b —b(40) ) (wt)

i€ [t]

7 ( (1)) (’L) ( - U Q(l 1)11(i’e) + (b*(l) (1,4)))( (i,Z)) ,
m Z b W
i€[t]

i.e. we have the term U*w*(®) replaced by —U*Q¢~Vh(9) where h(9) = w0 — (QU=1))~1w*(®),

Therefore, following along similar lines as for the analysis of [|[U®) |3 ., we have [U®) —U*QU¢~V||5 o

< vec*1<C (vec(V) + (vec(%) — %VQC(U*Q(Z%)))) -
V(e Sicy et 1w O3y B0 1 2 (2 + 2 2rd og (2 50)) )
’ L (5w Twio) |
‘ (vec(V) + (vec(%) — %vec(U*Q(lfl))» ,
< |[|vec™? (C (vec(V) + (vec(%) - %VGC(U*Q(Z_U))) -
V(e Sict Syetm WOy M + 1 (2 + 2/ ord ogrd )
: A (W) TWo) |
(v [T, + |5 rorane)

Now, note that:

1 1 -1 ) . )
Cvec(V) = — 3 (W) TWO ) Thl0 (w7 & (XO)TXD )vec(Ur Q1)

. t
1€[t]
vec(V1)
1 1 -1 o ,
1 1wy Two DV TXD (b0 _ PO (5o -O\T
+mt%;]((t(w W ) ®I)vec((x )TXO (b0 — b0 (w ))
vec(Va)

Let J(0) .= (%(W(Z))TW“)) h(0 (w(HO)T Then equationin this case becomes

1 ) } log(1/4
[Villoo < [0 aocllt 32 3601, + U [3 3 faten 2/ 0]

m2t2
1€[t] 1€[t] jE€[m]
* 1 1 L i
<Nl D2 (FOWO)TWE) RO (w0,
1€[t]

1 -1 ; , log(1/6
U (WO W) ) () T /2L 20)

mt

(196)

(197)

(198)
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while equation [190} equation and equation [192 remain the same

. . . —1
IVallz.ce < Clmax 570 = B w0 )| (W) TWE) |l

1 -1 (i i i log(1/4,
e (HWOTWO) e o) b0 0]/ 2EL/ %) (199)
20 /T
Vallooe < 222 \log(rdo0) - o (200
mt A, (% (W® )Tw(e))
20/ \xlog(2rdmt/do) T
[Vell2,o0 < (201)
vmt ,\r<%(W(Z))TW(£))

We also have the additional term V4 s.t.

N 1 -1N
C-—mivec(U*Q“_l)) - (;(W(’Z))TW“N@I) Hivec(U*Q(é ) 1= vec(Vy) (202)
—-T

-
= [[Vall2,00 < -1 vec(U*QU! ( W(f Tw(f))

2,00

N
= V=T vec! (—lvec(U* (-1
mit
)
-
) W“))TW“))

200H 2

r

2,00 Ay (rw(D)Tw( ))

) -
(e ).
<[ (e )
<[ (e

ec(U*QU~Y (203)

NI,lvec(U*Q(e_l))

Now, N1 ~ o1 MN (0, Laxrd; Lraxrd) = —vec(U*Q(e D) = % Nljvec(U*Q“_l)) where each Ny ; ~

NIrdvec(U*Q(l‘l))
1N (0,1,4xrq). Therefore,

_ ! Z (N1 pﬂvec(U*Q(z 1))) (204)

2,00 m2t2 pE[d] el

where each (N ,i,)e r(vec(U*QU¥~1)), s € N(0,02) ¥V e,f € d x r. Therefore, using standard gaussian
concentration results and taking union bound over e, f, we have w.p. atleast 1 — dg,

(N1 pqvec(UrQUY) ) <ZZ Nipig)e.s(vec(UQUE=1)), f)2

N
-1 1 *y(£—1)
vec ( tvec(U Q ))

<rd ZZl N1 prq)e | (vec(U*QU=D)), |2
e f

< rdz Z o2 - 2log(2rd/8)|(vec(U*QY—Y)). ;
e f
= rdo? - 21log(2rd/dy)||vec(U*Q~1)||2. (205)

2

Using equation [205] in equation and taking a Union Bound V p, ¢, we have w.p. > 1 —dg

S om mex r2do? - 21og(2r2d? /8y)|vec(U*Q“1)| 12
2,00 pe
' q€lr]

< itral\/d2log(2r2d2/5o)HU*Q(Z’I)HF. (206)
m

N
-1 1 *(¢—1)
vec (—mt vec(U*Q ))

— ||lvec™! (%vec(U*Q“*l)))
m

2,00
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Using equation [206] in equation we get

ro1y/rd - 2log(2r2d? /&)
mth, (5WO)TW®)

[Villz,00 < : (207)

Combining Vi, Va, V3, V4 and V¢ from equation [T98] equationg@g equation 200} equation 207)and equation [201]
No
mt

respectively in equation H, we have Hvec_1 (C (vec(V) + vec — Mivec(U*QU—Y) + vec(E))

H2,oo
= [[Vill2,00 + [[Vall2,00 + V32,00 + [Vill2,00 + [[Vell2,00

* 1 1 LG i
<N ool Y- (FOWEOTWE) RO (w )T
1€[t]

1 G ; log(1/do)
* Z(WONTwW ) (,0) (3 (HONT
+c|U ||F||(t(W )W ) B2 w5 0) ey ) ==

. . . —1
+ Cmax 57— B0 g w2 (W) TWE)

! -1 i i i log(1/d¢
el (SWO)TWO) e B a0 [ OB
2 2 d - 2log(2r2d?/s,
+ 272 log(rd/do) - rvr + ! 01\/T 0g(2r2d>/do)
mt A (SWOTWO) o, (FWE)TWE)
N 20/ Axlog(2rdmt/dg) r (208)
Vmt Ar(g(W(f))TW(l))

Therefore, using equation equation equation and equation in equation we have ||U(€) —

U*Q(Efl) ”2700

1 1 O i
<N el 3 Y- (FOWOTWE) RO ()T,
i€ [t]
. 1 -1 i i log(1/60)
e[ U] (5 (WO TWE )[R (w0 T/ 22220

. . 1 -t
+ Clmax [ — B[O (WO TWE)

log(1/do)
mt

2 d-2log(2r2d? /6
22 fiog(rdfsa) - Ty | rony/rd - 2log(2r2d?/b)
mt )\T(Z(W(Z))TW(D) mt)\r(%w(f))Tw(z))

1 -t *(i i i
el (FWOTWE) el — Oy w0,

t

20/ p* Axlog(2rdmt/do) r
+
vmt A (FWO)TWO)

. \/;(c\/ziem 3 ey W O[3/ 418G d/%0) o (2\/7d + 2«/2rd10g(2rd/(50)>)
1), (g(w(a)TW(e))

2 e (=1) (1O Twr () 4¢ (i,0) “() v (ish)

{Z10 QU @O TWO e + /=2 (max [ w0|) 6" — B

dlog(rd/do)
mt

+ (U QU RO 5] w03 + b7 — B o jw )

o9 o1 20/ du* A log(2rdmt /do)
+ %6 rdlog(rd) + o (2\/7">d + 4+/log rd) VT + Tt } (209)
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equation and equation [209| give us the required result. O
rlog(1/4 — r2 log(r/d
Corollary 5. If Bye-1y = (9( TIM* ), % = 0(), vvt=1) = (9(\/:?, gyg/ o)

O(fe) « < Vi 5 = mnfo(gx).0(x)k & = o(J3). A = o),
r2log2(ré6—1) % r3dlog(1/60) __ . o1
o\ = O, Y = mln{(')(u%)70(ﬂ*l)\:),0 ﬁ(u*)?le*ANE)}’ W(NE "
M * * j— A:‘ j— * j—
4\/710grd) - mln{O()\r),O(%),(’)(Nm)}, VrE = No(ﬁjf A= 0N, mt =
Q(oor ()2 /rdlogd/\s) and mt = Q(o2dr®p*(1 + 1/X%)), t = Q(C(w*A5) max(1, \5/7)), m = Q(a%r3/\F).
\/g =0O(1) and Assumption holds for iteration £ — 1, then, w.p. 1 — O(dy),

o
N——

~—_ >

A oor r3dlog2(2rdmt/§
Uy :O(—le) + \/LE{O( T*A:) + O(—mf/\: rdlog(rd)) + (9(0\/ gw(Lt)\;i / O)}

and |[U® —U*QUY ||z o

+ —{O(A' n (9( o(% rdlog(rd))

A
)t
W) +O(J\/r3du* logQ(M*l))}.

MENX

Proof. From the Lemma statement we have, HU“) | ‘2 -

* 1 1 - i
<0 el 5 D2 (FOWOTWO ) w O (wl0)T]
1€[t]

1 -1 ) (o (i log(1/do)
* Z(WONTwW© *(8) ( ONT o\ /P0)
+¢|U HFH(t(W )W ) ([[w (wt2) Tl p—

. . . —1
o+ C(max [ — B o w2 [ (W) TWE)

1 -t i i i log(1/do)
el (G OWEOTWE) b = Bl g0/ 250200

mt
2 20/ p*Ax log(2rdmt [/
+ 222 /log(rd/d0) - rr | 2o/ At Log(2rdm/b) -
mt /\T(%(W(Z))Tw(é)> Vmt Ar<%(w(€))Tw(6))
VE(ey/Sic et WOy “5G0 4 22 (27 + 2/ 2rdlog(2rd]50)) )
+ .
%)\T(g(w(é))Tw(é))

2 4 ) . )
{;HU*(W*)TW“)HF + 4/ %(max w9 12)|[b*@ —bEO,

, , . , , dlog(rd/é
([0 Yl O £ 67O — B te ) | LB 00)
20 \/du* X% log(2rdmt/§
+ 26\/rdlog(rd) 4 OV A og(2rdmt/ 0)} (210)
mit vmit

As done in the analysis for Corollary |3} using Assumption [4]to plug in values for b(»*) and Q“~Y | the fact that
U* is orthonormal and norm and incoherence bounds for H®) and W® from Corollaries [1] and [2| the above
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becomes Uéﬁ)x)

/AN . - r

V?\/: IM\/*—MW‘I‘C( VN Bye-1) ,\*k+f) \/;T
AL log(1/0

‘ K(CIMBU“—U\/)EJrA)\/E %

20 \ /1 A% log(2rdmt /6
+Q Tog(rd/do) - 7"+ o\ A; log(2rdmt /o) 1
7' m )\r
r3dlog(rd/dy)  o1r /ardlog(@rdjog)
+\/?(cu i (2\/ﬁ+2 2rdlog(2rd/60))>«

{zm L +\fm I N By Ufm)
+ 4k (VIR + (¢ Vi NBue- 1>\/>+A)) dlog(rd/%)

mt

o9 20/ dp* Ax log(2rdmt/do)

— 1 211
+ mt6 rdlog(rd) + — } (211)
=Ji+J2 (212)

where J; denotes the terms which arise from analysing the problem in the noiseless setting and J> denotes the
contribution of noise terms (o1, 03,0, A, A’). Now, J;

ALY log (1 6
1

mt

r3dlog(rd/dp) o1r

+ /7 (cep o e (2vrd 2 rdlog2rdBy) ) )
{Qw/u*)\: lu‘)\r+\/4t7€"/ﬂ>\r'cl /ﬂ*A:BU(£—1) }%
1
+ 4/ (VA + ¢V A By ”\f ) dlog(rd/) (213)

mt

Using vv* = O(%) and rearranging the terms in the above we get J
1

L [o(X JM ﬁ \F i [rPdlog(1/0) X ¢ \F
- Vo ]\ ———= +Bye-v | = * 2r
\/W{O(Ar\/:>+ d )\,\/i mt + By A“c\/ﬂ o
r3dlog(1/dp)
B f NV G N

n \/;(CN r3dlog(rd/dg)

air \/—
T (2vrd +2y/2rdlog(2rd/20) ) )
N e ERSVE Y L (1 By X))

A} mt

Using /8808 = 03k ), 3k = 0(1), Byey = (), /TR8ER = O ). /e

O(W), %(2\/rd + 4+/log rd) = (W \/ 7"2—4 = O(ﬁ), eigenvalue ratios and inco-
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herence bounds for H® and W® from Corollaries |1 and I as well as Bye-1) = O(
for the bracketed terms, we get

) M SN Lt 2 1

:O( ! ) (214)

Similarly, we have Jy

< Vi REC00) | 2% ogtrafan) -
20/ \x log(2rdmt/60 r dlog(rd/&o) 1T \/— 1 5
+ NS + \/_(c,u + i (2 rd + 2+/2rdlog(2rd/ 0)))-
{\/7 A 4 4/ A dlog rd/éo) ogt rdlog(rd) + 20\/du*)\:\l/(§2rdmt/5o) } (215)
m

Using W = O(Wm), L (2\/ rd+4+/log rd) =0 (m) and rearranging the terms
in above gives

A S T+ - ) (/)

+02{m log(rd/do) - ;/F (\/F(u*)Q\l/;?A:\/E).WG\/m}

J{Qs/u*)\jﬁ log(2rdmt/do) r n ( 1 ) 2/dpr Ay 10g(2rdmt/§0)}
vmt Ar V()2 NV E Vmt ’

Using /= = O(\/%) E o 0(1), fdloeli/d) o(u%), A = O(\/A%), mt = Qogr ()2 /rdTog d/A%)

and mt = Q(o2dr3p* /%), t = Q(C(u* %) max(1, \*/r)), eigenvalue ratios and incoherence bounds for H®) and
W® from Corollaries and as well as Ax < A}, r > 1,u* > 1 for the bracketed terms, the above simplifies to

Jo = \;E{O<\//?*T;) + (9( Ut)\* rdlog(rd)) + 0(0\/r3d10g1(j7:\(§mt/60) } (216)

Using equation and equation in equation m gives us the required bound for [|[U®)||5 o

Similarly, using Assumption [4] to plug in values for b(»*) and Q~1) the fact that U* is orthonormal and norm

and incoherence bounds for H®) and W from Corollaries |1| and I the above becomes UY)_, we can simplify

2,007
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and express |[U¢D —U*QU¥—Y||5  as

(O(W)w( L ) +of A E)m(a M))

o ) N

+\/;O<)\er> IOg(l/(;O).

mt

(VB oM o A ooy )

v " v
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+ (Vi XBY o T \/E)\/’Tm
T [ Ar log(1/do)
+c X, (C VA Bye-n N +A) v Ay i
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+ % log(rd/do) - T;\/; + 1 oy 0g(2r*d* /%)
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vmt >\r

b/ (o FHOEUA) O (5 /o ardlog(2ed e ) )

mt mit\,
(v (0= o B ) + o
\F\/ﬁ /I Bye- 1)\/7+A)
i, (O(WBU(“)\/E) + (9(M) 4 (9(

) ol )

) 0oy

Vrp* Vrp*
— dlog(rd/do)
(¢ VI NBy- Y ) ot
20 \/dp* \x log(2rdmt /6,
+ 226 rdlog(rd)+—(2f+4\/1ogr )f+ o/ dp Ay log(2r m/O)} (217)
mt vmt
=Ji+J; (218)

where as before, J{ denotes the terms which arise from analysing the problem in the noiseless setting and J}
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denotes the contribution of noise terms (o1, 09,0, A, A’). Now, J|

E o L) o
f<F>W <ﬁrf |

¢V N By /\* Ffﬂtc—c VIFN By e )\*F log( 1/50
+7~\/?«(cu rdlog(rd/do) o1 (2¢7d+2\/m)).

mit mit\,

AX
{iWO(BU(\FI NE N \/*7/\*Bu<f1>\/§
e (o) o g ) )

N m

. Y . . . .
Taking Byye—1)4/ XrJ COMILON ACToss all terms, using eigenvalue ratio and incoherence bounds, Byy-1) = (9( rlp,* ),

and rearranging the terms in the above we get J;

70 oy M/\ ,r\f v [k log( 1/50

+r\/77\/E(c,u rdlog(rd/éo) L (2\/7~>d+2 /—2rdbg(2rd/60))> PN

mit mit\,

(2 o( k) + e om s (o A) + o)y ety

. = A o r3dlo o o r2 r3dlo 8
Using Vi = O(=3t) /i = 00) Pl = oik), (R = o(Gk), e
o1
’ mt

1 _ 1
O(ﬁ(M*VWMW) (2\/@ + 4+/log rd) O(Tﬁu*\/;?\/ﬁ) for the bracketed terms the above becomes

= BU(Z—l) m O(l)
)\*
_O(BU(Z Y Wf) (219)
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Similarly, we have J}

Vi om0 ) - oGam7) - ol )

+wo<;m>-<o<”“vv“"2>+o<¢£7>+o<o— rlog 107y losll/0)
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miA, vmt Ar
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mt mit\,
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. r3dlog(1/d0) _ ( 1 ) ( ) ( 1 ) . .
Using / —=—+* =0 T TE ) 2vrd + 4+/logrd T TR , eigenvalue ratio bounds

mt
and rearranging the terms in above gives
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) dlog(rd/50)> }
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mtA, N
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o o(

1

’u/*4 /M*)\;’\/E) mt

+G \/’ \[W /rlog ré- )>
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Taking \/> common and using /v* = O(FA:), ,/% — 0(%) E— 0(1), \/7 ( L )’
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log(rd/do) - rdlog(rd)} (220)

[l
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t = Q(¢(u*\5) max(1, \*/r)), eigenvalue ratios and incoherence bounds for H®) and W from Corollaries [1| and

(a

as well as Af < A7, r > 1,u* > 1 for the bracketed terms, the above simplifies to

) + 0( 2" rdlog(rd)) + o(‘;{;i/z \/W)

MENS x

Jh = L{O(A’+0(

A
JrO(U\/r3du* logz(réfl))} (221)

MENX

Using equation and equation in equationm gives us the required bound for |[U¢—Y —U*QU¥—V|y . O

Lemma 12. For some constant ¢ > 0 and for any iteration indexed by £ > 0,7 > 0, we set

AL 1) |, /108(d/0) <,y(€fl,jfl) +6(571)) i [log(do™1)
m m

, where o\=D | yE=13=1) gnd 3D are known upper-bounds on |[UTC—Dw@-1) — Urwr(@)|| o, [bEA-1I-1) —
b*@|y and [|[UTEDwEGED —Urw* ) ||y respectively. Subsequently, we have

< QA(K—LJ')7

o0

) § Q@A(Zfl’j) = »Y(e*lvj),

Hb(z’,é—l,j) _p*@

Hb(“*u) _p*@

and support(b(i’é_l’j) - support(b*(i))
with probability at least 1 — 4.

Proof. Tt is easy to see that update step of the algorithm gives us c(*¢~1:7) — p*(*)

_ (1 _ l(Xu))TX(i)) (ba,efl,jfl) _ b*(i))
m

(X(i))TX(i)(U*W*(i) _ U+(f*1)w(i,f*1)) + i(X(i))Tg(i)
m

) _ et L D g (1)

(I _ i(Xu))TXu)) (bu,e—l,j—l) _ b*(i))

m
+ (I _ l(x(i))Tx(i)> (U+(f—1)w(il—1) _ U*W*(i)) + l(x(i))Tg(i). (222)

m m
Note that ||%(X(i))-r§(i)‘|oo < % with probability at least 1 — dp. Let e, € R? denote the st ba-

sis vector for which the s coordinate entry is 1 and all other coordinate entries are 0. Then, note that
‘ (C(i,zq,j) ) Ut ) 1 U+(e71)w(i,z71)>

S

= lel (I - %(X(i))Tx(i)) <b(i,£71,j71) B b*(i)) el <I

1
o [log(dd—1)
m

(X(i))TX(i)> (UHED gy (it=1) _ ryr(@)

1
m

<eT (1~ l(Xm)TX(z‘)) (b1 )
—_ S m
b ler(1- i(xu))TX(i)) (UHE D b= _ U*W*u))‘ oy logdd™h)
m m
< ‘1el’(X(i))TX(i)(b(i,l—l,j—l) — b)) — T (plit-Li~D) _ b*(“)’ 4oy 108(d57Y
m m

+ iez(x(i))TX(i)(U-i-(é—l)w(il—l) _Urw ) — eI (UHE Dy (=1 rrgy*(i))
m

~1
<ec 10g(1/(5> (Hb(i,é—l,j—l) _ b*(i)H2 + ||U+(€—1)W(i,é—1) _ U*W*(i)”z) Yo log(d(s ), (223)
m

- m
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w.p. > 1 — 6, where we invoke Lemma in the last step and plugging a = e, and b = b(»:¢~1.7=1) _p*() and
wiu* — wgf‘”ﬁ(f—l) for the two terms respectively. Therefore, by taking a union bound over all entries s € [d],
we can conclude that

chpe—l,j) IR RIONEE § EMEHONTE § SX(GE) N CNES) H

log(dé—1)

<, log(d/é) <Hb(i,571,j71) — b0y 4 [[UTE D) U*W*(i)H2> ‘o
m m

Hca,ffu) _pr@

’ oo

< [UHE DD g

. . ) ) - log(dé—1
+e logii/(s) (”b(z,f*l,j*l) _ b*(z)”2 + ||U+(€71)w(z,271) - U*W*(Z)”Q +o Og(m ))

5 Rl-19)
—1
<D 4 log(d/d) (7(57173‘71) Jrﬂ(zq)) oy /1080 (224)
m m
EYNGER)
w.p. > 1— 4. Now, we have
B(L1) = HT (el 14), A1)y
i0—=1,5) i (i—1,5 1
. pl—1d) — T i e > Al (225)
® 0 otherwise,
(,=1,5) _ 3*x(@)| e (0,0=17) £—1,5)
— |b(i’eil’j) B b*(1)| _ |C5 ' bs | if |C5 | > A( J , (226)
* ° |b§(z) | otherwise.

Therefore, by using equation and equation we have |[b(-f=1.3) — b*(i)||oo < AULI) and
[|bl4=13) — p*()] |2 < 2VEAU19) | Further, from equation equation we have for any coordinate s

‘(C(i,é—l,j) _ b*(i))

Thus, if s ¢ support(b*(), then the above gives |c("~17)| < A~1J) Using this in equation then
gives b{") = 0, ie., Vs ¢ support(b*@) = s ¢ support(b*@(~13)). Hence, support(b(-{~13)) C
support(b*(?)), O

< AE—1.9)

S

klog(d/d)
m

< 5 be positive constants. For any iteration indezed by £ > 0,

)

iterations of the inner loop at Step 3 in the €™ iteration of the outer loop, we have

< % (290(” + e)

Lemma 13. Suppose ¢ >0 and c; =c¢ %
after

(e=1)

7O = Q(f max log ('y

oo

Hbu,e) _p*®

< 2@ + ¢ and Hb(i’o —b*
2

with probability at least 1 — T3, where ¢ is an upperbound on @ s.t.

(’5(1‘) _ 2<\/EHU+(£—1)W(1',Z—1) _ U*W*(i) Hoo + 61HU+(Z—1)W(2‘,£—1) _ U*W*(i) HQ . /kloggib(s—l)>

| klog(dd—
< o) = 2(@04(@71) b e 4oy /&)
m

and o'~V A(E=LI71) and B=1 denote upperbounds on [[UT=Dw (-0 — Urw* (@l b5 =1 — b,
and |[UTED w0 _Uw*@ ||y respectively. Furthermore, we will also have that support(b(%*) C support(b*(*).
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Proof. Let () be an upperbound on 3 where,

(i klog(dé—1!
59 = 2(VEIvlle + er vl + oy SEET)

<ol

where v := Ut Dw (-1 _ Urw*(), Then () := 2(\/Ea(€_1) + 016“_1)) From Lemma we have for each
iteration 7,

A1) Hb(z‘,z—l,ﬁ _p*@

, < o 4 20,11 (227)

P 20 (e

ande(i’é_l’j)—b*(i)‘ <¥_ A 228
~VE VR )

with probability at least 1 — g, where ¢; = ¢4/ W. Therefore after T() iterations of Step 3 inner loop at
the ¢t" iteration of the outer loop, we have using equation M

Hbu‘,e) _p*@

_ Hb(i,Z—l,T“)) _p*@
2

.
< o) 4 9ey 4 (1T D)

< @ 420,00 4 (2¢,) 21TV -2)

4 i o) _ ©9] _
<O+ o)™ + (2e)? + -4 (2e)T ) + (2e0)T 47O
(£)

(1) 1-— (261)T

1-— 261

) 1 ©®
< W) 4 (2¢)T 4D 229
S A +(2e1)" AT, (229)

£) _
=9 + (2e1)T Y

w.p. > 1 —T®§ where y~1) = 4(=10) is the upper bound on |[b:¢=1 — b*@ |, = |[|b4=1.0) — p*(@)||,,
Similarly, unfolding equation [228] gives

‘ ‘bw) _p®

- wa—l,T“U _pr®

‘ oo

o0

<2V 2 oy
" VE o VE

i i _ ) _
“VE oV Vk

gp(i)(l (261) ) @ )2 @ )T(e) 1) (2c1)T(2),Y(e—1,0)
< + (2¢))0 4+ (2¢1)% + ... (2¢ e

\/E 1)P 1 1 \/E

@ 1 (e-1)

% 7wy
< 2c 230
< )™ (230)

w.p. > 1—TWg,. Therefore, if we set T > max; m(7(tl)) and ¢; < % is sufficiently small then

equation 229 gives us

Hb@ua _p*®

<20 4 ¢ (231)
2

and equation [230] gives us

Hbu;e) _p®

< %(Mm n 6) (232)
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w.p. > 1—T®§,. Equations equation equation m give us the required result. Also, note that we set

70 _ Q(g max|log <'y(6:) ))

Corollary 6. Using Corollaries[1], [3 [3, [4 and[3, we have

. AX
| < ¢ max{|[w 2, e} B | 55
2 AT

. *
< ¢ max{||[w*||a, e}By o | | -
- Ak

Hb(i,ZJrl) _pr@

and Hb(i,€+1) _p*®

with ¢’ = max ((’)(1), O(B 1(0) i—i)) , and for sufficiently large constants ¢,¢ > 0
() AF

3/2 3du*1 2( 5_1)
. oor  O1r r3du* log=(r
A= *p* dlogrd
C( Arn (mtA;+ miy: V08T +U\/ MmN )

N a( r3 log2(r5_1)> N klog(da—l)»

mAx m

A :c<\//%)

Proof. Using Corollary |5 we have |[U@Ow®0 — U*w*()||

- HU(é)W(i,f) _ U(é)(Q(ffl))flw*(i) + U(f)(Q(Zfl))flw*(i) _ U*W*(i)”oo
< HU(Z) (W(i,é) _ (Q(Z—l))—lw*(i))lloo + ||<U(£) _ U*Q(é—D)(Q([—l))—lw*(i)HOO
< Ul w0 = QD) W )y 4 U = U QY (@)

*( Ax .
(Yo B 5wy b [rees
ut o NN m

[ Ax L , A
+ O(BU([—l) m + \/E{A + 7@

3/2 3dp* log?(ré—1) ,
1T reap™ 1og (r

dlogrd 12w
mine V8T +U\/ MAE w2

oar o
I
i rdlog(rd) +

+

- %{O(max{e, w15} Byen il) + O |[w*D||5) + O(A)
+ o(

||W*(i)‘|2017“3/2

rdlog(rd)) + 0 (T W)

L )

[w*@[a00r
mEAX

= a(zfl).

(233)

O

(234)
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Similarly, Using Corollaries |3 and 4 we have [[U®w®0) — U*w*@)||,
= [UOwD —u® Q1) ~tw*() L U Q1) 1w*() — U*rw*@ |,
< UOWED — (QU)Ttwr D)o + (U — U QD)@ ) w1
< U oW — (@) w* )l + U — U QU VI (Q) ~ w2

maX{@”W*(i)HZ}BmFD 2 A lw*® A loo? (151

<@+en-of VL M Ty A, frios (0
i NG m

aor

Ax , A or \[
+O(BU<H> oA N rdlog(rd) + \/rdlogr

r3dp* log? (rd—1) r3log?(ré—1) «(3)
+0(\/ MmNk T mAX )>2HW H2)

) A* .
= O(max{e, [w* O[3 }Byce-1) 4 /A—:) + O [w*@|ly) + O(A)
1
*(4) *(1) 3/2
i 0(7”W lagar rdlog(rd)) + 0(—”W o rdlogrd)

MEANX MEANE
1 rlog?(ré—1) «() r3dp* log? (r6—1) r3log?(ré—1)
+O(J(,/,u* m v H2< MEAX N mAX )))
= =), (235)
Using equation 234 and equation [235] we have:
. klog(dé—1!
o9 = 2(VEal=D) 4 807D 4 gy [ FIELT)) (236)

. A
< (’)(max{e, HW*(l)Hg}BU(uU \/;) + O(N||w* )H ) +O(A)
«(0) «(3) 3/2
N @(M rdlog(rd) + @(M rdlogrd)

mENE MENS
1 [rlog?(ré—1) klog(dé—1)
—|—O<ar<\//7 - + -
i r3dp* log? (ré—1 r3log?(ré—!
e =) )

Using equation in Lemma |13 and setting €’ <+ O(BU(zfl) £/ % . e>7 we have:
1

Hb(i,e+1) _p*@

<20® ¢
2

) A
= O((max{e, w2 }Byen ﬁ )+ O [w*Ol3) + O(A)
1

*(1) x(3) 3/2
+(’)(7”W 202 rdlog(rd))+(9(—||w 201 W)

MmNk mEAX

1 [rlog?(ro—1) klog(dé—1)
+ O(U(\//? m + m

(i r3du* log?(ré—1 r3log?(rd—1
e e ) =
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Recall that from Corollaries [3| and [4 we have

A
< 1 ~ ’ "
‘F_ (1+¢ )O({BUa 1)1//\* + A% —|— + t/\* rdlog(rd)

N a1r/T rdlogrd + J(\/rSdu* 10g2(rdmt/§o))}) (239)

Y Y

HA(UW),U*)

Therefore, it is sufficient to have for sufficiently large constants ¢, ¢ > 0

3/2 341% loo2 (rS5—1
A= o( V(0 0 g + \/ Py o (571
r3log?(ré—1) klog(do—1)
+ 0( v ) + - )) (240)
A
N=¢l——). 241

such that Hb(i,ZJrl) _ b*(i)HQ 110 max{e, |[w*®||2}Bye-1 /’A\% + A and HA(UHE),U*)HF < Bul%am ’A\% + A

which satisfies the induction assumption and therefore completes the proof.

Comparing the contribution of noise-deficit terms on both sides for the next iteration, we also get the value of ¢’
as

*

. X . A
" max{||w*?||2, €} Bye-1) )\—: .= ¢ max{||w*?||2, e}Byo )\—:
| Al 1

*
< 50*12000' max{||[w*@ ||, e}Bye-1) 71
= = 50+ 200 ¢ < 5.
51
using sufficiently large m and ¢ to pull down the value of ¢"”’. Combining with the Base Case we have ¢’ =
max (O(1),0(B L %)) O
u(0) A

Theorem (Restatement of Theorem [3| (Parameter Estimation)). Consider the LRS problem equation |d with all

parameters m,t,( obeying the bounds stated in Theorem with ¢ = O(t(r2(u*)2)_1(%)2), k= O(d- (%)2),
2 ~ *

m = Q(k: + r2u*< 1) + "j\f), mt = Q(r3dp*(r( A2k + p ( *> + pr(AF)? + 02(1 + %))) and

furthermore, t = Q((rd)3/2u* (1 + N5 Vrk ()32 (1 + W + \/%)) 7“1%(61/5”6). Suppose

we run Algorithmeor L = log ( A, [ mt ) iterations with parameters:

oﬁ wrrd

Ar = O(YVa). As = O+ (max [V ). As = O (32 /55 ) A = O R,

Then, w.p. >1—0(3y), the outputs UML), {b(i’L)}ie[t] satisfies:

H(IfU*(U*)T)UHL)HF: *A* \/TT Vm)\* \/7 \/*7>\*
m<6<5g<"*\/§+ /n:A;+\/E))+"’ for all i € [t],

where \/En = 6<t_1(ﬂ*)3/2 \/Erx/g(l + max;e [y ”b/—*(*)/\uf + \/ + rd) AN log(i/6)+€).

Hbu,L) _
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Proof. We will denote the DP noise by opp > 0. Using standard gaussian concentration inequalities, we set
Ay, Ag,'Ag and A, as written in the theorem statement which ensures that for all ¢, j, £ in U update of Algorithm,
let %]l < Ay, WD 5 < Ay, 557] < A, and [|(x{7) T 5 < A3 with probability 1 — O(pgtps). Setting
cach entry of Ny independently according to N (0, m? - A} - A% - L-0dp) (0 = m?- A}- Al -L-02p) and each entry
of Ny is independently set N (0,m? - A3(Ay + A3)?A2 -L-03p) (03 = m?- A} (A + A3)? A2 -L-0dp) ensures that

\/log(1/8)+e€

the algorithm satisfies Uip

(Theorem [2).

’_2CDP and equivalently (e,0) Approximate Differential Privacy if opp >

Using the bounds on m,t,mt,(, k in terms of the ground truth model parameters p*, A7, A} expressed in the
theorem statement, we invoke Corollaries and [6] as well as the Base Case (¢ = 1) to show that
our Inductive Assumption [4holds for each iteration of ¢ and complete out proof using the Principle of Induction.

Now, note that the error bound guarantees in [4| have two terms in the upper bounds: the first one (a multiple
of Bye-1), which stems from analysing the problem in the noiseless setting) decreases exponentially with the
number of iterations the second unchanging one (A and A’ depends on the inherent noise o and DP noise opp).

. o X t . . . . . .
Plugging L = log <U I . /J*nr d) in the geometric series expression, we obtain the guarantees as stated in the

main theorem. O

Corollary 7 (Restatement of Theorem [I| (Parameter Estimation)). Consider the LRS problem equation
with t linear regression tasks and samples obtained by equation [1. Let model parameters satisfy assumptions

Al, A2. Also, let the row sparsity of B* satisfy ( = O(t(rQ(u*)2)*1(%)2), k= O(d~ (%)2), m = fl(k +
1\ 2 2 3
’I“QIM*(%) + a)\;

and HU*‘(O)HZW = O0(\/p*r/d), and is run for L = log (U\)‘/:E . #T:d) iterations. Then, w.p. > 1— O(dg), the

). Suppose Algom'thm is initialized with U+ such that ||(I — U*(U*)T)UTO)| lr = O<\/§)

outputs UL, {b(i"‘)}ie[t] satisfies:

R A R )
< 5(\%(“*\/?“/7;; + \/z)) for all i € [t),

where, the total number of samples satisfies:

Hba,L) @

mzﬁ(k+rzu*(§)2+ 0')2\1”3)7

mt = (e (r(wr Ok 4+t (A1) 4 e )2 402 (14 5))).

T T

Proof. The proof follows by substituting opp = 0 (hence 01,09 = 0) in the proof of Theorem O

D.3 Proof of Theorem 2]

Following along similar lines of proof techniques used for privacy guarantees used in [Varshney et al., 2022], our
proof will broadly involve computing the Zero Mean Concentrated Differential Privacy (zCDP) parameters and
then using them to prove the Approximate Differential Privacy. The Update Step for U without the additive
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DP Noise is:

;;.i\)<—c|ip (xg.”),Al) y() <—c|.p( @ A ) (x g.i)/)\Tb(zvo « clip (( ()T 0, A )

and w0 « clip (w@%‘), Aw) (242)
= Z (W(z D(wi)T @ ( 3 %) (ng))T)) (243)
j=1
= 3 S (5 - )T ) ()T (244)
ié[t]jé[m]
U® « vec;! (A tvec(V)). (245)

where clip('j denotes the clipping function. Therefore, the sensitivity of A and V due to samples from i*"-task
(w.r.t. the Frobenius norm) is I'y = mA?A2 . and T's = mA; (A2 + A3z)A,, respectively. Now, since each entry
of N is independently generated from N (O m2-A}- AL L. O’%P) and each entry of N is independently

generated from N (0,m? - A}(Ag 4+ A3)2AZ - L - 03p), the update steps equation and equation are (P&l =

ri r: . .
2~m2-A‘1*~A1\;1U~L-ogP = 50 UDP) zCDP and (pg 9 = 2-m2~A;1-/§$U-L-agP = 2I__fTEQ)P)—zCDP respectively by virtue of the DP

noise standard deviations [Bun and Steinke, 2016|. Therefore by composition and robustness to post-processing,

each iteration step is (pg =pe1+pe2 = #)-ZCDP. By composition of zCDPs, the overall p for the algorithm
DP
is given by p => Iézl pe = -

Recall p-zCDP for an algorithm is equivalent to obtaining a (u, up)-Renyi differential privacy (RDP) [Mironov!
2017] guarantee. Now, we will optimize for u € [1,00) and demonstrate that for the choice of the noise multiplier
opp mentioned in the theorem statement satisfies (e, §)-DP. Our analysis is similar to that of Theorem 1 of [Chien
et al., 2021].

Note that (u, up)-(RDP) = (¢,0) Approximate Privacy where e = up + % VY > 1. Also note that
€min = P + 2+/plog(1/9) is attained at g—; =0 = pu=1+ VM'

Consider a fixed €. Since we want to minimize opp (which scales as 1/,/p), we need to compute the maximum
permissable p s.t. emin(p) < €. Since emin(p) is an increasing function of p (thus an increasing function of opp)
and a second order polynomial in /p with root at \/p = y/1og(1/8) + €min — 1/l0g(1/6), the maximum is achieved
at €min(p) = €. Therefore,

2
€
log(1/6) + € — \/log(1/4) 246
oz, = (Vieg(1/0) +¢ = /log(1/0))* = (v/108(1/0) + ¢ + y/log(1/0))2 (246)
Since the above value of opp satisfies (¢, d)-DP and
2 2
‘ < (247)

(\/1og(1/6) + € + /log(1/5))2 = 4(log(1/6) +€)’

choosing opp > Ziv(log(j/(s)ﬂ) ensures (¢,0)-DP

E ALGORITHM AND PROOF OF THEOREM (1| (GENERALIZATION
GUARANTEES)

Consider a new task for which we get the samples {(x;,y;)}7, i.e. y; = (x;, U*w* + b*) for all i € [m/]. Suppose
we have an estimate U of U* such that (UT)TU* =T and

[T - U (U)NU* | < p,

-0 U], < L Ut <y E e
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for some known parameters v, p. Our goal is to recover the vectors w* € R” and b* € R? satisfying ||b|| 0 < k. We
will again use an Alternating Minimization algorithm for recovery of w*, b*. In the /" iteration, with probability
at least 1 — O(d/L) for m = Q(klog(dLé 1)) we have the following updates for some constant ¢ > 0, (note that
the /™" iterates of w*, b* are given by w(®, b(®).

At the ¢! iteration, we will denote a known upper bound

20.5—1

_ VEklog(do—T) \/rlog”(ré—1)

< A=V ||w* ViEos\ao 7) -~
, S 0] [|w*||, + 20 Jm + 20 NG (249)

Hw(£—1) —Q'w

where ¢(©) is known. We can use Lemma [L3[ to have

oo

. 1 .
<260 +eand [ —b|| < —=(261 +¢) 250
,S 2 L SR (250)
with probability at least 1 — T8, where ¢ is an upperbound on @ s.t.

klog(dé‘l)) (251)

P = 2(\/EHU+W(“) —U'W o + oUW —Urwh |y + 0
N

- log?(ré—1
\/ga<“>+clﬂ(e1>+avkk\>%i5 Y +20W)_ (252)

S<P=2(

and o~Y, =1 denote upper bounds on |[Utw(~D — U*w*| ., and [|[Utw(~D — U*w* ||y respectively.
Furthermore, we will also have that support(b() C support(b*). We denote Q = (U*)TU*. Using a similar

Algorithm 6 AM-NEw TASK

Require: Data {(X € R™ >4y ¢ R™)}, known bounds |[b*||, < C. Set parameter ¢ > 0 appropriately.
Estimate U™ of U* satisfying ||(I— U*(U*)T)U*||_ < p. Parameter A.
1: for/=1,2,... do
2:  Initialize w(®, b(® = 0. Set ¢(¥ = 2 since ||w(® — (U*)TUT)"tw*||, < ¢@[|w*|[, < 2||w*||,. Set
7O > || .
3: fori=1,2,3,...,tdo
: Set T = Q(Z log (7(271) ))

€

. ) -1 . ) N
5w = ((X“)U*(f*l))T(X(Z)U“f*l))) ((X(Z>U+<f*1>)T(y<l> - X“)bW))) {Use a fresh batch of data
samples}
6: b(®) « OptimizeSparseVector(X,y, a = A+01¢(£*1)||W*H2+%, B = A+ V| |w* ||, +20]| W |y, v =

A+ % ((b(g_l)c' + [|[w*|],p(1 + C”)) , T =T®) {Use a fresh batch of data samples, constants c;, ¢, ¢
set appropriately. }

7 Set @) « [|w*||, @ Veg + 2p||w|], (1 + 04) + A. {c3,cq4 can be made arbitrarily small by increasing
number of samples m’.}

8: end for

9: end for

10: Return w® and b®.
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analysis as in Corollary [6] we have:
||U+W(Z—1) _ U*W*Hoo _ HU+W(Z_1) _ U(é—l)Q—lw* + U(Z—l)Q—lw* _ U*W*Hoo
<[UrWD — Q7 W) oo + I(U) — U Q)Q W
< U oo W™D = Q7w o + UT = U Q2,001 Q w2

2 *
<\ Sl - i+ AR

b
<\ﬁ (61w +2avk1°g<d‘51)+2a“1°g2(r5_1))+2p'w*”2
~VE ’ m Jm N

=D,

Similarly, we have:
HU(Z—l)W(Z—l) _ U*W*Hg
_ ||U+w“*1) —UENQlwr L UV QIwr — U w* |,
< ||U+W(tz—1) —Q w2 + H(U(z—n ~UQ)Q 'w*|;
< U2 wD — Q7 w2 + U — U* Q|2 Q' w* |2
< WD — Q7 w2 + 2l [w*,

2(.5—1
_ Vklog(ds—T) \/rlog™(ro=1)
§¢(5 1)‘|W*||2+2p”W*||2+2U m +2U \/’rﬁ

= pl=n,

Using equation and equation [265] we have:

klog(d5—1)>

p = oV Wy (2vY + e1) + [[WH]ly(dp + derp) + 0 N

sincec1<i,ﬁ§4—10andp§8—10.

Using above in Lemma |§| and setting € < ¢(*) we have:

oo

< 3lwlly (64T @V ) +4p(1+ )

+ 30

Telog(do— 1) rlog?(ré—1)
Jm + 30 N )

Similarly, we will also have from our updates (with S = -1 2221 x;(x;)7).

-1
w® _ Qilw* _ (U+TSU+) <U+Ts(b* _ b(f)) + U+TS(U*Q . U+)Q71W*>

+ (U”SU+) - (UT(X(i))TZ(i))

We already know by using an e-net argument that < 2. We also know that

2

‘ (U+TSU+) !

[ew+mse 50, = 5
[EUTTS(U*Q - UH)Q 'w*|[, = [[UTT(U*Q - UM Q 'w*||, < 2p||w*|l,

b*—b“)H
2

(253)
(254)
(255)

(256)

(266)

(267)

(268)

(269)

(270)

(271)
(272)
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log6—1!
b* — b(f)H  Jros0 - (273)
2 m

and moreover,

HU*T(S Db — b“))H
2

[U*T(S - D(U*Q - UHQ 'w*||, < |[UTT(U*Q - UH)Q 'w*||, M (274)
log 0—1
< 20/ B (275)
_ log?(ré—1
H<U+TSU+) 1(UT(X(i))TZ(i)) <roj¢71(“ (276)
2

with probability at least 1 — d/L. Hence, we get that

[ = Qtw[], < 3llw (6 D27+ 1) + 4p(1 + en)) (V7 + /HEET ) gl (104 /228

2"\/7“ 1‘\’5;(’“571) +20‘/k 1\0/%((1571) . Therefore, for m' = Q(max(k log(dLs~1), 7 log 5*1)), we get a decrease along with

a bias term. We can have ¢(©) = 2||w*||, by using w() = 0. After L iterations, we will get HW(L) — Q*1W*||2 =

O<p||w*||2 + Y lwr], + ”7wbgw>; hence, we will have with L = O(logp‘l) that |[w® — Q~'w*||, =

O(p||w*||2 + 7k 1\0/%((15*1) + 7V k:f%(msil)). The generalization error is given by
£(Ut,w b®)) — £(U*, w*, b*) (277)

where £(U,w,b) £ E(x ,)(y — (x,Uw + b))2. Hence, we have that

o +k) (7;; k) ). (278)

ﬁ(UJr,W(L),b(L)) *ﬁ(U*,W*,b*) < 5<p2||w*”§ +

Theorem 5 (Restatement of Theorem [3| (Generalization properties in private setting)). Generalization error for
a new task scales as:

L(U,w,b) — L(U*, w*,b*) (279)
3 *\2 3 2 *,,%\2

A2 (rrd(p) r k+ry  dri(log(1/0) + ) (A\fp*)* 5 2

=0(o*( TR T )+ o (5% + 122 (280)

>\* I

where k =1+ /5 —|— max;e[¢ S

Proof. We assume that ||[w*||; < /p* A% due to the incoherence (see Assumption A2). We substitute p to be the
guarantee that we had obtained in Theorem |3} hence we immediately obtain our desired guarantees by using

equation 278 O
Corollary 8 (Restatement of Theorem [1| (Generalization Properties in non-private setting)). Furthermore, for a
new task, Algorithm [6 ensures the following generalization error bound:
370,52 3
r°d r k+r
0 ))

mt mAx m

L(U,w,b) — £L(U*, w*,b*) = 6(02(

Proof. The proof follows again by substituting opp = 0 (hence 01,09 = 0) which removes the last term in the
generalization properties in Theorem [3| O

F DISCUSSION ON OBTAINING INITIAL ESTIMATES USING METHOD OF
MOMENTS

Overview: Note that Algorithm [I| has local convergence properties as described in Theorem [I} In practice,
typically we use random initialization for UT(9), However, similar to the representation learning framework
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|[Tripuraneni et al., 2021|, we can use the Method of Moments to obtain a good initialization. i.e. when the
representation matrix U* is of rank r, we can compute the Singular Value Decomposition (SVD) of the matrix
(mt) ' Yiery (y](-l))Qxy)(xy))T. This is similar to the Method of Moments technique used in |[Tripuraneni et al.;
2021 and has been used as an initialization technique in the AM framework of [Thekumparampil et al., 2021| as
well. Even in the presence of additional sparse vectors, the SVD decomposition is robust. Such a phenomenon
has been also been characterized theoretically in the robust PCA setting |[Netrapalli et al., 2014].

Details for Rank-1: Assume |[u*|lz = [|[w*||2 = 1 and ||b*@||q < k for all i € [t]. Moreover, for some constant
p> 0, we will have |[u*||loo < /ut/d, [|[W* oo < 1/t maxicpy |Blloc < p1/Vdt where B is the matrix whose

columns correspond to b*("’s. Suppose, we obtain samples (x,y) € R? x R where each sample is randomly
generated from the ¢ data generating models corresponding to each task. In order to generate the it" sample we
first draw a latent variable j ~y [t] and subsequently generate the tuple according to the following process:

x| j ~ N(0,14) and 3@ | xD j ~ N((xD wiu* + b*P), o2 (281)

We look at the quantity y?xx". Our first result is the following lemma:

Lemma 14. Suppose we obtain samples {(x,y )} generated according to the model described in equation |281]
In that case we have

E[y’xx"] =T+ % Z (wj*-u* + b*(j)) (w]*-u* + b*(j))T (282)
J

where I denotes the d-dimensional identity matriz.

The proof follows from Simple calculations. From the data {( ;l), y]l))}"' for the it task, we can compute an
unbiased estimate A £ -1 3 Py 1(yj( ))2x (l)( ?)T of the matrix E [y?xx"]. Let us write A = E[A] + 2F

where 2F is the error in estimating E [A]. Also, let us denote 0.5¢(E [y?xx"] —I) £ L. In that case, we will have
0.5t(A —I) = 0.5¢(A —E[A] + E[A] — I) = L+ F. We will also denote

t
Eé}:(*wﬁ) +wﬁﬁwﬂmT+bWNNMf)+E

j=1

G

Our goal is to show that any eigenvector of L + F is close to u* in infinity norm. Note that (L + F)z =
(u(u*)" + E)z = \z. Hence, we have

B E\—lu*(u*)Tz
—@_X)“TT*' (283)
First, note that
ey u*(u*)Tzz u* (ut)" Eru*(u*)Tzz"u* (u*)TE?
Azz' —u*(u)" = 3 ( + Z SUETES (u (284)
P,q:p+g=>1
* *\T * * EP * T T, % * TEq
AzzT — w ()T oo = || MLt () oo + 52, g B
(285)
We have that
T T % (1% T
u ( ) zi u (ll ) _u*(u*)T
T,,T T
:nj;?xe;r(u ") Zi u’(u’) —u*(u*)T)ej (286)
T Tiyx(11%\ T
el (w ()" + UL (U)") (% ) == () — ()7 (w ()T UL(UL)T e, (287)
u*(u*)Tzz"u (u*)’ T 2 (((u*)7z)?
<[[u*2, —uf(u) || < —(—F— -1 (288)
y , (3 )
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where U is the subspace orthogonal to the vector u*.

First, we will show an upper bound on ||F||_ . Recall that according to the data generating mechanism, each
co-variate x is generated according to A/(0,1;) and given the co-variate, the response y | x ~ N ({x, w*u*+b*), o?)
where w*, b* is uniformly chosen at random from the set {wj*», b*(j)}j. Hence, we can bound the magnitude of

y as follows: Ey?|x =t71 Z;=1 o? + (x, wiu* + b*(7))2 and therefore E [y?] =t~} Z;zl o+ ij*»u* + b*(9) ’ ‘3
Hence, y ~ 1 23:1 N(0,0% + Hw]*»u* + b*0) | |§) and therefore, by using standard Gaussian concentration, we
will have |y| < \/02 + max;epy Hw]*-u* + b*()]| |z log(mt) < \/o2 + 4ut=1log(mt) for all mt samples w.p. at least
1 — poly((mt)~1). Moreover, |Xi(f)]| < log(dmt) for all i € [t],p € [m],j € [d]. Hence, with probability at least
1 — poly((dmt)~t), by using standard concentration inequalities, we have |[F|| < 4/ % log® (dmt). We

will now bound ||E||, < ||G]|, + ||F||,- In order to do so, fix unit vectors x,y such that ||E||, = x"Ey =
s TiysEis = 3 3, (22 + y2)E;;. We have the following:

d
S a23 N b Vb < ¢k|BZ,  and Zyst* Zb*<”<<k||B||oo_’"‘Ck (289)

i j=1s=1

t d
= Y a2 wibV Zu: < ¢d|BJ| |l 1wl
j=1 =

%

t 2
wk
and nyzw Zb*<”<kt\|B|| ool Wl < = (200)

=1

d
= D4 Zw* 3T b0 < kBl W]l
[ s=1
2 )% 1*¢
md Y b)Y <GBl il < (291)
s =1 i=1

and similarly ||F||, < Vd||F||.. Hence ||F||, < 1/800 provided mt = Q(do?). In that case, we have ||E||, < 1/400
provided ¢ < ¢t and k < cad for appropriate constants 0 < ¢1,ca < 1. Therefore, A must be at least 399/400
(Weyl’s inequality) and ((u*,z)? — 1) < 4||E||, (Davis Kahan). Hence, we have the following inequality:

(M — 1) < 1/100. Again, we have

Eru*(u*)Tzz u* (u*) TE?
| (292
(o)
Eru*(u*)"zz u*(u*) TE?
— T .
= maxe, ( Sprar )eJ (293)
T, T % (11*)T
— maxe] B (u*(u) "+ UL (U])") ( ‘(o) mm wr(u) ) (wr@)T UL U ) By (294)
ij A\p+a+1
TooT % (11%)T *\T,,\2
Py g |0 (0") 2z u(u*) Py - (((u)z))
< ] | S < e (G (295)

where U7 is the subspace orthogonal to the vector u*.

Lemma 15. Let e; € RY denote the ith standard basis vector. In that case, we will have

2
max [ el Bu|| < \/g(ﬂdik+k+uc+\/ 7|l

Proof. We can prove this statement via induction. For p = 1, the statement follows from the incoherence of u*.
Suppose the statement holds for p = k for some k& > 1. Under this induction hypothesis, we are going to show
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that the statement holds for p = k 4+ 1. We will have

* 2 *
||e/ EFu ||2 = Z( TEE"u*e))? = Z ZEWE u*ey)? (296)
¢
_ ko x koo ek |tk piC d 2k+2
ZEUlEU2||eJ1E u || HehE u HQ = d ( dt +7+T+ %”F”oo) (297)
J1j2

O

Hence, we must have || >3, ..~ E u*(u*);pﬁz;ﬁ*(u*)TEq lloo

2,2 T, )2
0 (u Ck | pw’k  p C)P*q(l)w(((U) z) )
< i EEL RS NI 208
- Z d dt + d + t A A (298)
P,q¢:pt+q=1
2 *\T,\2 2 *\T,\2 2
u(((u)Z)) pta u(((u)Z))<( 1 ) )
K _ 1 299
=d A 2. @ d \ -« (299)
P,q:pt+g=>1

where o = df;\k + ”)\k + B + \/ oz HF|| . Again, if ¢ < ¢1t and k < cod for appropriate constants 0 < ¢1,c9 < 1,
we will have ||)\zz —u* ||oo = ("7) and similarly, from our previous calculations on the operator norms,

we will have H/\ZZT - u*(u*)T’ ‘2 =0(1)o4/ %. Hence, provided mt = Q(do?), by using Davis Kahan inequality,
we obtain the initialization guarantees that we need for the rank-1 setting (see Theorem [1)).

G USEFUL LEMMAS

Lemma 16 (Hanson-Wright lemma). Let x(M) x®) . . x(™) ~ N(0,145q) be m i.i.d. standard isotropic Gaussian
random vectors of dimension d. Then, for some universal constant ¢ > 0, the following holds true with a probability
of at least 1 — &g

m m

ZXTAX]——ZTr i) <cmax( ZHA ||210g5 ), J0ax I|A; ||2log(5 )

Lemma 17. Let x(V) x® . x(M ~ N(0,14%4) be m i.i.d. standard isotropic Gaussian random vectors of
dimension d. Then, for some universal constant ¢ > 0, the following holds true with a probability of at least 1 — &y.

LS T () (O T T log dy * logdy "
— — < — 0 20 ),
2 BT aTb| < cffallylb||, max (1 22—, 280 )

Lemma 18. For three real r-rank matrices, satisfying A — B = C, Weyl’s inequality tells that
or(A) —or(B) < [|C||

V k € [r] where ok (-) is the k-th largest singular value operator.

Lemma 19. Let x(V x® . x(M ~ N(0,14x4) be m i.i.d. standard isotropic Gaussian random vectors of
dimension d. Then, for some universal constant ¢ > 0, the following holds true with a probability of at least 1 — dy,

[ES STRPHNEINEIL S S ]

[d1 log 651 dl log 67t
SCmax(laﬁﬂ2 og 9 +log d; lall 0g 9+ log d, )
m m m

Lemma 20. Let a;,b; € R?V i € [t]. Then,

1D ab] 7 < 11D aal |l > bib] |,
A % i
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Lemma 21. For a real matriz A € R™*™ and a real symmetric positive semi-definite (PSD) matriz B € R™*",
the following holds true: o2, (A)Amin(B) < Amin(ABAT), where omin(-) and Amin(-) represents the minimum

singular value and minimum eigenvalue operators respectively.
Lemma 22. For any three matrices A, B, and C for which the matriz product ABC is defined,

vec(ABC) = (CT ® A)vec(B).

2

Lemma 23. For a (v*, «) sub-exponential random variable, we have the following tail bound

]P(|X _E [X] | > t) < e—%min{ﬁ/lﬂ,t/a}.
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