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Abstract

This paper studies first order methods for solving smooth minimax optimization
problems min, max, g(x,y) where g(-, -) is smooth and g(z, -) is concave for each
x. In terms of g(-, y), we consider two settings — strongly convex and nonconvex —
and improve upon the best known rates in both. For strongly-convex g(-,y), Vy,
we propose a new direct optimal algorithm combining Mirror-Prox and Nesterov’s
AGD, and show that it can find global optimum in O (1/k?) iterations, improving
over current state-of-the-art rate of O(1/k). We use this result along with an
inexact proximal point method to provide O (1 JkY/ 3) rate for finding stationary
points in the nonconvex setting where ¢(-,y) can be nonconvex. This improves
over current best-known rate of O(1/k'/%). Finally, we instantiate our result for
finite nonconvex minimax problems, i.e., min, Maxi<;<m f; (z), with nonconvex
fi(+), to obtain convergence rate of O(m!/3y/Togm/k'/?).

1 Introduction

In this paper we study smooth minimax problems of the form:

min max g(z,y) , g: X xY — R, gissmooth i.e., gradient Lipschitz. (1)

TeX yey
The problem has applications in several domains such as machine learning [[15}29], optimization [3]],
statistics [3]], mathematics [23]], and game theory [31]]. Given the importance of these problems, there
is an extensive body of work that studies various algorithms and their convergence properties. The
vast majority of existing results for this problem focus on the convex-concave setting, where g(-, ) is
convex for every y and g(z, -) is concave for every x. The best known convergence rate in this setting
is O(1/k) for the primal-dual gap, achieved for example by Mirror-Prox [34]. This rate is also known
to be optimal for the class of smooth convex-concave problems [41]]. A natural question is whether
we can achieve a faster convergence if we have strong convexity (as opposed to just convexity) of
9(-,y). We answer this in the affirmative, by introducing an algorithm that achieves a convergence

rate of O (1 / k;Q) for the general smooth, strongly-convex—concave minimax problem. The algorithm
we propose is a novel combination of Mirror-Prox and Nesterov’s accelerated gradient descent. This
matches the known lower bound of ©(1/k?) from [41]], closing the gap up to a poly-logarithmic factor.
There also exists a conceptually simple smoothing technique based indirect algorithm, which prefixes
the tolerance of . However, our goal is to find a direct algorithm which does not prefix the tolerance.
Other known methods that obtain a rate of O(1/k?) in this context are for very special cases, where
2 and y are connected through a bi-linear term or g(x, -) is linear in y [35] 20} (14} (8] 149] [16] 48]].
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Setting Optimality Previous Our Smoothing Lower

notion state-of-the-art results schemes bound
Convex Primal-dual gap O (k™) [34] - - Q(k~Y) [41]
Strongly . _ =~ _ = _
COnVex Primal-dual gap O(k=)[B4] O (k™?) O (k=2) Q(k2) [41]

Nonconvex ~Approx. stat. point O (k~1/5) [18] O (k=1/3) O (k=1/3) [26] -

Table 1: Comparison of our results with previous state-of-the-art. We assume that g(-, -) is smooth
(i.e., has Lipschitz gradients) and g(z,-) is concave Vo € X. Convexity, strong convexity and
nonconvexity in the first column refers to g(-, y) for fixed y. Smoothing schemes are indirect methods
using the smoothing technique [36].

While most theoretical results focus on the convex-concave setting, several real world problems
fall outside this class. A slightly larger class, which captures several more applications, is the
class of smooth nonconvex—concave minimax problems, where g(x, -) is concave for every x but
g(-,y) can be nonconvex. For example, finite minimax problems, i.e., min, max}*, f;(z) =
min, N ! > Yi - fi(x) := g(x,y) belong to this class, and so do smooth non-

convex constrained optimization problems [25]]. In addition, several machine learning problems with
non-decomposable loss functions [22]] also belong to this class.

In this general nonconvex concave setting however, we cannot hope to find global optimum efficiently
as even the special case of nonconvex optimization is NP-hard. Similar to nonconvex optimization,
we might hope to find an approximate stationary point [37].

Our second contribution is a new algorithm and a faster rate for the general smooth nonconvex—
concave minimax problem. Our algorithm is an inexact proximal point method for the nonconvex
function f(z) := maxyey g(x,y). The key insight is that the proximal point problem in each
iteration results in a strongly-convex concave minimax problem, for which we use our improved
algorithm to obtain the overall computation/iteration complexity of 9) (1 /K 3) thus improving
over the previous best known rate of O(1/k/%) [I 8ﬂ More recently, independent to our work, a
smoothing based algorithm has also been proposed to achieve the same O (kfl/ 3 ) rate [20].

Finally, we specialize our result to finite minimax problems, i.e., min, maxi<;<m fi(z) where
fi(x) can be nonconvex function but each f; is a smooth function; nonconvex constrained opti-
mization problems can be reduced to such finite minimax problems. For these, we obtain a rate of
0] (ml/ 3/Togm/k/ 3) total gradient computations which improves upon the state-of-the-art rate

O(m!/*/k'/*) [I1] in this setting as well.

Summary of contributions: See also Tablel}

1. Optimal O (1 / k2) convergence rate for smooth, strongly-convex — concave problems, improving
upon the previous best known rate of O (1/k) for a direct algorithm and,

2.0 (1 JkY 3) convergence rate for smooth, nonconvex — concave problems, improving upon the
previous best known rate of O (1/k'/%).

Related works: For strongly-convex-concave minimax problems with special structures, several
algorithms have been proposed. In an increasing order of generality, [[14} 49} 50] study optimizing a
strongly convex function with linear constraints, which can be posed as a special case of minimax
optimization, [35, 8] study a minimax problem where = and y are connected only through a bi-linear
term y” Az, and [16] 20] study a case where g(z, -) is linear in y. In all these cases, it is shown that
O(1/k?) convergence rate is achievable if g(-,y) is strongly-convex V y. Recently, [12] showed linear
convergence of gradient descent ascent for strongly-convex—concave problem with bilinear coupling
when A has full row rank. However, it has remained an open question if the fast rate of O(1/k?)
can be achieved for general strongly-convex-concave minimax problems. See [32, 9, [7, [17, 51} [1]

'While [T§]] gives a rate of O (1/ kY 4) with an approximate maximization oracle for maxycy g(z,y),

taking into account the cost of implementing such a maximization oracle gives a rate of O (1 / K 5),



for detailed surveys on the results for the convex-concave minimax problems. For examples and
application of saddle point problems refer [36} 19} 20, 7, 43]].

For nonconvex-concave minimax problems, [42] considers both deterministic and stochastic settings,
and proposes inexact proximal point methods for solving smooth nonconvex—concave problems.
In the deterministic setting, their result guarantees an error of O(1/k'/%). We note that there
have also been other notions of stationarity proposed in literature for nonconvex-concave minimax
problems 28} 40]. These notions however are weaker than the one considered in this paper, in the
sense that, our notion of stationarity implies these other notions (without loss in parameters). For one
such weaker notion, [40] proposes an algorithm with a convergence rate of O (k’l/ 3'5). Since the
notion they consider is weaker, it does not imply the same convergence rate in our setting.

We would also like to highlight the works [6l |13} 133]146| 134} 147, [10]] designing efficient algorithms for
solving monotone variational inequalities which generalizes the convex-concave minimax problems.

Notations: R is the real line and for any natural number p, R is the real vector space of dimension p.
|||| is a norm on some metric space which would be evident from the context. For a convex set X C RP
and © € RP, Py (x) = argming cx ||z — 2’| is the projection of x on to X. For a differentiable
function g(x,y), V.g(x,y) is its gradient with respect to z at (x,y). We use the standard big-O
notations. For functions 7, S : R — R such that 0 < liminf, ,, T(z), 0 < liminf, . S(x),
(@) T(x) = O(S(z)) means limsup,_, . T'(x)/S(zx) < oo; (b) T'(z) = O(S(x)) means T'(z) =
O(S(x)) and S(z) = O(T'(x)); and (c) T'(z) = O (S(x)) means that T'(z) = O(S(z)R(z)) for
some poly-logarithmic function R : R — R.

Paper organization: In Section[2] we present preliminaries and all relevant background. In Section|3]
we present our results for strongly-convex—concave setting and in section [ results for nonconvex—
concave setting. In Section[5] we present empirical evaluation of our algorithm for nonconvex-concave

setting and compare it to a state-of-the-art algorithm. We conclude in Section[6] Several technical
details are presented in the appendix.

2 Preliminaries and background material

In this section, we will present some preliminaries, describing the setup and reviewing some back-
ground material that will be useful in the sequel.

2.1 Minimax problems

We are interested in the minimax problems of the form (I}) where g(z, y) is a smooth function.
Definition 1. A function g(x,y) is said to be L-smooth if:

max {[[Vag(z,y) = Vag (@', y)|, IVyg(2,y) = Vyg(a', )1} < Ll — 2 + ly = vl -

Throughout, we assume that g(, .) is concave for every € X. For g(-, y) behavior in terms of z,
there are broadly two settings:

2.1.1 Convex-concave setting

In this setting, g(-, y) is convex V y € ). Given any g and V(Z, ), the following holds trivially:
. N < a(5 ) < ~
ming(z,y) < 9(Z,7) < maxg(z,y),

which then implies that max,cy mingex g(z,y) < minge xy max,ey g(z,y). The celebrated min-
imax theorem for the convex-concave setting [44]] says that if ) is a compact set then the above
inequality is in fact an equality, i.e., max,cy mingc x g(x, y) = minger maxycy g(z, y). Further-
more, any point (*,y*) is an optimal solution to (I if and only if:

gg;gg(fcvy ) =g(z",y") r;leagg(x .Y) (2)

Hence, our goal is to find e-primal-dual pair (Z,y) with small primal-dual gap: max,cy ¢(Z,y) —
mingex g(z,y).
Definition 2. For a convex-concave function g : X x Y — R, (&, §) is an e-primal-dual-pair of g if

the primal-dual gap is less than e: maxycy ¢(T,y) — mingex g(x,y) < e



2.1.2 Nonconvex-concave setting

In this setting the function g(-, y) need not be convex. One cannot hope to solve such problems in
general, since the special case of nonconvex optimization is already NP-hard [39]]. Furthermore,
the minimax theorem no longer holds, i.e., max,cy mingcx g(x,y) can be strictly smaller than
ming ey maxyey g(, y), and therefore the order of min and max might be important for a given
application i.e., we might be interested only in minimax but not maximin (or vice versa). So, the
primal-dual gap may not be a meaningful quantity to measure convergence. In this paper we will
focus on the minimax problem: min,cy maxycy g(z,y). One approach, inspired by nonconvex
optimization, to measure convergence is to consider the function f(x) = max,cy g(z,y) and
consider the convergence rate to approximate first order stationary points (i.e., V f () is small)[42L[18]).
But as f(x) could be non-smooth, V f(z) might not even be defined. It turns out that whenever
g(z,y) is smooth, f(z) is weakly convex (Definition @) for which first order stationarity notions are
well-studied and are discussed below.

Approximate first-order stationary point for weakly convex functions: We first need to general-
ize the notion of gradient for a non-smooth function.

Definition 3. The Fréchet sub-differential of a function f(-) at x is defined as the set, Of(z) =
{ul lminff(z') — f(z) — (u, 2" —x)/||l2" — ]| = 0}.
x' —x

In order to define approximate stationary points, we also need the notion of weakly convex function
and Moreau envelope.

Definition 4. A function f : X — R U {oo} is L-weakly convex if,

F@) G a? — )~ Sl ol < S(@), ®

for all Fréchet subgradients u, € Of(x), forall z,x’ € X.

Definition 5. For a proper lower semi-continuous (l.s.c.) function f : X — R U {oc} and X\ > 0
(X C RP), the Moreau envelope function is given by

_ : ’ i _ 12
Aile) = min f(z') + o lle 2. “

Lemma [] (in Appendix provides some useful properties of the Moreau envelope for weakly
convex functions. Now, first order stationary point of a non-smooth nonconvex function is well-
defined, i.e., x* is a first order stationary point (FOSP) of a function f(z) if, 0 € Jf(z*) (see
Definition EI) However, unlike smooth functions, it is nontrivial to define an approximate FOSP. For
example, if we define an e-FOSP as the point 2 with min,co¢(y) [[ul| < €, there may never exist

such a point for sufficiently small ¢, unless z is exactly a FOSP. In contrast, by using above properties
of the Moreau envelope of a weakly convex function, it’s approximate FOSP can be defined as [L1]:

Definition 6. Given an L-weakly convex function f, we say that x* is an e-first order stationary
point (e-FOSP) if, ||V f 1_(x*)|| < €, where f 1 is the Moreau envelope with parameter 1/2L.

Using Lemma% we can show that for any e-FOSP z*, there exists & such that |# — z*|| < ¢/2L and
ming,eos(z) ||u]| < €. In other words, an e-FOSP is O(¢) close to a point & which has a subgradient
smaller than €. We note that other notions of FOSP have also been proposed recently such as in [40]].
However, it can be shown that an e-FOSP according to the above definition is also an e-FOSP with
[40]’s definition as well, but the reverse is not necessarily true.

2.2 Mirror-Prox

Mirror-Prox [34] is a popular algorithm proposed for solving convex-concave minimax problems (T).
It achieves a convergence rate of O (1/k) for the primal dual gap. The original Mirror-Prox paper [34]
motivates the algorithm through a conceptual Mirror-Prox (CMP) method, which brings out the main
idea behind its convergence rate of O (1/k). CMP for Euclidean norm (after ignoring projections to
X and Y) does the following update:

1
(k1 Ykt1) = (Tk, Yr) + 3 (=Vag (@ht1,Yrt1) » Vg (Tht1, Ybt1)) - @)



The main difference between CMP and standard gradient descent ascent (GDA) is that in the &™ step,
while GDA uses gradients at (xg, yx ), CMP uses gradients at (41, yx+1). The key observation
of [34] is that if g(-, -) is smooth, it can be implemented efficiently. CMP is analyzed as follows:

Implementability of CMP: Let (xg)), yl(co)) = (@, yx). For 8 < £, the iteration
i i 1 0 (@ 0 G
(@ ) = (o) + 3 (—ng (xi)y;i)) :Vyg (x,i)y,i))) : (6)

can be shown to be %-contraction (when g(-, -) is smooth) and that its fixed point is (Zgt1, Yg+1)-

So, in log % iterations of (6)), we can obtain an accurate version of the update required by CMP. In

fact, [34] showed that just fwo iterations of (6)) suffice [30].
Convergence rate of CMP: Using CMP update with simple manipulations leads to the following:

8
9(@r1,9) = 92, y61) < 5 (le = 2o l” = llz = e+ lly = well® = lly = gesal”) Vo € X, y € Y.

O (1/k) convergence rate follows easily using the above result.

Finally, our method and analysis also requires Nesterov’s accelerated gradient descent method (see
Algorithm[3]in Appendix A)and it’s per-step analysis by [2]] (Lemma[2]in Appendix [A).

3 Strongly-convex concave saddle point problem

We first study the minimax problem of the form:

1 = a Pl
min [ f(z) r;legg(x, Y], (P1)
where g(x, -) is concave, g(+,y) is o-strongly-convex, g(-,-) is L-smooth, i.e.,0 < o0 < L. X = R?
and Y C R? is a convex compact sub-set of R? and let the function f take a minimum value
f*(> —o0). Let Dy = max, ey ||y — ¢'|| be the diameter of Y.

Our objective here is to find an e-primal-dual pair (Z, y) (see Definition[2). Now the fact that f(2) —
f* < maxyey ¢(Z,y) — mingex g(x,y) implies that if (£, §) is an e-primal-dual-pair, then £ is also
an e-approximate minima of f. Furthermore, by Sion’s minimax theorem [24], strong-convexity—
concavity of g(-,-) ensures that: min,[f(z) := max, g(z,y)] = max,[h(y) := min, g(z,y)].
Hence, one approach to efficiently solving the problem is by optimizing the dual problem max, h(y).
By Lemma@(in Appendix , h(y)isan (L + L;)-smooth function. So we can use AGD to ensure
that h(yx) — h(y*) = O(1/k?). Now, each step of AGD requires computing arg min, g(, yx)
which can be done efficiently (i.e., logarithmic number of steps) as g(-, y) is strongly-convex and

smooth. So, the overall first-order oracle complexity is h(y;) — h(y*) = O (1/k?).

So does this simple approach give us our desired result? Unfortunately that is not the case, as the above
bound on the dual function h does not translate to the same error rate for primal function f, i.e., the
solution need not be O (1/k?)-primal-dual pair. E.g., consider min,ep max,e_11)[g(z, y) = zy +
x? /2], where min, max, g(z,y) = 0, f(z) = 22/2 + |z| and h(y) = —y?/2. If h(yx) = O(k~2),
then x), € argmin, g(x,yx) = O(1/k) and so f(zx) is ©(k~1). This is due to the non-smoothness
of arg max,cy g(z,y) w.rt. z.

Instead of using AGD, we introduce a new method to solve the dual problem that we refer to as
DIAG, which stands for Dual Implicit Accelerated Gradient. DIAG combines ideas from AGD
[38]] and Nemirovski’s original derivation of the Mirror-Prox algorithm [34]], and can ensure a fast
convergence rate of O~(k:’2) for the primal-dual gap. We note that there also exists a conceptually
simpler smoothing technique based indirect algorithm, which prefixes the tolerance of € (Appendix D).
However, our goal is to find a direct algorithm which does note require prefixing the tolerance at
€. For better exposition, we first present a conceptual version of DIAG (C-DIAG), which is not
implementable exactly, but brings out the main new ideas in our algorithm. We then present a detailed
error analysis for the inexact version of this algorithm, which is implementable.

3.1 Conceptual version: C-DIAG

Consider the following updates which is a modified version of AGD (see Algorithm [3]in Appendix [A):

5



(a) wi = (1 = 7)yx + Thzk
(b) Choose xj41,yk+1 ensuring:

T € argming g(z, Ypr1), and yp1 = Py(wi + 5Vyg(xp11, wy))
(¢) ze41 =Py(2k + Mk Vyg(Trt1, wk))

Complete pseudocode for C-DIAG algorithm is presented in Algorithmd]in Appendix[B.4] The main
idea of the algorithm is in Step (b) above (i.e., Step 4 of Algorithm E|m Appendix [B.4), where we
simultaneously find x1 and yy satisfying the following requirements:

e )1 is the minimizer of g(-, yx+1), and
® ;41 corresponds to an AGD step (see Algorithmin Appendix@) for g(xg+1, )

Implementability: The first question is whether it is easy enough to implement such a step? It turns
out that it is indeed possible to quickly find points z;+; and yj1 that approximately satisfy the
above requirements. The reason is that:

e Since g(-, y) is smooth and strongly convex for every y € ), we can find e-approximate
minimizer for a given y in O (log 1) iterations.

e Letz*(y) := argmin, . y g(z,y). The iteration y*** = Py, (w;c + %Vyg(x*(yi), wk)) is

a 1/2-contraction with a unique fixed point satisfying the update step requirements (i.e., Step
4 of Algorlthm@ in Appendix - See Lemma [5)in Appendix [B.3]for a proof. This means
that only O (log 7) iterations again suffice to find an update that approximately satisfies the
requirements.

Convergence rate: Since yy11 and 2,1 correspond to an AGD update for g(z 1, -), we can use the
potential function decrease argument for AGD (Lemma[2)in Appendix [A) to conclude that Yy € ),

(k+1)(k+2) (9(xr41,9) — 9(@rr1, Ynr1)) + 28 - |y — zipa|?

< k(k+1) (9(@re1,9) = 9(@rr1,9x) + 28 - [ly — 2]

< k(k+1) (9(zr41,9) — 9(z,y)) + k(k +1) (921, y) — g(@r,yp)) + 26 - [ly — 2|,
where the last step follows from the fact that z;, = argmin, g(x, yx) and so g(zk, yx) < 9(Tk+1, Yx)-

Noting that we can further recursively bound k(k + 1) (9(zx,y) — 9(zx, yx)) + 28 - |y — 2&||? as
above, we obtain

(k4 1)(k+2) (9(@rt1,9) — 9(@hs1, Y1) + 28 - [y — 20ga[|?
k

<k(k+1)g(xry1,y Z 9(zi,y) + 28 - ly — 20|
i=1
k1
= 3020 oleoy) = (6 Dk 2t aome) <25 |y ol

Since g(wx41, yk+1) < g(w, yr+1) for every x € X, we have
k41
> @2i) - glai, y) — (k+ 1) (k +2)g(, yri1) < 28 [ly — 20

i=1

_ 28 - |ly — zo?
= — < < -
g(‘rk+17y) g(xayk+1) = (k+1)(k+2)7

where Zp 1 := W S (2i) - @;. Since x and y are arbitrary above, this gives a O (1/k?)
convergence rate for the primal dual gap.

3.2 Error analysis

The main issue with Algorithm []is that the update step is not exactly implementable. However, as
we noted in the previous section, we can quickly find updates that almost satisfy the requirements.
Algorithm [T] presents this inexact version. The following theorem states our formal result and a
detailed proof is provided in Appendix [B.3]



Algorithm 1: Dual Implicit Accelerated Gradient (DIAG) for strongly-convex—concave
programming

Input: g, L, 0, Dy, xg, yo, K, {séfgp}le
Olltpllt: TK, YK

Set § + 2%2, 20 < Yo

2 fork=0,1,..., K —1do

k
3 Tkeﬁ, Mg — (;;), wg < (1 — 7)Yk + w2k

(k+1)
step

—

4 Tkt1, Yk+1 < Imp-STEP (g, L, o, xg, wg, B, € ), ensuring:

. k 1
9(Tha1, Yng1) < mwlng(x»ykJrl) + €£t:;_>1)a Ye+1 = Py (wk + 5vy9($k+1,wk)>

_ k41 .
51 %+l — Py (2 + ﬁkvy9($k+17 W), Tht1 WM 2;-11 1T

6 return Ty, yi

7 Imp-STEP(g, L, 0, To, W, B, Estep)

2_2
8 Set emp < 274/ 282”", R + [log, %] €agd 03[32% Yo < w
9 forr=0,1,...,Rdo
10 Starting at 2y use AGD [38] for strongly-convex g(-, ¥, ), to compute £, such that:
9(&r,yr) < ming(z, yr) + Eaga; ©)
1 Y1 + Py(w+ %Vyg(:%,«, w))
12 | return Zg, Yri1

Theorem 1 (Convergence rate of DIAG). Let g : X x Y — R be a L-smooth, o-strongly-convex—
concave function on X = RP and a convex compact sub-set Y C R? (with diameter Dy)). Then,

after K iterations, DIAG (Algorithm with a tolerance schedule of {nggp}ff:l Sfor its Imp-STEP
sub-routine, finds (Tx,yr) S.1.:

2 K k
4%D§i + Zk:l k(k+1) Eétgp ®)
K(K+1) '

max g(Tg,y) — min g(& <

max (2, §) — min g(7, yx ) <
: (k) L*>D? . . . - 6.2 D32

In particular, setting go, = —Lgkg(k_ﬂ) we have: maxgey ¢(ZTx,§) — mingex 9(&, yx) < 4LK(K+1)'

Furthermore, for this setting the total first order oracle complexity is given by: O(\/g K log*(K)).

Remark 1: Theorem shows that DIAG needs O((DyL/+/o¢) - (1/L/o)) gradient queries for
finding a e-primal-dual-pair, while current best-known rate is O(1/¢) achieved by Mirror-Prox. This
dependence in € and D+ is optimal, as it is shown in [41, Theorem 10] that Q(Dy,(L — o)/+/o¢€)
gradient queries are necessary to achieve ¢ error in the primal-dual gap.

Remark 2: Unlike standard AGD for h(y), which only updates yy, in the outer-loop, DIAG’s outer-
step updates both x; and y;, thus allowing us to better track the primal-dual gap. However, DIAG’s
dependence on the condition number L /o seems sub-optimal and can perhaps be improved if we do
not compute Imp-STEP nearly optimally allowing for inexact updates; we leave further investigation
into improved dependence on the condition number for future work.

4 Nonconvex concave saddle point problem

We study the nonconvex concave minimax problem (I)) where g(z, -) is concave, g(+, y) is nonconvex,
and g(-,-) is L-smooth, X = RP (such that Proj, (z) = x) and ) is a convex compact sub-set of RY.
As mentioned in Section [2} we measure the convergence to an approximate FOSP of this problem
(see Deﬁnition@) but it requires weak-convexity of f(z) := maxyey g(x,y). The following lemma
guarantees weak convexity of f given smoothness of g.



Lemma 1. Let g(-,y) be continuous and Y be compact. Then f(x) = maxycy g(z,y) is L-weakly
convex, if g is L-weakly convex in x (Definition[l), or if g is L-smooth in x .

See Appendix[B.3]for the proof. The arguments of [18] easily extend to show that applying subgradient
method on f(x), [11]] gives a convergence rate of O (1 /K 5). Instead, we exploit the smooth
minimax form of f(-) to design a faster converging scheme. The main intuition comes from the
proximal viewpoint that gradient descent can be viewed as iteratively forming and optimizing local
quadratic upper bounds. As f is weakly convex, adding enough quadratic regularization should ensure
that the resulting sequence of problems are all strongly-convex—concave. We then exploit DIAG to
efficiently solve such local quadratic problems to obtain improved convergence rates. Concretely, let

o~

flzar) = mgxg(Ly)JrLIIw*kaz- ©)

By L-weak-convexity of f, f(m, xy) is strongly-convex—concave (Lemma that can be solved using
DIAG up to certain accuracy to obtain x4 ;. We refer to this algorithm as Prox-DIAG and provide a
pseudo-code for the same in Algorithm 2] The following theorem gives convergence guarantees for

Algorithm 2: Proximal Dual Implicit Accelerated Gradient (Prox-DIAG) for nonconvex
concave programming

Input: g, L, €, x9, Yo
Output:
2

1 Seté < g7
2 fork=0,1,..., K do
3 Using DIAG for strongly convex concave minimax problem,
minmax [, y; k) = 9(2,y) + Lz — ]l (10)

find x4 such that,

. 1>
max g(zi1,y) + Lk — 2xl|* < minmax g(z,y) + Lz — 2> + = (11)
yeY T yey 4

if max,ey g(zx,y) — 3 < maxyey g(wr11,y) + Llar1 — 4 * then
4 L return x;,

Prox-DIAG.

Theorem 2 (Convergence rate of Prox-DIAG). Let g(x,y) be L-smooth, g(x,-) be concave, X be
RP, Y be a convex compact subset of R?, and the minimum value of function f(x) = maxycy g(z,y)
be bounded below, i.e. f(x) > f* > —co. Then Prox-DIAG (Algorithm2) after,

o {44L(f(fco) Sl
3e2

steps outputs an ¢-FOSP. The total first-order oracle complexity to output e-FOSP is:
O(LQDy(fE(;o)ff*) log? (1)) .

A proof is provided in AppendixE} Note that Prox-DIAG solves the quadratic approximation
problem to higher accuracy of O(e*) which then helps bounding the gradient of the Moreau envelope.
Also due to the modular structure of the argument, a faster inner loop for special settings, e.g.,
when g(z,y) is a finite-sum, can ensure more efficient algorithm. While our algorithm is able to
significantly improve upon existing state-of-the-art rate of O(1/®) in general nonconvex-concave
setting [18], it is unclear if the rate can be further improved. In fact, precise lower-bounds for this
setting are mostly unexplored and we leave further investigation into lower-bounds as a topic of
future research.

We also specialize the Prox-DIAG algorithm, as Prox-FDIAG (Algorithm 5]in Appendix [C), for the
case of minimizing a weakly convex f(x), with the special structure of finite max-type function:

min [ = mex @) @)



where f;’s could be nonconvex but are L-smooth, G-Lipschitz and bounded from below. For this case,

we improve the current known best rate of O (m/e*) and obtain a faster rate of O(m log®/2 m/e3)
using the Prox-FDIAG algorithm. Please refer to Appendix [C|for more details.

S Experiments

We empirically verify the performance of Prox-FDIAG (Algorithm [5]in Appendix [C) on a syn-
thetic finite max-type nonconvex minimization problem (P3). We consider the following problem.
minger2 [f(2) = maxi<i<m—g fi(z)] where f;(z) = q(—l,(X,.(l),X,.(Q)),Cq;)(x) foralll <i <8,

where q(q.0)(2) = allz — bl|3 + ¢, Xi(l), XZ-(2), and ¢; are randomly generated. Thus each f; is
smooth with parameter . = 1, which implies that f is L-weakly convex. We implement three
algorithms: Prox-FDIAG (Algorithm[3] red circles), Adaptive Prox-FDIAG (Algorithm|[6] black dots),
and subgradient method [11]] (blue triangles). Adaptive Prox-FDIAG is a practically faster variant of
Prox-FDIAG, with the same first-order oracle complexity guarantee (up to an O(log(1/¢)) factor).
In Figure|I| we plot the norm of gradient of Moreau envelope ||V f 1 (z)]|2 against the number

102 4
—k- Sub-gradient method

® Prox-FDIAG (ours)
* Adaptive Prox-FDIAG (ours)

1004 #. >

Norm of the gradient
of Moreau envelope

IVfo (ze)lla 2 N N\

108 4

100 100 102 10° 10° 10° 100 107
number of gradient oracle accesses k

Figure 1: For small target accuracy € regime, Adaptive Prox-FDIAG (ours) has the fastest convergence
rate followed by Prox-FDIAG (ours) and subgradient method.

of iterations & in log-log scale. We see that, Prox-FDIAG and Adaptive Prox-FDIAG have a faster
convergence rate than subgradient method, and Adaptive Prox-FDIAG is almost always faster than
Prox-FDIAG. We provide more details about the algorithms and the experiments in Appendix [E}

6 Conclusion

In this paper, we study smooth minimax problems, where the maximization is concave but the
minimization is either strongly convex or nonconvex. In both of these settings, we present new
algorithms improving state-of-the-art. The key ideas are i) a novel way to combine Mirror-Prox and
Nesterov’s AGD for strongly convex case that can tightly bound primal-dual gap and ii) an inexact
prox method with good convergence rate to stationary points for the nonconvex case. While we
only present our results for the Euclidean setting, generalizing it to non-Euclidean settings with the
framework of Bregman divergences should be straight forward. Finally, we showcase the empirical
superiority of our nonconvex algorithm over state-of-the-art subgradient method for a case of finite
max-type nonconvex minimization problems. Some of the more interesting questions would be
to understand the optimality of the rates that we obtain and dependence on the strong convexity
parameter. Further extensions of these results to the stochastic setting would also be quite interesting.
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Appendix

A Nesterov’s accelerated gradient descent

Algorithm 3: Nesterov’s accelerated gradient ascent

Input: Smooth concave function A(-), learning rate

Output: y;
1 fork=0,1,...do

2 L wy < (1 = Te)yr + Tk 2k Ykt1 < Py (wk + %Vh(wk)),
Zk+1 < Py (2 + i Vh(wy))

/3 , initial points yy and zg

Nesterov’s accelerated gradient descent [38]] is an optimal method for minimizing smooth convex
functions (or equivalently maximizing smooth concave functions). In order to simplify the exposition
in the sequel, we will consider the algorithm for maximizing concave functions. The pseudocode for
this is presented in Algorithm[3] Fix any pointy € ).

A.1 Smooth concave function

Consider the potential function
D(k) = k(k +1) (h(y) — h(yx)) +26 - ly — 2>

The following lemma (from [2f]) is the key result that helps us obtain the convergence rate of
Algorithm 3| Here Py, (-) denotes projection onto Y.

Lemma 2. [2l] Suppose h(-) is an L-smooth concave function and the parameters of Algorithm
are chosen so that 3 > L, ny, = k+L ond T = kiZ' Then, we have

28
Ok +1) < d(k).

Proof of Lemmal2] Writing

O(k+1) — @(k) =(k + 1)(k + 2) (h(wk) — ~(yx+1)) (12)
—k(k+1) (h(wy) — h(yx)) + 2(k + 1) (h(y) — h(wy))
+28 (llzks1 — yll* = llzr — ll?) , (13)

we bound the three terms appearing in separate lines above. Firstly, for the third term, ||z 11 — y||* <
Iz + e Vh(wi) — ylI? = ||zke1 — 26 — . Vh(wy)||? due to Pythagoras theorem and so

lzes1 = ylI* = 2k — ylI* < 20 (Vh(wi), 26 — y) + eI VR(wi) 1> = |zk1 — 26 — 7 VA(wy)|?
< 2nk(Vh(wg), zk+1 — ¥)—|zi+1 — 2] (14)

For the second term, we have
— k(k 4+ 1) (h(wg) — h(yx)) +2(k + 1) (h(y) — h(ws))

< —k(k 4+ D){(Vh(wr), wi — yr) + 2(k + 1)(VA(wk),y —wi) = 2(k + 1){(VA(wk),y — Z€1>5)

Finally, for the first term, we have A(yi11) — h(wg) > (Vh(wg), yp+1 — wi) — g”ykﬂ — wg|?.
Since y 41 = argmax;cy, (Vh(wy), gj—wk)—gng — wy||?, we have for v := (1—7% )yp+7r2k41 €

V.

i) = hw) 2 (V) piss — ) = S es —

2
-
> (Vh(wg),v — wi) — é\lv — wil|* = TR (VA(wi), zks1 — 21) — &szﬂ —zll’, (16)

where we used w, = (1 — 7%)yr + Trzy in the last step. Substituting (I6)), (T3) and (T4) in @I)
proves the lemma.
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B Proofs

B.1 Auxiliary lemma

Lemma 3. If f(x) is a L-weakly convex function and f(x) isa &(> L)-strongly convex differentiable
Sunction, then f(x) + f(z) is (6 — L)-strongly convex.

Proof. Since f is L-weakly convex and f is o-strongly convex we get that,

£ 2 F@) + =) = 2l — 2,

@) > f@) + (Vf(2).a' — ) + T]la’ = af?,
~ ~ ~ 6 — L
= f(@)+ f(@) > f(2) + f(@) + {uz + V[f(2),2" —2) + g 5 2" — z||?. (17)
where u, € df(z). We finish the proof by noting that d(f + f) = df + Vf [27, Corollary
1.12.2.]. O]

B.2 Properties of Moreau envelope

The following lemma provides some useful properties of the Moreau envelope for weakly convex
functions.

Lemma 4. For an L-weakly convex proper Ls.c. function f : X — R U {oc} such that X = RP and
L < 1/ the following hold true,

(a) The minimizer &x(z) = argmingcx f(2') + 55|z — o'||* is unique and f(2(z)) <
falx) < f(x). Furthermore, argmin, f(x) = arg min, fy(z).

(b) fxis (% + ﬁ)-smooth and thus differentiable, and
(¢) Minucosery lul < (/N Er@) — 2l = [V @)

Proof. We re-write fj(z) as minimum value of a (3 — L)-strong convex function ¢y ,, as f is
L-weakly convex (Deﬁnition and 5 ||z — 2'||? is differentiable and }-strongly convex (Lemma ,

1
: / / 7112
= @ = — ||z — . 1
faw) = min | 60(a') = F) + ol — ) (18)
Then first part of (a) follows trivially by the strong convexity. For the second part notice the following,
1
min fj(z) = minmin f(z") + ﬁ”w —a'|
1
— mi : / - 2
minmin f(2) + g fjo — o'l
— min f(«')

Thus arg min, f)(z) = arg min, f(x). For (b) we can re-write the Moreau envelope f as,

1
f(x) = min f(2) + 5 lle — a'||?

=2 1 T n_ =

=5 —)\n;a/x(xx—)\f(m)— 5 )

I -2

= o —)\</\f(')+ 5 ) () (19)

where (+)* is the Fenchel conjugation operator. Since L < 1/, using L-weak convexity of f, it is

easy to see that Af(z') + w is (1 — AL)-strongly convex, therefore its Fenchel conjugate would
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be ﬁ—smooth [21, Theorem 6]. This, along with %-smoothness of first quadratic term implies
that fx(x) is (5 + xroxgy)-smooth, and thus differentiable.

For (c¢) we again use the reformulation of f)(x) as ming ey ¢ (z") (I8). Then by first-order
necessary condition for optimality of £ (), we have that z — £ () € AJf(z). Further, from proof
of part (a) we have that ¢ ,(z’) (1 — AL)-strongly-convex in z’ and it is quadratic (and thus convex)

in 2. Then we can use Danskin’s theorem [4} Section 6.11] to prove that, V f (z) = (x —Zx(x))/\ €
Of (x). Refer [43, Section B.1] for other proofs of the same result.

O
B.3 Proof of Lemmal[ll

It is easy to see that g(-,y) is L-weakly convex if it is L-smooth: g(z’,y) > g(z,y) +
(Vag(z,y), 2’ —z) — |2’ — z||*>. Thus we only need to prove the case of L-weakly convex
g(-,y). Since g(-, y) is L-weakly convex we get that,

L
9(@'sy) 2 9(@,y) + (usy, 2’ = 2) = o’ = z||?

L L
— (') + 5101 > g(,9) + Sl + gy + Lo’ )

where u, , € 9,9(,y). This means that §(z,y) := g(z,y) + £ | z||? is convex, since 9, §(z,y) =
0.9(x,y) + Lz [27, Corollary 1.12.2.].

Let f(x) = max,cy §(z,y). Since §(z,y) is convex in z and smooth (Definition , and Y is
compact set we use Danskin’s theorem [4, Section 6.11] to prove that,

df (z) = conv{d,g(z,y*) | y* € arg max g(z,y)}

= Of(x) + Lz = conv{0,g(z,y") + Lz |y* € argmea;(g(x, )},
y

= 0f(2) = conv{Oug(w,y") |y" € argmax g(z,y)}. (20)
y
where the second to last step comes from the facts that f = Of + Lz, 0,4(z,y) =

9:9(z,y) + Lz [27, Corollary 1.12.2.], and arg max,ey §(z,y) = arg maxyey g(z,y) + % z[? =
arg maxyey g(x,y). Let uy , € 9pg(z,y) and y* arg max,cy g(z, y)then,

(@)

F@) 2 9@ y) 2 glany®) + ey 2’ — 3) — &

e’ — af?

L @) 2 f) + (o — )~ 5

where (a) uses L-weak convexity of g(-,y), and (b) uses (20) and v, € df(z).

2" — =

B.4 Pseudocode for Conceptual DIAG algorithm

The pseudocode for C-DIAG algorithm is presented in Algorithm ]

B.5 Proof of Theorem/[]

A cursory glance of the DIAG (Algorithm [I)) reveals that it is a modified version of projected
accelerated gradient ascent (Algorithm [3) on some function of y with a modified step given by
Imp-STEP, which is inspired from the conceptual Mirror-Prox method of [34]. In the following
lemma we analyze the Imp-STEP sub-routine, which is the most non-trivial step of the algorithm.

Lemma 5. If g = 2%2, the sub-routine Imp-STEP(g, L, 0, w, 3, €step) ofAlgorithm returns a
pair of points (g, yr+1) € X x Y, such that,

1
g
in R = [log, ((5LDy/0)\/L/2csep)] iterations with O(\/L/O’ log (l/sstep)) gradient compu-

tations per iterations.

9(ZR,Yr+1) < Hgng(%yR) + Estep, and, yr =Py (w + Vyg(»%Rhw)) 21
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Algorithm 4: Conceptual Dual Implicit Accelerated Gradient (C-DIAG) for strongly-
convex—concave programming

Input: g, L, 0, xg, yo, K
Output: zx,yx

Set f + 2%2, 20 < Yo
fork=0,1,..., K —1do

1

2
k

3 Tk%ﬁ, nk%(z—gl),wk%(l—Tk)yk—i—Tkzk

4

Choose =1, Yk41 ensuring:

. 1
9Tk, Yp+1) = ming (2, yk41), Yrir = Py (wk- + ﬁvyg(ﬂﬁkﬂ,wk))

_ K+l
5 | 2zes1 < Py (zx + e Vyg(Trr1, wr)), Tryr < WQ(,H_Q) S

6 return Ty, yi

A proof for this lemma is provided in Appendix [B.5.I] The above lemma guarantees
that the Imp-STEP sub-routine converges fast (linear time), in O(log(1/egep)) steps with

O(+/L]/o log?(1/egtep)) number of gradient computations.

In the rest of the proof we will utilize the recently proposed potential-function based proof for
accelerated gradient decent (AGD) [2, Section 5.2]. Analyzing AGD using potential-function has
an advantage over the standard analysis because, even though AGD does not decrease the function
value monotonically the former constructs a potential-function which monotonically decreases over
the iterations. Given the guarantees (Lemma [5)) for the Imp-STEP sub-routine we can re-write an
iteration of the DIAG algorithm by the following steps:

_ 2 _ (k’ + 1)
Tk_ma nk—T (22)
wr = (1 = 7%)yr + Th2k (23)
1
Yrt1 = Py <wk + vahxkﬂ(wk)) 24)
Zit1 = Py (26 + M Vyha, , (wi)) (25)

where hiy1(y) = g(xk+1,y) such that g(zxy1, ye+1) < mingex g(@, Yut1) + Estep- That is at
iteration k, DIAG executes the k-th step of the accelerated gradient ascent for the concave function
hi+1 = g(zp41, ) (Algorithm . As in @]) for the concave function hy : Y — R and an arbitrary
reference point y € ), we define the following potential function for iteration j,

" (5) = 3 (G + ) (he(§) — b)) + 28]z — al1? (26)
Since g(z,-) is L-smooth, it is also %—smooth (0 < L). Then, using Lemma, we see that
for a step-size of % = 57z, the potential function ®"* (k) decrease at step of k of the algorithm:
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P+ (k + 1) < dhe+1(k). Thus,
Phet1(k 4 1) < dher1 (k)
= k(k + 1) (hit1 () — hasa (yr)) + 2812 — 912
= k(k + 1) (he(9) — hi(yx)) + 28|12 — 311+
k(k + 1) (ht1(9) — hi(9)) + k(k + 1) (hie(yx) — P41 (y)
= ™ (k) + k(k + 1)(9(x1,9) — 9(xr, §) + k(k + 1)(g(zk, y) — 9(Trt1, yx)

(a)

< c1»*“»4<k>+k<k+1>< (@rs1.9) — 9(2n, 7)) + k(k + 1)elt), @7)

K-1
LL @i (K) < @M (0) + Z Kk + 1)(g(wrr1,9) — glon ) + 3 k(k+ 1)l

k=1
K—-1 K-—1

<OM(0) + (K — 1) Kgler,g) — Y 2kglan§) + Y k(k+1)ell,  (28)
k=1 k=1

Where (a) follows from Lernmaand g(zk, yk) —g(ka, yr) < g(@k, yr) —ming g(z, yi) < Egtgp,

(b) is obtained summing 27) over k = {O — 1}. Rearranging the terms of (28) we get,

Mo (0) + Z k(k + 1)ell) > Z 2k g(zy, §) + "< (K) — (K — )Kg(zk, §)

K-1

> Z 2k g(zk, J) + K(K + 1)(9(vk,9) — 9(zxr, yx )+
k=1
2/8”21{ —glI” = (K = 1)Kg(xk,7)

> Zng rr,9) — K(K 4+ 1)g(zk, yx)

(z) K(K + Dlg(@x, 5) — 9(e, yi)

(®) o X &)
> K(K+1)[ (xKay)fg(x yK)isstep] (29)
where (a) uses the Tx = (K+1) Zk 1(27) z; and convexity of g(-,7), and (b) uses Lemma 6.
Thus we get that,
L - fI)hO K k(k + 1 (k)
Q(JJK,Z/)—Q(%Z/K)S K-‘r]. +k71K step

~ K
_ 2Bllyo — 71? 3 k(E+1)

K(K+1) & K(E+1) "

Finally we get the desired general statement by taking minimum and maximum over & and §
L>Dj,

(30)

respectively. By selecting 5£te)p STy We get,
6L D3
T 7) — min (& < oV 31
max (2, §) — min (&, yx ) < KK+ 1) GD

. L?D2 . .
Further, using Lemmaand géfgp = m, we get that the total number of gradient computations

at iteration k is at most O(\/glogg(k))

{1og2 5k2\/§-‘ O (\/z log (k4)) (32)

Note that in updating yx+1 in Eq. 24) and x4, in Imp-STEP sub-routine, we were applying the
principle of conceptual Mirror-Prox, where the update needs to satisfy some fixed point equation.
This is critical in proving the above fast convergence rate.
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B.5.1 Proof of Lemmalfs

For brevity, we define the following operations,

z*(y) = argmin g(z,y) (33)
reX
1
v =Py (0t 3V )0 (34

z*(y) is unique since g(-, y) is strongly convex. We first prove that, z*(y) is £-Lipschitz continuous
as follows.

ol (2) = 2 I 2 (Vog(a (42), 92) — Vag(e™(un), ), 2 () — 2 (3))
b)

INS

(=Vaeg(@™(y1),y2), 2" (y2) — 2" (y1))
Q (Vg (92) 1) — Vag(w* (), 2), 2 (42) — " ()
2 Ly — vallle" () — 2 ()| 35)

where (a) uses o-strong convexity of g(-,y), (b) and (c) use the necessary first order optimality
conditions for x*(y1) and 2* (y2): (V.g(z*(y),y),x — 2*(y)) > 0, and (d) uses Cauchy-Schwarz
inequality and L-smoothness of g (Definition|1). Next we prove that the operation (-)* is a contraction
as follows,

—
=

1 * 1 *
ot — il = 1Py (w +2Vy(a <y1>,w>) Py (w + 2V <y2>,w>) ||
(@)1 * *
2 1190 (). w) — Dyg(o" ). w)]
(®) L * *
< ) — 2 o)
o L L (d)
< E lyr — vall < 27 Yy1 — vol (36)
g

where (a) uses Pythagorean theorem and (34), (b) uses L-smoothness of g, (c) uses (33)), and (d)
uses 3 > 2%. Therefore, ()ﬂL is a contraction by Banach’s fixed point theorem, and thus it has a
unique fixed point §: (§)T = 7, as ) is a compact (and hence complete) metric space. Now we will

prove that the output of Imp-STEP, (Zg, yr+1) satisfies @ Notice that if £,4q is small then 2, is
close to x* (yy):

25agd _ ﬁfmp
4L

where (a) uses o-strong convexity and optimality of z*(y,.), and (b) uses (7), and (c) uses €,gq4 =
03%emp/(32L%). Next we see that ||y, — §|| decreases to € exponentially fast.

_y (a) 1 N .
o — 31 < Py (w n 5vyg<mww>) — @

(b) B 1 "
s - @)+ 1Py (w + SVl <yr_1>,w>> Py (w n

o . @ . ®) a .
Sl —a ()|l < 9(&r,yp) —ming(z,yr) = |12 — 27 (yr)|| < (37)

1

ﬁvyg(i’r—l, w)) H

(e ~ L. ., .
< 27 |lyr1 — 9 + EHx (Yr—1) = Tr—1l

(d B €m

< 27 yor = gl + (38)
@ em

< 27"lyo — 7 JFT (39)

where (a) uses y,41 = Py(w + %Vyg(icr,w)) and the fact that § = (7)™ is a fixed point, (b)
uses triangular inequality and (34), (c) uses (36), Pythagorean theorem and L-smoothness of g
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(Definition[T), (d) uses @ and (e) just unrolls the recurrence relation in (38) . Next, we prove that
the minimizer at ypy1, © (yR+1) is not far from & g.

* A () * * [~ * [~ * * A
lz*(yr+1) — Zrll < 2% (yrs1) — 2 @) + l27(9) — 2" (yr)|l + 2" (yr) — 2Rl

®) [ Be
< _ _ mp
< Ly — 7+ lyn — ) + 2
(c) L Bem L B
< P _ (9=
G(amp+smp)+ il (2 + 4L)amp (40)

where (a) uses triangle inequality, and (b) uses (33) and [37] and (c) uses (39) and the fact that
R = [log, 2€D Y. Finally, we prove that (g, yg41) satisfies (]2;1'[)

A (a) * * A * L * A
9@Rr,Yr+1) < 9(x"(Yr+1)s Yr+1) + (Vag(@™ (Yr+1), YR+1): TR — 2 (YR41),) + §H$ (yr+1) — gl

® 251122, b (0
< mwlng(xayl-‘zﬂ) +0+ T = mlng(x YR+1) T Estep (41)

where (a) uses L-smoothness of g(-,y), (b) uses necessary first order optimality condition:
* * _ _ 20 sttep
(Veg(z*(y),y),x — 2*(y)) = 0 and (@0), and (c) uses emp = £71/ =5=.

Let the number of gradient computations done per iteration of Imp-STEP (a run of accelerated
gradient ascent) be T and k = /L/c. Then, from guarantee on AGD ([2, Eqn. (5.68)]), we get that,

9(@rsyr) = 9(@" (yr)s yr) < (1 + \/El_l)T (g(fco,yr) —9(=" (yr)syr) + %on - x*(yr)IIQ)

< eIV 2 (g(ao,yr) — 9(a” (vr) w0))

< e V2 (f(z0) = hlyy))
< e IVE2 (f(wo) = min h(y)), (42)

where min, ¢ p,, h(y’) is well-defined since ) is compact and A is smooth (Lemma EI) This means
that if we want g(Z,, y») — 9(*(yr), Yr) < €aga, then required number of steps 7' 1s at most,

[\/zlog 2(f (o) — IZiZ;/EDy h(y'))w _ [\/zlog 50L(f (x0) ;Zti:)y,e[)y h(y/))w
~o(y/7we ()

B.6 Smoothness of dual of strongly-convex—concave minimax problem

Lemma 6. For a o-strongly-convex—concave L-smooth function g(-,-), h(u) = mingcx g(x, u) is
n (L +

2 .
LU )-smooth concave function.

Proof. We know that h(y) = min,cx g(,y), where g(-,y) is o-strongly convex, g(x,-) is con-
cave, g is L-smooth (Definition [T). Since g(-,y) is strongly convex, the minimizer z*(y) =
arg mingex g(z, y) unique. Then by Danskin’s theorem [4] Section 6.11], h is differentiable and
Vh(y) = Vyg(xz*(y), y). Then h can be show to be smooth as follows,
IVA(y1) = VR(y)l = [Vyg(z™(y1),91) = Vyg (@™ (y2), v2) |

< Vyg(z™ (1), y1) — Vyg(@™(y1), v2)ll + [[Vyg(z™(y1), y2) — Vyg(@™ (y2), y2) |

(@)
< Llyy = yall + Lll2"(y1) — 2" (y2) |

(b) L LL
< Llys =yl + L2y = wall = (L+ =) lys — el (44)
where (a) uses L-smoothness of g and (b) uses (33). O
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B.7 Proof of Theorem2]

We first note that by Lemma [3| and L-weak convexity of g(-,y) and 2L-strong convexity of

L||lz — zx||?, 9(z,y; 2x) == g(x,y) + L||w — zx||? is L-strongly-convex. Similarly, f(,xk) =
maxyey[g(z, y; x) = g(z,y) + Ll|z — x4]|?] is also L-strongly-convex.

We now divide the analysis of each iteration of our algorithm into two cases:

o~

Case 1: f(wpy1;28)<f(zr)—3£/4. As every instance of Case 1 ensures f(xpi1) <

f(ka; xg) < f(xp) — 38/4, we can have only [%1 Case 1 steps before termination.

This claim requires monotonic decrease in f(xy) which holds until f(zx11) > f(x), after which

o~

f(@gs1;2k) > f(xg), which in-turn imply that Prox-DIAG terminates (see termination condition of
Prox-DIAG).

~

Case 2: f(zp41;xr)>f(xr) — 3€/4: In this case, we show that x, is already an e-FOSP and the
algorithm returns .

~ ~ ~

flw) =5 < Fnsm) Sminflao) +5 = f) <minfln) +2 @3)

Define zj, as the point satisfying =}, = arg min, ]?(:::7 2 ). By L-strong convexity of f(, zr) @), we
prove that xy, is close to 27

~ . L . ~ (a) ~ 5 . 2&
f(kaaxk)+5\|$k*$k||2 < flawoe) = floe) < flzran) +6 = |lze —aill < 7 (40

where (a) uses {@3). Now consider any & € X, such that 4,/&/L < ||& — x]|. Then,
. - . . ~ (@ ~ L, . .
@) + LIE -l = max g(&,y) + L& — 2l = [(F20) 2 flaison) + 512 - 25l

() L iy © N

> flan) =&+ (18 = axll = llow = 231)* = flan) + &, (47)
where (a) uses uses L-strong convexity of f(, x,) at its minimizer 7, (b) uses (@3), and (b) and (c)
use triangle inequality, (6) and 4,/¢/L < ||Z — x|

Now consider the Moreau envelope, f 1 (z) = mingex ¢ 1 . (2) where ¢ 5 (z') = f(2)+ Lz —

2'||?. Then, we can see that ¢ 1 ., (¢') achieves its minimum in the ball {2’ € X |[[z" — x| <
4,/&/L} by and Lemma Ha). Then, with Lemma b,c) and € = 62—2]:, we get that,

IVFx (@)l < QL) |lzx — 2 1 (2)|| = 8VLE =&, (48)
i.e., Ty, is an e-FOSP.
By combining the above two cases, we establish that O( (%D “outer” iterations ensure
convergence to a e-FOSP. We now compute the first-order complexity of each of these “outer”

iterations. Recall that we use use the DIAG (Algorithm I} algorithm for L-strongly-convex concave
2 L-smooth minimax problem to solve the inner optimization problem. So, if for each iteration of

inner problem, DIAG algorithm takes K steps then, by € = & and Theorem
6(2L)*D3 & &2 LDy
— L <= <K 4
IKZ 14 28L:>O(5)_ “49)
Therefore the number of gradient computations required for each iteration of inner problem is

O(% log2 (%)) (Theorem , which along with the bound on the number of outer iterations
establishes the Theorem’s upper bound on the number of first-order oracle calls.

C Minimizing finite max-type function with smooth components

As a special case of nonconvex—concave minimax problem, consider minimizing a weakly convex
f(x), with a special structure of finite max-type function:

min [f (@) = max fi(z)], (P3)

1<i<m
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where x € RP, the functional components f;(x)’s could be nonconvex but are L-smooth and G-
Lipschitz. Suppose f itself takes a minimum value f* > —oo. For this problem, we propose and
study a proximal (Prox-FDIAG) algorithm (Algorithm 5| presented in Appendix [C.T)) that is inspired
by Algorithm 2] with the inner problem-solver replaced by Nesterov’s finite convex minimax scheme
[37, Section 2.3.1] instead of Algorithm[I] Using same proof technique as Theorem 2} we get:

Corollary 1 (Convergence rate of Prox-FDIAG). If the functional components f;(x)’s are G-
Lipschitz and L-smooth, and the optimal solution is bounded below, i.e. f(x) > f* > —oo, then

4 *
after: K = [W—‘ outer steps, Prox-FDIAG outputs an e-FOSP. The total first-order

oracle complexity to find e-FOSP is: [W—‘ . [246: (m log>/? m)—‘ .

3e2 €

See Appendix [C.I] for a proof. Current best rate for this problem is achieved by subgradient
methods. As the subgradient of a finite minimax function V,;« f(x) is easy to evaluate, where
i* € argmax; f;(z), a rate of O(m/e?) first-order oracle and function calls is achieved by the
state-of-the-art subgradient method in [L1]]. We can obtain a similar result using Algorithm [I|but it
requires extension to non-Euclidean settings with the framework of Bregman divergences. This is
fairly standard and will be updated in the next version of the paper.

Algorithm 5: Proximal Finite Dual Implicit Accelerated Gradient (Prox-FDIAG) for finite
nonconvex concave minimax optimization

Input: functional components { f; }7*,, Lipschitzness G, smoothness L, domain X', target
accuracy &, initial point xg
Output:
16 2

64L
2 fork=0,1,...do
3 Using excessive gap technique [35 Problem (7.11)] for strongly convex components, find
ZTip4+1 € X such that,
flanszay) < min flasay) +&/4 (50)
if f(2y) — 38/4 < f(2gy1; 2x) then
4 L return z;,

C.1 Proof of Corollary/I|
Let

o~

flz;zp) = max fz‘(xk)+<Vfi($k)7x—xk>+§||x—wk||2 (S

1<i<m

be a quadratic approximation of the finite max-type function f(x) at x. Then, f(-;zx) is L-strongly
convex, since it is a maximum of convex functions and the quadratic term in (5I)) is independent of i.

Proof is similar to that of Theorem [2] We divide the analysis of each iteration of our algorithm into
two cases.

~

Case 1: f(zp41;2,)<f(xr) — 3&/4. This ensure that at iteration k the objective value decreases

~

by at least 3¢/4 since, f(zk+1) < f(Trt1;2x)<f(zr) —3¢/4. One cannot have more than
[4(1‘(&70)71"*)
3

~ —‘ instances of Case 1, before termination.

o~

Case 2: f(xp41;2k)>f(xr) — 36/4: We show that x, is an e-FOSP as follows.

~

Flow) 2 < Flanrson) < min Flasa) +

~

= f(zr) < mzin flzyzg) +€ (52)

N NON
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Define z}, as the point satisfying z; = arg min, f(m, xy). By L-strong convexity of f(, zi) ),
we prove that z, is close to x}:

~

Flatson) + Dl — 2l < Flewm) = fa) € Fapad +

. 28
= 2w =2kl </ 7 (53)

where (a) uses (52). Now consider any & € X, such that 41/&/L < ||& — x]|. Then,
F(@) + L& — ox)|* = max fi(&) + LI|Z — x]*
a)

VS

mgxﬁ(az) (S, &~ n) + o7 - 2l

~

(T 1)

=

~

C * L ~ * (12
> Flatson) + 5 1 - i

Q) L

> flag) =&+ 517 = 2] = [l — 2])?

(e . . .

Zf(iﬂk)—€+2€ = flaw) +¢ (54)
where (a) uses weak convexity of f;, (b) uses (5], (c) uses L-strong convexity of f(-; ) at its

)
minimizer z7, (d) uses (52), and (b) and (e) use triangle inequality, (53)) and 41/¢/L < ||Z — ]|
. (

z) = mingex ¢ 1 ,(z') where ¢ 5 (2') = f(a')+ L[z~
2'||?. Then, we can see that gb%’xk( ) achieves its minimum in the ball {z’ € X |||z’ — x| <
4/&/L} by (54) and Lemmad(a). Thus, with Lemma b,c), we get that,

IV (i)l < L) ||lzx — #1/2r(zh)|| = 8VIE =€ (55)

Now consider the Moreau envelope, f

Now we use the excessive gap technique for non-smooth strongly convex functions with max-structure

to solve the inner optimization problem in 4G(mlogm),/ log ™ computations [35, Problem (7.11)].

Putting these together we see that the total number of inner steps to reach e-FOSP is,

[4(f($g)éf*)HzG<mlogm) ?}:{W] [25€G<mlog/ )} (56)

C.2 Adaptive Prox-FDIAG algorithm

In this section, we provide the Adaptive Prox-FDIAG (Algorithm|[6) to find an e-FOSP of the finite
max-type nonconvex minimax problem [P3| with L-smooth components. Adaptive Prox-FDIAG
is a variation of the Prox-FDIAG (Algorithm [5). Adaptive Prox-FDIAG uses Prox-FDIAG as a
sub-routine and successively finds £’-FOSPs, for geometrically decreasing values of &’ starting from
€0 (> €) until &’ becomes equal to ¢. It uses the £’-FOSP as the starting point to find an &’ /2-FOSP.
In the following corollary, we show that Adaptive Prox-FDIAG has the same the first-order oracle
complexity (up to a O(log(2)) factor) as the Prox-FDIAG.

Corollary 2 (Convergence rate of Adaptive Prox-FDIAG). If the functional components f;(x)’s are
G-Lipschitz and L-smooth, and the optimal solution is bounded below, i.e. f(x) > f* > —oo, then

after: K = {logQ <0 | outer steps, Adaptive Prox-FDIAG outputs an e-FOSP. The total first-order

oracle complexity to find e-FOSP is: [logz EE“-‘ {W-‘ . {T;G(m log®/? m)-‘

Proof. Notice that, each iteration of Adaptive Prox-FDIAG for finding an ¢’-FOSP, is a run of Prox-

FDIAG (Algorithm , which has a maximum first-order oracle complexity of [W—‘ .
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24G

==(m logg/ 2 m)—‘ for finding an &’-FOSP (Corollary, as € < &’. Further, since ¢’ starts at €9 and

halves after each iteration until ¢’ becomes less than or equal to &, the total number of outer iterations

is K = {10g2 EE‘J—‘ O

Therefore, Adaptive Prox-FDIAG has the same first-order oracle complexity as Prox-FDIAG, up
to a O(log(1)) factor. However, we observe that Adaptive Prox-FDIAG converges faster than
Prox-FDIAG in our experiments.

Algorithm 6: Adaptive Proximal Finite Dual Implicit Accelerated Gradient (Adaptive
Prox-FDIAG) for finite nonconvex concave minimax optimization

Input: functional components { f;}7*,, Lipschitzness G, smoothness L, domain X, target
accuracy ¢, initial point z, initial accuracy ¢g
Output: xj
1 ¢’ + max(go, €)
2 fork=0,1,...do

3 Using Prox-FDIAG (Algorithm ) initialized at xg, find ;41 € X such that x4 is an
&/-FOSP (Definition|[6) of the function f(z) = maxi<i<m fi(x)

4 if ¢ = &’ then

5 k+—k+1

6 L return

7 else

8 L g+ max(%, £)

D Smoothing technique for strongly-convex—concave minimax problem

In this section we propose and analyze a smoothing technique [36]] based indirect algorithm for
solving the L-smooth o-strongly-convex—concave minimax problem. The basic idea is to solve
a smoothed (perturbed) version of the original function, §(x,y) = g(z,y) — ¢||y||*/2 D3, which
would be a strongly-convex—strongly-concave minimax problem. [1]] proposes solving a strongly-
convex—strongly-concave problem in linear rate using inexact accelerated gradient descent on its dual,
whose main guarantee is given in the theorem below.

Theorem 3. [l Inexact accelerated gradient ascent on the dual problem can find an e-primal dual
pair of an L-smooth o-strongly-convex—o,-strongly-concave problem: ming max, g(x,y), with

~ L2
O (\ / L(t#q / Uﬁ) calls to the first order gradient oracle of g.

Now using this algorithm on the function g can recover the same rate as DIAG method as follows.
Plugging in L = O(L), 0, = 0, and 0, = /D3, into the algorithm complexity of Theorem gives

you a complexity of,
5 LDy |L
Voe Vo)’

finding an e-primal dual pair, (Z,7), of g. Since maxyey ¢(Z,y) < maxyey §(7,y) + /2 and
g(z,y) < g(z,y), we get that,

ax g(z,y) — mi , ) <max §(x,y) —ming(z,y) + O () .
gleffg(x Y) gg;gg(m y) < r;legg(:v Y) gg(lg(fc ) (e)

Using these two facts, we see that smoothing technique has the same algorithmic complexity,

O (f/i% %) , as that of DIAG. However the drawback for this method over the direct DIAG is that

smoothing technique requires a prefixed tolerance parameter €.
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E Experimental details

We consider the following problem.

min [f(z) = max fi(z)] (57)

zER? 1<i<m=9

where f;(z) (z) forall 1 <4 < 8, where qq p,0) (%) = allz — b3 + ¢, Xi(l)

-, (xV x®), o
and X 52) are generated from the interval [—3.0, 3.0] uniformly at random, and C; is generated from

the interval [1.0, 5.0] uniformly at random. We fix the last component fo(z) = (9.5, (0,0), 0)()-
Each f; is smooth with parameter L = 1, which implies that f is L-weakly convex.

We implement three algorithms: Prox-FDIAG (Algorithm[5), Adaptive Prox-FDIAG (Algorithm [6)),
and subgradient method [[L1]. In Prox-FDIAG, we use excessive gap technique [35, Problem (7.11)]

(a primal-dual algorithm) to solve the inner sub-problem. As the stopping criteria f(zx11;2g) <

~

min, f(z;zx) + £/4 cannot be directly checked, we instead check a sufficient condition; we stop the
excessive gap technique when the primal-dual gap is less than £/4, which can be checked efficiently.
Adaptive Prox-FDIAG is a variant of Prox-FDIAG, where we adaptively and successively decrease the
tolerance parameter €’ starting from a large tolerance £¢. It has the same first-order oracle complexity
guarantee as Prox-FDIAG (up to an O(log(1/¢)) factor). However, in Figure [I] we observe that
Adaptive Prox-FDIAG can converge faster in practice. We set the initial tolerance € as 10.0. For a
description of the algorithm we refer to Appendix [C.2]

All the algorithms are initialized with the point zo = (4,4) and are given a Lipschitzness parameter of
G = 2 L ||xo||2- We run the algorithms ten times with randomly generated instances of the objective
function f (). In Figure|I| we plot the norm of gradient of Moreau envelope ||V f 1_(xy)||2 against

the number of iterations £ in log-log scale. We compute the gradient of the Moreau envelope at any
point z, by solving the corresponding convex-concave saddle point problem (I8)) using Mirror-Prox
[34] method with appropriate primal-dual gap based stopping criteria and then using Lemma]c). For
Prox-FDIAG (red circles), we show in a scatter plot the gradient norm ||V f 1 (2 (-))||2 at the final
output of Prox-FDIAG z k() versus the total number of inner iterations (of excessive gap technique)

taken, for ¢ = 10°, 1071, 1072, 103 over the 10 functions. For Adaptive Prox-FDIAG (black dots)
in a scatter plot, we plot the gradient norm ||V f 1 (2)||2 at the output 2 of each inner sub-problem
(excessive gap technique) of each inner Prox-FDIAG step versus the total number of inner iterations
(of excessive gap technique) taken to reach that point from the beginning, for ¢ = 10~7 over the
10 functions. For Prox-FDIAG and Adaptive Prox-FDIAG, using solid red and black (respectively)
lines we also plot the best linear function (in log-scale) which fits the scatter points (using default
parameters of scipy.stats. linregreséﬂ}. For the subgradient method (blue triangles), we plot
the mean and standard error of gradient norm maxo<i <k ||V.f 1 (24 )||2 over the 10 instances at

iterations & = 10°,10%, ..., 107. The estimate at each iteration is the best one so far in the function
value, i.e. k(k) € argming., ), f (i ). We see that, Prox-FDIAG and Adaptive Prox-FDIAG have
a faster convergence rate than subgradient method. Further, in the same vein as analogous variants in
convex non-smooth optimization, Adaptive Prox-FDIAG is faster than Prox-FDIAG almost always.

Subgradient method has a theoretical convergence rate of O( \/%) for a fixed number of iterations K

and a constant step-size v/+/ K + 1 [L1l Corollary 2.2]. However, similar to the case of convex non-
smooth problems, we observe that fixed step-size results in a slow convergence. In our experiments,
we achieve a faster convergence for the subgradient method by using a diminishing, non-summable
but square-summable step-size, v/v/k + 1, which varies with the iteration number k. This step-size

has convergence rate of O( log(k)

vk
rate than the constant step-size. After a very simple parameter search, we set v as 0.1 x G x L3/2
We ran subgradient method for a total of K = 107 number of iterations. Since, subgradient method is
not a descent method, at any iteration k, we keep track of the best point among all the points we have
observed so far, {zg, -, zx_1}. Ideally, we should keep track of the point with the minimum norm
for the gradient of the Moreau envelope, ||V f 1 (z1)||2, but since the computation of the gradient of
Moreau envelope is costly, we only keep track of the point with the minimum function value we have
observed so far.

) [11} Theorem 2.1], but in practice we observe a faster convergence

*https://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.linregress.html
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